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PROBLEMS 


ALGEBRA 


1. Arithmetic and Geometric Progressions 


Preliminaries 

Let a n , d and S n be, respectively, the nth term, the common 
difference and the sum of the first n terms of an arithmetic pro¬ 
gression. Then 

a n — a l +d(n — 1) (1) 

and 

£ _ (°i+«»)« __ [2a t + <*(»— l)]n ^2) 


If u„, q and S„ are the nth term, the common ratio and the 
sum of the first n terms of a geometric progression, then 


and 


«» = “ i?" 1 

o “l (<?”—!) 

n <7—1 <7—1 


( 3 ) 

( 4 ) 


Finally, if S is the sum of an infinite geometric series with 
\q\< 1 then 


1. Prove that if positive numbers a % b and c form an arithmetic 
progression then the numbers 

1 1 1 
V~h+ V"c ’ V'c + V'a ’ V'h+V'l 
also form an arithmetic progression. 

2. Positive numbers a l% a 2 , ..., a n form an arithmetic progres¬ 
sion. Prove that 

— 1 -- _|-_J-- 4- . . . -| _ 1 _ = ^ _ 

Y a % Y<*2+V<*3 Van-i + Van Va x +Ya n ' 

3. Prove that if numbers a,, a. l% ..., a n are different from zero 
and form an arithmetic progression then 
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4. Prove that any sequence of numbers a lt a 2 , ..., a n satisfying 
the condition 

l ._}_ . _i_, . l _ n— l 

aia 2 **■ a % a 3 a 3 a 4 ' ' ' ‘ ^ a n _,a n “ a,a n 

for every n ^ 3 is an arithmetic progression. 

5. Prove that for every arithmetic progression a u a 2 , a 3 ; ..., 
a„ we have the equalities 

a t — 2a 2 -f a 3 = 0, 

Uj —3a 2 -j- 3a 3 — a t — 0, 
a x — 4n 2 +6a 3 — 4a 4 + a 5 = 0; 

and, generally, 

a i ~ C' n a 2 + Cla 3 - ... + (-1 r -■■ Clr'an + (-1)" C n n a n+1 = 0 
(where n> 2). 

Hint. Here and in the problem below it is advisable to apply 
the identity —C^ + C^zJ which can be readily verified. 

6. Given an arithmetic progression a 2 , ...» a nl a n+l , . . . prove that 
the equalities 

flJ-Cia! + ,..+(-l)"CX« = 0 

hold for n^3. 

7. Prove that if the numbers log**, log ffl x and log„A (x=£\) 
form an arithmetic progression then 

n 2 = (kn) io ei‘ m . 

8. Find an arithmetic progression if it is known that the ratio 
of the sum of the first n terms to the sum of the kn subsequent 
terms is independent of n. 

9. The numbers x lt x 2t .... x„ form an arithmetic progression. 
Find this progression if 

X l 4~*a + •• • -p X it =o, + x l + •• • + x\ = b 2 . 

Hint. Here and in the problem below use the equality 

l 2 + 2 a + 3 2 + . .. +n 8 = y (w+1 ^ 2n + 1) . 

10. The number sequence 1, 4, 10, 19, ... satisfies the cpndition 
that the differences of two subsequent terms form an arithmetic 
progression. Find the nth term and the. sum of the first n terms 
of this sequence. 
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11 . Consider the table 
1 

2, 3, 4 

3, 4, 5, 6 , 7 

4, 5, 6 , 7, 8 , 9, 10 


Prove that the sum of the terms in each row is equal to the 
square of an odd number. 

12 . Given the terms a m+n = A and a m _ n = B of a geometric 
progfesSlon a lt a 2 , a 3 , find a m and a n (/4=+0). 

13. Let S n be the sum of the first n terms of a geometric pro¬ 
gression (S„#0, < 7 = 5 ^ 0 ). Prove that 



14. Knowing the sum S n of the first n terms of a geometric 
progression and the sum S„ of the reciprocals of these.terms find 
the product Il n of the first n terms of the progression. 

15. Find the sum 

1 + 2x + 3x 2 + 4x 3 + ... + (n + 1) x". 

16. Find the sum 

1 + 11 + 111 + ... + 111 ... 1 
if the last summand is an n-digit number. 

17. Find the sum 

nx + (n — 1 ) x 2 + ... + 2 jc " -1 + \x n . 

18. Find the sum 

1,3.5. .- 2n— l 

2 • 2 a * 2 3 * * * ' 2 n 

19. Prove that the numbers 49, 4489, 444889, . .. obtained by 
inserting 48 into the middle of the preceding number are squares 
of integers. 

20 . Construct a geometric progression 

1 , < 7 , q 2 , .. q n , ... 

with | q | < 1 whose every term differs from the sum of all subsequent 
terms by a given constant factor k. For what values of k is the 
problem solvable? 
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21 . An infinite number sequence x lt x 2 , x 3 , ..., x n% ... (^=^0) 
satisfies the condition 

(Xj + X% + . . . + x n) = . 

= (x x X 2 "1" X 2 X 3 "f" • • • "f“ 

for any n > 3. Prove that the numbers x ly x 2i ..., ... form an 

infinite geometric progression. 

Hint. Use the method of complete induction. 

22 . Given an arithmetic progression with general term a n and 
a geometric progression with general term b n . Prove that a n < b n 
for /i > 2 if a x ^=b lt a 2 — b 2 , a x ^=a 2 and a n > 0 for all natural 
numbers n. 

23. Prove that if the terms of a geometric progression a l% 

a 2t ..., a n , ... and of an arithmetic progression b lt b 2t ... 

satisfy the inequalities 

^> 0 , f 2 > 0 , b 2 — b x > 0 
a \ 

then there exists a number a such that the difference log a a„— b n 
is independent of n. 


2 . Algebraic Equations and Systems of Equations 
Preliminaries 

In the problems below the original systems of equations should 
be simplified and reduced to equivalent systems whose all solu¬ 
tions either are known or can readily be found. In some cases 
it is necessary to introduce redundant equations which are a priori 
satisfied by the solutions of the original systems but may have, 
in the general case, some extraneous solutions. Then the values 
of the unknowns thus obtained must be tested by substituting 
them into the original systems. 

In some problems one should use Vieta’s theorem for the equation 
of the third degree 

+ px 2 -\-qx + r = 0 . ( 1 ) 

The theorem establishes the following relations between the coef¬ 
ficients p, q and r of the equation and its roots x x , x 2 and x 3 : 

“t~ “H *8 == P* x x x 2 + x^g + x 3 x x = q , x x x 2 x 3 — r . (2) 

Formulas (2) are derived by equating the coefficients in the 
equal powers of x on both sides of the identity x 2 + px 2 -\-qx-\-r = 
= {x—x^(x—x 2 ) (x—x 3 ). 
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24. Find all real solutions of the system of equations 

x 3 + y 3 =l, \ 
x 2 y + 2xy 2 + y 3 = 2. \ 

25. Solve the system of equations 

x 2 + xy + y 2 = 4, | 
x + xy + y= 2. j 

26. Find the real solutions of the system of equations 

x 3 -j-y 3 = 5a 3 , | 
x 2 y + xy 2 = a 3 ) 

provided a is real and different from zero. 

27. Solve the system of equations 

—+ — = 12 , 

y 1 x 

i + i=i 

x'y 3 

28. Solve the system of equations 

x* -\-x 2 y 2 + «/ 4 = 9I, 
x 2 — xy + y 2 - 

29. Solve the system of equations 

x 3 —y 3 = 19 (x—y), ^ 
x 3 + y 3 = 7(x + y). J 

30. Find all real solutions of the system of equations 

2(x + y) = 5xy, 1 
8 (v 3 + i/ 3 ) = 65. / 

31. Find the real solutions of the system of equations 

(x + y)(x 2 —y 2 ) = 9, \ 

(x-y)(x 2 + y 2 ) = 5. ) 

32. Find all real solutions of the system of equations 

x + y='- 

x* + i /* 

33. Solve the system of equations 

*+y= i. 




x h + y' 


!/=l.| 

i‘ = 7. J 
tions 

:i’..} 
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34. Find the real solutions of the system of equations 
x iJ ry l —x 2 y 2 = 13, 
x 2 —# 2 + 2xy = 1, 
satisfying the condition xy^ 0. 

• 35. Solve the system of equations 

(** + !)<$■+ 1 ) = 10 , 

(x + y){xy— 1) = 3. 

Hint. Put xy — v and x + y —a. 

36. Solve the system of equations 

(* 2 +# 2 ) y 

{#-!?) 7 = 1 - 

37. Solve the system of equations 

x 2 + y 2 =axy, 


x i + y i = bx 2 y 2 . 


38. Solve the equation 


£±?y+Y—V-Y-+-")— 


K x-\-b) ^ x — b) ^ b T a 

by factorizing its left member. 

39. Solve the equation 

ii , i§ = i 0 /*_± 

3 ^ x* U \ 3 x 

40. Solve the system of equations 

x+y i xy 


-a* 


xy 

x—y 


■ — Cl -j- 

x + y a 
xy 


xy ' x~y b 

41. Find all the solutions of the equation 

(*—4.5) 4 + (jk—5.5) 4 ~ 1. 

42. Solve the system of equations 

\x— 1 | + |</—51 = 1 , 

11 *. 


* The absolute value of a number x (denoted as [*)) is the non-negative 
number determined by the conditions 

( —x for * < 0, 

|jC,= i *for^0. 
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43. For what real x and y does the equality 

5x 2 + 5 y 2 + %xy + 2y — 2x + 2 = 0 

hold? 

44. Find all real values of * and y satisfying the equation 

x 2 + 4* cos (xy) + 4 = 0. 

45. Find the real solutions of the system 

x y z = 2, ^ 

2xy—z 2 = 4. | 

46. For what value of a does the system 

x 2 + y 2 = z, \ 
x + y+z = a \ 

possess a single real solution? Find this solution. 

47. Prove that for every (complex, in the general case) solu¬ 
tion of the system 

x 2 + y* + xy + ± = a, 
x* + y* + xy— +—2 = 6 2 

the sum x 2 + y 2 is real for any real a and 6, a =+ 0. 

48. Solve the system of equations 

ax + by + cz = cl + b + c , 
bx + cy + ctz = a + b + c, 
cx + ay bz = a + b c , 

on condition that a , b and c are real and tf + 6 + c+= 0. 

49. Solve the system of equations 

ax + y + z=-- 1, 'j 
x + a*/ + z=tf, l 
x +y-\-az = a 2 . ) 

50. What relationship must connect the numbers q % , a a for 
the system 

(1+fli)x+i/ +z = 1, \ 

* + (l + a v) y + z = 1 * 1 

* + # + (1++,) z = 1 / 

to be solvable and have a unique solution? 
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51. Solve the system of equations 

ax + by + cz + dt = p, } 

—bx -\-ay + dz—ct = q, 

— cx — dy-\-az + bt = r, 

— dx-\-cy — bz-\-at=s, 
where the coefficients a, b, c and d satisfy the condition 
a i + b t +c 2 +d 2 ^0. 

52. Solve the system of equations 

x i + 2* a + 3* s + 4x 4 + • • • + nx n = a lt 
nx j -f- * a -f- 2 * 3 + 3 * 4 -f-... -f- (n — 1) x„ = a 2 , 
(n—\)x l + nx ss +x 3 + 2x i +... + (n— 2 )*„ = a 3 , 

2*4 -f 3* a + 4*3 + 5*4 + ... + 1 *„ = a„. , 

53. Prove that if 



* l +* 2 + *3 = 0, 

x 2 + x s + x 4 = 0 , 
X 9» “h x ioo ~h x i = 

*100+*l+*2=0, , 

then 


*j “j~ *2 ... — * aa *^100 0. 

54. Solve the system of equations 

x 2 -\-xy-\-xz—x — 2, \ 
y 2 + xy + yz—y = A, | 
z 2 -\-xz-\-yz—z = 6. ) 

55. Solve the system of equations 


* + y—z==7, \ 

x 2 + y 2 -z 2 = 37, 1 

x % + y 3 — 2 s = 1 . J 


56. Solve the system of equations 


xuz 
x + y 

2 ' 1 

xyz__ 

6 { 

y+z 

T' ' 

xyz 

3 


2 ' , 
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57. Solve the system of equations 

u z -f v 2 + w:= 2 , 
u 2 + a / 2 + u = 2 , 
ciy 2 w 2 +u = 2. 

58. Solve the system of equations 

x 2 + xy + y 2 ^\, \ 
x 2 -j-xz +z 2 = 4, l 
y 2 +yz + z 2 = 7. j 

59. Find the solutions of the system of equations 


*i 

* 1 * 3 - . 
* 2 




-a 2 > 


> 


X\X% - • • x n _ | 
x rt 




/ 


if the numbers a,, .... a„ and jc lt jc„ are positive. 

60. Solve the system of equations 

(x + y + z)(ax+y+z) = k\ \ 

(x-\-y + z)(x + ay + z) = t\ l 
(• x+y + z)(x + y + az) = m\ ) 

where a, k, l and m are positive numbers and k 2 + 1 2 4- m 2 > 0. 

61. Find the real solutions of the system of equations 

x+y + z = 6, \ 

* a + «/ 8 + z 2 =14, l 

xz + yz = (xy+\y. j 


62. Solve the system of equations 

x 2 + xy + xz + yz = a, \ 
y 2 -\-xy + xz + yz--=b, l 
z 2 + xy + xz + yz = c, J 


assuming that abc 0 . 
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63. Solve the system of equations 

x(y + z) = a 2 , \ 
y{z + x) = b\ | 

z{x + y)=c\ J 

where abc=/= 0 . 

64. Find the real solution of the system of equations 

y 3 -\-z 3 — 2a (yz + zx + xy), \ 
z 3 + x 3 ^2b(yz + zx + xy), l 

xt + yt^Zctyz + zx + xy). J 

65. Solve the system of equations 

y+2x + z = a{x-\-y){z + x), \ 
z + 2y + x = b(y+z)(x + y), l 
x + 2z + y = c(z + x)(y + z). ) 

66 . Solve the system of equations 

x-\-y-\-z = 9, 

-± + 1 + 1^1, 

x y z 

xy+xz + yz= 27. t 

67. Solve the system of equations 

x + y + z = a, \ 
xy + yz+xz = a 3 , l 
xyz~a 3 . J 

68 . Show that the system of equations 

2x-\-y-\-z = Q, \ 
yz + zx + xy—y 3 = 0, l 

xy + z* = 0 J 

has only the trivial solution x — y = z — 0 . 

69. Solve the system of equations 

x-\-y + z = a, \ 
x 3 + y* + z* = Q a , > 
x 3 y 3 + z 3 = a 3 . j 
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70. Let (x, y, z) be a solution of the system of equations 

x + y + z = a , ] 

X 2 + y2 + Z * = b\ i 

±+±+1=1. 

x 1 y ' z c ) 

Find the sum 

x 3 -|- y 3 -i- z 3 . 

71. Solve the system of equations 

x + y + z=2, \ 

( x + y) (y 4- z) + (y + z) \z + x) + (2 + x) {x + y) = 1, 1 

x 2 (y + z)-\-y i (z + x) + z 2 (x + y)=:—\ 5. J 

72. Solve the system of equations 

x * + (y— z) s = a> \ 

y 2 + (x—z) 2 = b, 1 
z 3 + {x—yY = c. ) 

73. Solve the system of equations 

xy + yz + zx = 4 7, \ 
x 3 + y 3 = z 3 , l 
(z—x){z—y) = 2. J 

74. Find alJ real solutions of. the system of equations 


i+z* ’ 

2x 2 t 

y 1 > / 

z =_ 2 £, 

1+y 2 ' J 

75. Find the real solutions of the system of equations 
2x z = x^ -|- . 

x i 

2x 3 = x 2 + ——, 


2x n — x„_ 1 


2x x — — . 
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76. Show that if a, b , c and d are pairwise unequal real num 
bers and x , y, z is a solution of the system of equations 

1 ■+* + */ + z ~ 0 , \ 
a + bx + cy -\-dz = 0, i 
a 2 + b 2 x -f c 2 y + d 2 z = 0 , J 

then the product xyz is positive. 

In the equations below, if the index of a radical is even, con¬ 
sider only the values of the unknowns for which the radicand is 
non-negative and take only the non-negative value of the root. 
When the index is odd the radicand can be any real number (in 
this case the sign of the root coincides with the sign of the ra¬ 
dicand). 

77. Solve the equation 

3 /{a+7f + 4 l/{a—x) 2 = 5 j/a 2 —x 2 . 

78. Solve the equation 

y (i +*) 2 —^(l—x) 2 = y r^x 2 .' 

79. Solve the equation 


/ y - 2 + V2 y - 5 + Y \) + 2 + 3 V 2y - 5 = 71/‘2. 

80. Solve the equation 


Y x + Kx-/x-Kx = 4 y 

81. Solve the equation 


X+V* ' 


V * 2 -t- 8 x 


Vx + 7: 


Vx+\ }Tx+\ ' 

82. Find all real roots of the equation 


Vx- 1 + ]/x- i- 1 ^x 3 /2. 

83. Solve the equation 

V x — 4a + 16 = 2 V x — 2a + 4 — ]/"x. 
For what real values of a is the equation solvable? 

84. Solve the system of equations 


J/ j — 1 6 y 2 _ Y \ - 16x 2 = 2 (x + y) , 

5 • 


x 2 + y* + 4 xy : 
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85. Solve the system of equations 

7_ 

2 


x—y - \ ( V&i— 3 /xy*), 


3 /x- 3 /y^3. 

86 . Solve the system of equations 

i/r_ v y T=A 

V y V x 2 1 
* + yx + y = 9. 

87. Solve the system of equations 

/S+ 2 /iW" 3 ’ 

x + xy + y-^7. 

88 . Find all real solutions of the system 

■./x+y 12 

x+y—V = —, 

1 'S y x _ y x _ y 

xy= 15. 

89. Solve the system of equations 

„ , 2 Y — 12t/-h 1 _ x*+ 17 
" ' 3 12 


£ + l = i/ZTX_£ 

8w ' 3 K 3y ‘ 4 2 jc ‘ 


1 3 Y 3 y 
90. Solve the system of equations 

x-^-Y'x 2 —y 2 , *— — yt l 


17 


— y* x+Vxi—y* 4 


*(* + #)+ K x 2 + ^ + 4 = 52. 
91. Solve the system of equations 


y 2 + V3y 2 -2x + 3 = j-x + 5, 

3x — 2y = 5. 

92. Find the real solutions of the system of equations 


a: 2 —}— 17 


y-\"jV x 2 — 6y + 1 — —g 
x 2 y -5 2 12 4 


49 


a 2 ' 9 * 
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93. Solve the system of equations 

(x—y)Vy = ^, | 

(x + y)V'x = ‘3Vy. j 

94. Solve the system of equations 

+ 

Vx+y—Vx^y==a, ) 

, --I (a > 0) 

Vx 2 + y i + V x t —j 

95. Solve the system of equations 


xVx—yVy (K* — Vy ), 

x 2 + xy-\-y i = b 2 


(a > 0, b > 0). 


3. Algebraic Inequalities 
Preliminaries 

Here are some inequalities which are used for solving the prob¬ 
lems below. 

For any real a and b we have 

+ ( 1 ) 

Inequality (1) is a consequence of the obvious inequality (a ± b)^ 0. 
Relation (1) turns into an equality only if |a| = |6|. 

If ab > 0, then dividing both sides of inequality (1) by ab we 
obtain 

T+J> 2 - P) 


If 0 and v^0, then, putting « = a 2 and o = in (1) we 
obtain 

(3) 

In inequalities (2) and (3) the sign of equality appears only for 
a = b and (u — v). 

In addition, let us indicate some properties of the quadratic 
trinomial 

y = ax 2 + bx + c (4) 

which are used in some problems below. 

The representation of trinomial (4) in the form 


y = a 



b 2 — 4 ac 


4 a 


( 5 ) 
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implies that if the discriminant of the trinomial satisfies the 
condition 

D = b 2 — 4 ac < 0 

(in this case the roots of the trinomial are nonreal), then, for 
all x, the trinomial takes on values of the same sign which 
coincides with the sign of the coefficient a in the second power of x. 

If D= 0 the trinomial vanishes only for x = — ~ and retains 

its sign for all the other values of x . 

Finally, if D>0 (in this case the trinomial has real distinct 
roots x y and x 2 ), it follows from the factorization 

: 5 i: •• " : , 

y = a(x— Xl ) (x—x 2 ), 

that the trinomial attains the values whose sign is opposite to 
that of a only for x satisfying the condition 

X J < C X Xg. 

For all the other values of x different from x y and x 2 the trino¬ 
mial has the same sigh as a. 

Thus , a trinomial always retains the sign of the coefficient in x 2 
except for the case when its roots x y and x 2 are real and 

x x < x < x 2 . 

96. Find all real values of r for which the polynomial 

(r 2 — l)x 2 + 2 (r—l)x + 1 

is positive for all real x. 

97. Prove that the expression 



is non-negative for any real x and y different from zero. 

98. For what values of a is the system of inequalities 


—3 < 


x 2 4 -ax—2 

X 2 — JC-j~ 1 


<2 


fulfilled for all jc? 

99. Prove that for any real numbers a, b, c and d the ine¬ 
quality 

a 4 + b* + c* + d* 4 abed 


is valid. 
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100. Find all the values of a for which the system 

* 2 + </ 8 + 2*< 1, 1 

x —z/ + a = 0 ) 

has a unique solution. Find the corresponding solutions. 

101. Find the pairs of integers x and u satisfying the system 
of inequalities 

y— \x 2 —2x | + -§->0, | 
y + \x- 11 < 2. j 

102. Prove that the inequality 

—+ —+ + —>~ 

holds for every integer n > 1. 

103. Prove that the inequality 


m+ 1 1 m + 2 1 * * ‘ 1 m + ( 2/n+l) 
is valid for every positive integer m, 

104. Show that for any natural n we have 


>i 


—+—+ 

2‘2 I 32 T" 


+—< — 
I M 


105. Prove that 

(n !) 2 > n n 

for n > 2 . 

106. Prove that, given three line segments of length a > 0, 
by 0 and c> 0 , a triangle with these segments as sides can be 
constructed if and only if pa 2 ■+ qb 2 > pqc 2 for any numbers p 
and q satisfying the condition p-[-q = 1 . 

107. Prove that for any real x, y and z we have the Inequality 

4x (x + y)(x + z) (x+y+ 2 ) + y 2 z 2 > 0. 

108. Prove that the inequality 

x 2 + 2 xy + 3y 2 + 2x + 6 y -f 4 ^ 1 
holds for any real x and y. 

109. Prove that if 2x + 4y= 1, the inequality 

x 2 -r y 2 > ^ 


is fulfilled. 
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110. What conditions must be imposed on the number d>0 
for the inequality 


0< 


d* + R*-r*^, . 
2 dR ^ 


to be valid for j?^r> 0? 

111. Pr6ve the inequality 

1 - 4-1 ' 

a b c — a-j-b+c * 

where a, b and c are positive. 

112. Prpve that if a, b and c are numbers of the same sign 
and a< b<c, then 

a 3 ( b 2 — c 2 ) -j- b 3 (c 2 — a 2 ) -j- c 3 (a 2 — b~) < 0. 

113. Prove that if a x , a 2 , a,. a n are positive numbers and 

c,a,a s ... a n = 1, then 

(l+*i)(l+fl*)(l+a.) ••• (l+a„)>2 n . 

114. Prove that if a + b=l then 

115. Prove that the polynomial 

x 3 — x 6 -{-x 2 —x + 1 
is positive for all real x. 

116. Prpve that if |xj< 1 the inequality 

(1— x) n + {l + x) n < 2 n 

is fulfilled for any integer n > 2. 

117. Prove that 

I xfii ~r x i a. i H" ... ~t" x n a,„ | ^ ^ (x\ -f- —l - ... -f- x„) -j- 
+ -f(a? + a?+...+a 2 ), 

where x ly x t > ..., x n and a lt a 2 , ..., a n and e are arbitrary real 
numbers and e > 0. 

118. For what real values of x is the inequality 

i-yT=AP K 3 


fulfilled? 


X 
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119. Prove that for all positive x and y and positive integers 
m and n (n^m) we have the inequality 

Vx m +y m > + y n - 

120. Prove the inequality 

a + y^+7.,+Va < 1 + ^ a ± 1 - , fl> 0. 

121. Prove the inequality 


2— V 2+r 2+F r 2 + -.- + l / '2 I 
2-i^ 2+v r 2+...+-/r 

provided the numerator of the left member of the inequality 
contains n radical signs and the denominator contains n —1 radi¬ 
cal signs. 

122. Prove that for any real numbers a lt a 2 , . a n and 
b lt b 2 , ..., b n . satisfying the relations 

o* + a|+...+cS=l, \ 
b\ + b\+,..+bl = 1, f 

the inequality | a. l b 1 + a 2 b 2 + ... -f a n b n | ^ 1 is valid. 

123. Prove that if the numbers x u x 2 , ..., x„ are positive and 
satisfy the relation 

x t x t ... x„=l, 

then 

^1 + ^ 2 +• +x n 


4. Logarithmic and Exponential Equations, 
Identities and Inequalities 


Preliminaries 


The definition of the logarithm of a number N to a base a 
states that 


flloga n = 


(1) 


Here N is any positive number, a is an arbitrary, base and 
a > 0, a=£ 1. 

The solution of some. problems below is based on the following 
formula for converting from logarithms to a base a to the loga¬ 
rithms to a base b: 


log*iV 


logbiy 

logj, a 


( 2 ) 
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The formula is proved by taking the logarithms to the base b 
of the both sides of identity (1). In particular, for N = b formu¬ 
la (1) implies 

log a b 1 


log & a * 


124. Solve the equation 


log** 2 | og«*. _ log x \oe x 

logi-o ,0 V^ ,0g °"- 

b 

125. Solve the equation 

logj f .21og i£ :2 = log £ 2 v 

10 64 

126. .Solve the equation 

log, (9*'+ 7) = 2 + log, (3*- 1 + 1). 


(3) 


127. Solve the equation 

log,* (4) + logIk=,l. 

128. Prove that the equation" 

iog 2 * (-|) l°gii* + l 0 g2*= 1 

has only one root satisfying the inequality x> 1. Find this root. 

129. Solve the equation 

log v - a 

' log,/fl + lo g^^l°g_L 2x -°- 

130. What conditions must be imposed on the numbers a and 
b for the equation 

1 + log 6 (2 log a—x) log, b= - 


to have at least dne solution? Find all the solutions of this 
equation. 

131. Solve the equation* 

Y log a y/ax+ log x y / ax + j/' log„ y 4 + log*)/ J = a. 

132. Solve the equation 

l) , . 

log p/x —40 * • ' 


* Here and henceforward the roots are understood as mentioned on page 18. 
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133. Solve the equation 

1 | lo ga(P — x ) __ 2 ~ lo gp-g 4 
l°g a (* + <?) log p - g (x+q) 

134. Solve the equation 


{p>q> 0). 


log,/- x ]/ log, 5 VfT + log Kr 5 y'E' = — j/T. 

135. Solve the equation 

(0.4) lo e** +1 = (6.25) 2 -'<**’. 


136. Solve the equation 

l + !og*l^ = (log logre— 1) log,10. 

How many roots has the equation for a given value of re? 

137. Solve the equation - 

logsln jr 2 • logsin* x fl1 = 0. 


138. Solve the system of equations 

log 2 (*+</) — log, (a:— y) = \, 1 
**■—*• = 2. J 

139. Solve the system of equations 

x a = y b , \ 

x_log c *f (a=£b, abj= 0). 
gc y “log c y) 

140. Solve the system of equations 

log 6 * + 3'°^ = 7, \ 

x? = 5 12 . j 

141 . Solve the system of equations 

_ 5 _ ■ 

yx ]oe v * — x 2 , . 

log 4 ylog y (y—3x)=l. / 

142. Solve the system of equations 

a x by — ab, 

2\og a x = [ogj_y\og y -b. ’ 

<> ; 

143. Solve the system of equations 

3 (2 log„.*— logj^ = 10, 1 



PROBLEMS. ALGEBRA 


27 


144. Solve the system of equations 

l°gi 2 X + log 2 y'j = log 2 x, 
log 2 x log 3 (* + f/) = 3 log 3 x. 

145. Solve the system of equations 

X log 2 y logj_ 2=y VI) (1 — log,. 2), 

X 

logj,3 2 log K -5 a: = 1. 

146. Solve the system of equations 

log 2 x + log 4 </4-log 4 z = 2, 'j 

i°g 3 y + log* 2 +l°g 9 * - 2, > 
l°gl z + logio* + l°gi 8 i/ = 2. J 

147. Solve the system of equations 

logo .5 iy x )-F log 2 ~ = 2 , j 

x 2 + y* = 25. J 

148. Solve the equation 

4*— 3*~ 2 = 3 X+ 2 —2 3 * -1- 


149. Find the positive roots of the system of equations 

x x+ y-. 


x s y 


:r 1 


150. Solve the system of equations 
a 2x + a 2 ? — 2b, 
a x+ y = c 


(a > 0). 


Under what conditions on b and c is the system solvable? 

151. Find the positive solutions of the system of equations 

x x+ y = y n , 1 

yX+y==x 2nyn t | 

where n > 0. 

152. Solve the system of equations 

(3x + y) x ~y = 9, | 

x ~(/324= 18x 2 +12xy + 2y 2 . J 
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153. Find the positive roots of the system of equations 

#' = y x , \ 

x p ^y\ I 

where pq~> 0. 

154. Solve the system of equations - - 

P x = q y , f 

assuming that *‘> 0, y>0, p> 0 and q > 0. 

155. Prove that 

l°g c +* a + log c _j, a = 2 log<, +6 a log < .:_ 6 a, 
if a 2 + b 2 = c 2 and a > 0, b> 0, c>0. 

156. Simplify the expression 



log log a 

157. Simpilify the expression a loga where all the logarithms 
are taken to the same base b. 

158. Let \og a b=A and log q b = B. Compute log c 6 where c is 
the product of n terms of a geometric progression with common 
ratio q and the first term a. 

159. Prove that if the relation 


loga N ^ log a N — log 6 N 
log c iV log;, A'— log c N 


is.fulfilled for a given positive N =£ 1 and three positive numbers 
a, b and c, then b is the mean proportional between d and c, and 
the relation is fulfilled for any positive N^l. 

160. Prove the identity 


log 0 N lqg„ N + log„ N log c N + log c N log B N 
161; Prove; the .identity 


log a N log;, N logg N 

log abort 


log q_X 

loggdX 


I + foggh. 


162. Solve the inequality 

l 0 gj_*+log 3 * > 1. 

2 


163. Solve the inequality 

*i°gg*+i >a 2 A; (a > 1). 
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164. Solve the inequality 

log a *+log a (*+ 1) < \og a (2x^-6) 

165. Solve the inequality . 

logy (x 2 — 5* + 6)<0. 

166. Solve the inequality 

_!_!_< i. 

log 2 x log 2 x—1 

167. Solve the inequality 


^2-log**-log, *«_^ 


(a > 1). 


168. For what real x and a is the inequality 
log 2 x + log* 2 + 2 cos o.^.O 

valid? 


169. Solve the inequality 

logj_ [log, (x>— 5)] > 0. 

3 


5 . Combinatorial Analysis and Newton’s Binomial Theorem 


Preliminaries 


The number of permutations of n things taken m at a time is 
given by the formula 

P(n, m) = n(n —1)..m+1). (1) 

The number of permutations of n things taken all at a time is 
equal to factorial n: 

n\ - 1-2-3.. .n. (2) 


The number of combinations of n elements, m at a time, is, de¬ 
fined by the formula 


C ( n , m) 

; There is a relation of the form 


n (n— 1) (n—2).. (n— m + 1) P ( n , m ) 

I -2-3.. .m ml ' 


(3) 


C(n, m) — C(n, n — m). 

-Fop positive integers n and any x and a we have binomial for¬ 
mula 


(x + a) n = x n + C (n, I)ajc' ,_1 + C (n, 2)a 2 x n ~ 2 -j- ... + 
+ C^rt, n —2)a"“ 2 ^ 2 + C(rt, n — \)a n ~ x x-\-a n , 


( 4 ) 
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whose general term is equal to 

C(n, k)a k x n (5) 
Formula (4) implies the equalities 

l-j-C(n, 1) + C(n, 2)+...+C(n, n —2) + C(n, n —1)-F1 = 2“ 
and 

1 — C(n, l) + C(/t, 2) — C(«, 3)+...+(-l)" = 0. 

170. Find m and n knowing that 

C ( tx 1, tti ~F 1 ) • C (n ~F 1 » m) • C (ti -F 1 * tn — 1) = 5 1 5 1 3 . 

171. Find the coefficient in x e in the binomial expansion of 

(1 -\-x 2 —x 3 ) 9 . 

172. Find the coefficient in x m in the expansion of the expres¬ 
sion 

(1 +*)* + (1 +x)* +1 + • • • +(1 +x) n 
in powers of x. Consider the cases m< k and m^k. 

173. In the expansion, by the binomial formula, of the expres¬ 
sion ^xj/x-FJjj the binomial coefficient in the third term is by 

44 larger than that in the second term. Find the term not con¬ 
taining x. 

174. In the expansion of the expression 

('+*+!)“ 

find the term not containing x. 

175. Find out for what value of k the (&-Fl)th term of the 
expansion, by the binomial formula, of the expression 

(1 +V3) 1M 

is simultaneously greater than the preceding and the subsequent 
terms of the expansion? 

176. Find the condition under which the expansion of (l+a) n 
in powers ot a (where n is an integer and a-=£ 0) contains two 
equal consecutive terms. Can this expansion contain three equal 
consecutive terms? 

177. Find the total number of dissimilar terms obtained after 
the expression 

has been cubed. 
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178. Let p lt p 2 y .. . y p n be different prime numbers and q=p x p 2 -. 
Determine the number of the divisors (including 1 and q) of q. 

179. Prove that if each coefficient in the expansion of the exp¬ 
ression in powers of x is divided by the exponent 

of the corresponding power, then the sum of the quotients thus 
obtained is equal to 

2»+ 1 — l 
n+l * 


180. Prove that 

C(n, \)x(\—x) n ~ 1 + 2 C(n f 2) a: 2 (1 — x) n ~ 2 + ... + 

+ kC(n 9 k)x k (1— x) n ~ k + . .. +nC(n, n)x n ^nx, 

where n > 0 is an arbitrary integer. 

181. In how many ways can a pack of 36 cairds be split in two 
so that each portion contains two aces? 

182. How many five-digit telephone numbers with pairwise dis¬ 
tinct digits can be composed? 

183. Given a set of 2 n elements. Consider all the possible par¬ 
titions of the set into the pairs of elements on condition that the 
partitions solely differing in the order of elements within the 
pairs and in the order of the pairs are regarded as coincident. 
What is the total number of these partitions? 

184. Determine the number of permutations of n elements taken 
all at a time in which two given elements a and b are not adja¬ 
cent. 

185. Eight prizes are distributed by a lottery. The first parti¬ 
cipant takes 5 tickets from the urn containing 50 tickets. In how 
many ways can he extract them so that (1) exactly two tickets 
are winning, (2) at least two tickets are winning. 

186. m points are taken on one of two given parallel lines and 
n points on the other. Join with line segments each of the m 
points on tjie former line to each of the n points on the latter. 
What is the number of points of intersection of the segments if 
it is known that there are no points in which three or more seg¬ 
ments intersect. 

187. n parallel lines in a plane are intersected by a family of 
m parallel lines. How many parallelograms are formed in the net¬ 
work thus formed? 

188. An alphabet consists of six letters which are coded in 
Morse code as 
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: A ; word;' was : transmitted without spaces between the letters so 
that the resultant continuous line of dots and dashes contained 
12 characters. In how many ways can that word be read? 

■ c 

6. Problems in Forming Equations 

189. In multiplying two numbers one of yhich exceeds the 
other by 10 the pupil reduced, by mistake, the tens digit in the 
product by 4. When checking the answer by dividing the product 
thus obtained by the smaller of the factors he obtained the quo¬ 
tient 39 and the remainder 22. Determine the factors. 

190. Two cyclists simultaneously start out from a point A and 
proceed with different but constant speeds to a point B and 
then return without stopping. One of them overtakes the other 
and meets him on the way back at a point a kilometres from B. 
Having reached A he starts for B and again meets the second 

cyclist after covering -jth the distance between A and B. Find 
the distance from A to B. 

191. Two cars simultaneously start out from a point and pro¬ 
ceed in the same direction, one of them going at a speed of 
50 km/hr and the other at 40 km/hr. In half an hour a third car 
starts out from the same point and overtakes the first car 1.5 
hours after catching up with the second car. Determine the speed 
of the third car. 

192. A pedestrian and a cyclist start out from points A and B 
towards one another. After they meet the pedestrian continues to 
go in the direction from A to B while the.cyclist turns and 
also goes towards B. The pedestrian reaches B t hours later than 
the cyclist. Find the'time period between the start and meeting 
if the speed of the cyclist is k times that of the pedestrian. 

193. Walking without stopping a postman went from a point A 
through a point B to a point C. The distance from A to B was 
covered with a speed of 3.5 km/hr and from B to C of 4 km/hr. 
To get back from C to A in the same time following the game 
route with a constant speed he was to walk 3.75 km per hour. 
However, after walking at that speed and reaching B he stopped 
-for 14 minutes and then, in order to reach A at the appointed 
time he had to move from B to A walking 4 km per hour. Find 
the distances between A and B and between B and C. 

194. The distance from a point A to a point B is 11.5 km. 
The road between A and B first goes uphill, then horizontally 
and then downhill. A pedestrian went from A to B in 2 hours 
and 54 minutes but it took him 3 hours and 6 minutes to get 
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back from B to A. His speeds were 3 km/hr uphill, 4 km/hr on 
the horizontal part of the road and 5 km/hr downhill. Determine 
the length of the horizontal part. 

195. In a motorcycle test two motorcyclists simultaneously 
start out from A to B and from B to A, each driving at a con¬ 
stant speed. After arriving at their terminal points they turn back 
without stopping. They meet at a distance of p km from B and 
then, in t hours, at q km from A. Find the distance between 
A and B and the speeds of the motorcyclists. 

196. An airplane was in flight from A to B in a straight line. 
Due to a head wind, after a certain time, it reduced its speed to 
v km/hr and therefore was t x minutes late. During a second flight 
from A to B the airplane for the same reason reduced its speed 
to the same level but this time d km farther from A than in the 
first flight and was t 2 minutes late. Find the original speed of 
the airplane. 

197. There are two pieces of an alloy weighing m kg and 
n kg with different percentages of copper. A piece of the same 
weight is cut from either alloy. Each of the cut-off pieces is alloyed 
with the rest of the other piece which results into two new 
alloys with the same percentage of copper. Find the weights of 
the cut-off pieces. 

198. Given two pieces of alloys of silver and copper. One of 
them contains p% of copper and the other contains q% of cop¬ 
per. In what ratio are the weights of portions of the alloys if the 
new alloy made up of these portions contains r% of. copper? For 
what relationships between p, q and r is the problem solvable? 
What is the greatest weight of the new alloy that can be obtai¬ 
ned if the first piece weighs P grams and the second Q grams? 

199. Workers A and B have been working the same number of 
days. If A worked one day less and B 7 days less then A would 
earn 72 roubles and B 64 roubles 80 kopecks. If, conversely, 
A worked 7 days less and B one day less B would earn 32 roub¬ 
les and 40 kopecks more than A. How much did in fact either 
worker earn? 

200. Two bodies move in a circle in opposite directions, one of 
them being in a uniform motion with linear speed v and the 
other in a uniformly accelerated motion with linear accelera¬ 
tion a. At the initial moment of time the bodies are at the same 
point A, and the velocity of the second one is equal to zero. In 
what time does their first meeting take place if the second meet¬ 
ing occurs at the point A? 


2-323 
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201. A tank was being filled with water from two taps. One of 
the taps was first open during one third of the time required for 
filling the tank by the other tap alone. Then, conversely, the 
second tap was kept open for one third of the time required to 
fill the tank by using the first tap alone, after which the tank was 

yg full. Compute the time needed to fill the tank by each tap se¬ 
parately if both taps, when open together, fill the tank in 3 hours 
and 36 minutes. 

202. A cylindrical pipe with a piston is placed vertically into 
a tank of water so that there is a column of air h metres high 
between the piston and the water (at the atmospheric pressure). 
The piston is then elevated b metres above the water level in the 
tank. Compute the height of the column of water in the pipe if 
it is known that the column of liquid in a water barometer is c 
metres high at the atmospheric pressure. 

203. A cylindrical pipe with a moving piston is placed verti¬ 
cally into a cup of mercury. The mercury level in the pipe is 
12 cm above that in the cup, and the column of air in the pipe 

between the mercury and the piston is 29^ cm high. The piston 

is then moved 6 cm downward. What is the resultant height of 
the column of mercury if the external air pressure is 760 mm Hg? 

204. At a certain moment a watch shows a 2-minutes lag although 
it is fast. If it showed a 3-minutes lag at that moment but gained 
half a minute more a day than it does it would show true time 
one day sooner than it actually does. How many minutes a day 
does the watch gain? 

205. Two persons deposited equal sums of money in a savings 
bank. One of them withdrew his money after m months and received 
p roubles, and the other withdrew the money after n months and re¬ 
ceived q roubles. How much money did either person deposit and 
what interest does the savings bank pay? 

206. In a circle of radius R two points uniformly move in the 
same direction. One of them describes one circuit t seconds faster 
than the other. The time period between two consecutive meetings 
of the points is equal to T. Determine the speeds of the points. 

207. A flask contains a solution of sodium chloride. — th part 

n 

of the solution is poured into a test tube and evaporated until 
the percentage of sodium chloride in the test tube is doubled. 
The evaporated solution is then poured back into the flask. This 
increases the percentage of sodium chloride in the flask by p%. 
Determine the original percentage of sodium chloride. 
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208. Two identical vessels, each of 30 litres, contain a total of 
only 30 litres of alcohol. Water is added to the top of one ves¬ 
sel, the resulting mixture is added to the top of the other vessel 
and then 12 litres of the new mixture are poured from the second 
vessel into the first. How much alcohol did each vessel contain 
originally if after the above procedure the second vessel contains 
2 litres of alcohol less than the first? 

209. Three travellers A , B and C are crossing a water obstacle 
s km wide. A is swimming at a speed of v km/hr, and B and C 
are in a motor boat going at v 1 km/hr. Some time after the start 
C decides to swim the rest of the distance, his speed being equal 
to that of A. At this moment B decides to pick up A and turns 
back. A then takes the motor boat and continues his way with 
B. All the three travellers simultaneously arrive at the opposite 
bank. How long did the crossing take? 

210. A train left a station A for B at 13:00. At 19:00 the 
train was brought to a halt by a snow drift. Two hours later the 
railway line was cleared and to make up for the lost time the 
train proceeded at a speed exceeding the original speed by 20% 
and arrived at B only one hour later. The next day a train 
going from A to B according to the same timetable was stopped 
by a snow drift 150 km farther from A than the former train. 
Likewise, after a two-hour halt it went with a 20% increase of 
speed but failed to make up for the lost time and arrived at B 
1 hour 30 minutes late. Find the distance between A and B . 

211. A landing stage B is a kilometres up the river from A . 
A motor boat makes trips going from A to B and returning to A 
without stopping in T hours. Find the speed of the boat in still 
water and the speed of the current if it is known that once, when 
returning from B to A, the motor boat had an accident at a dis¬ 
tance of b km from A which delayed it for T 0 hours and reduced 
its speed twice so that it went from B to A during the same 
time as from A to B. 

212. A tank of a volume of 425 m 3 was filled with water from 
two taps. One of the taps was open 5 hours longer than the 
other. If the first tap had been kept open as long as the second 
and the second tap as long as the first, then the first tap would 
have released one half the amount of water flowed out from the 
second. If both taps had been opened simultaneously the tank 
would have been filled in 17 hours. 

Taking into account all j;hese conditions determine how long the 
second tap was open. 

213. According to the timetable, a train is to cover the distan¬ 
ce of 20 km between A and B at a constant speed. The train 


2 
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covered half the distance at that speed and then stopped for 
three minutes; in order to arrive at B on schedule it had to 
increase the speed by 10 km/hr on the remaining half of the trip. 
Another time the train was delayed for 5 minutes after passing 
half the way. At what speed must the train go after the stop in 
order to arrive at B on schedule? 

214. Two airplanes simultaneously take off from A and B. 
Flying towards each other, they meet at a distance of a kilo¬ 
metres from the midpoint of AB. If the first airplane took off b 
hours later than the second, they would meet after passing half 
the distance from A to B. If, conversely, the second airplane took 
of? b hours after the first, they would meet at a point lying at 
the quarter of that distance from B, Find the distance between A 
and B and the speeds of the airplanes. 

215. A motor boat and a raft simultaneously start out downstream 
from A. The motor boat covers 96 km, turns back and arrives at 
A in 14 hours. Find the speed of the motor boat in still water 
and the speed of the current if it is known that the two craft met 
at a distance of 24 km from A when the motor boat was returning. 

216. Two bodies simultaneously start out in the same direction 
from two points 20 metres apart. The one behind is in uniformly 
accelerated motion and covers 25 metres during the first second 

and y of a metre more in the next second. The other body is in 

uniformly decelerated motion and passes 30 metres in the first 
second and half a metre less in the next second. How many se¬ 
conds will it take the first body to catch up with the second? 

217. A boat moves 10 km downstream and then 6 km upstream. 
The river current is 1 km/hr. Within what limits must the rela¬ 
tive speed of the boat lie for the entire trip to take from 3 to 
4 hours? 

218. The volumes of three cubic vessels A, B and C are in the 
ratio 1:8:27 while the amounts of water in them are in the ratio 
1:2:3. After water has been poured from A into B and from B 

into C, the water level in the vessels is the same. 128y litres 

of water are then poured out from C into B after which a cer¬ 
tain amount is poured from B into A so that the depth of water 
in A becomes twice that in B. This results in the amount of wa¬ 
ter in A being by 100 litres less than the original amount. How 
much water did each vessel contain originally? 

219. Find a four-digit number using the following conditions: 
the sum of the squares of the extreme digits equals 13; the sum 
of the squares of the middle digits is 85; if 1089 is subtracted 
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from the desired number, the result is a number expressed by the 
same digits as the sought-for number but written in reverse order. 

220. Two points move in a circle whose circumference is / metres 
at the speeds v and w<v. At what moments of time reckoned 
from the start of the first point will successive meetings of the 
points occur if they move in the same direction, and the first 
point starts t seconds before the second and is a metres behind 
the second point at the initial moment (a < /)? 

221. A piece of an alloy of two metals weighs P kg and loses 

A kg in weight when immersed in water. A portion of P kg of 

one of the metals loses B kg in water and a portion of the same 

weight of the other metal loses C kg. Find the weights of the 
components of the alloy and test the solvability of the problem 
depending on the magnitudes of the quantities P, A, B and C. 

222. Log rafts floated downstream from a point A to the mouth 
of a river where they were picked up by a towboat and towed 

across a lake to a point B 17y days after the departure from A. 

How long did it take the towboat to bring the log rafts to B across 
the lake if it is known that, alone, the towboat goes from A to 
B in 61 hours and from B to A in 79 hours and that in towing 
the relative speed'of the tpwboat is reduced twice? 

223. The current of a river between A and B is negligibly small 

but between B and C it is rather strong. A boat goes downstream 
from A to C in 6 hours and upstream from C to A in 7 hours. 

If between A and B the current were the same as between B and C 

the whole distance from A to C would be covered in 5.5 hours. 
How long would it take to go upstream from C to A in the 
latter case? 

224. A vessel contains a p% solution of an acid, a litres of the 
solution are then poured out and the same quantity of a q% solu¬ 
tion of the acid is added (q < p). After mixing this operation is 
repeated k —1 times which results in^a r% solution. Find the 
volume of the vessel. 

225. /Troubles are invested in a savings bank which pays an 
interest of p%. At the end of every year the depositor takes out 
B roubles. In how many years will the rest be three times the 
original sum? Under what conditions is the problem solvable? 

226. A forestry has a p% annual growth rate of wood. Every 
winter an amount x of wood is obtained. What must x be so that 
in n years the amount of wood in the forestry becomes q times 
the original amount a? 
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227. One of n identical cylindrical vessels is full of alcohol and 
the others are half-full with a mixture of water and alcohol, the 

concentration of alcohol in each vessel being yth that in the pre¬ 
ceding one. Then the second vessel is filled to the top from the 
first one after which the third is filled from the second and so on 
to the last vessel. Find the resultant concentration of alcohol in 
the last vessel. 

228. Consider a quotient of two integers in which the divisor 
is less by unity than the square of the dividend. If 2 is added 
to the dividend and to the divisor the value of the quotient will 

exceed -g- but if 3 is subtracted from the numerator and deno¬ 
minator, the quotient will remain positive but less than Find 
the quotient. 

7. Miscellaneous Problems 

Algebraic Transformations 

229. Compute the sum 

n(n+l) T (n+l)(ft + 2) ^ + 1) (n + k) ’ 

230. Simplify the expression 

(*-F<z)(jt 2 + a 2 ) ... (. x 2n -* + a 2n "')• 

231. Simplify the expression 

(x 2 —ax+a 2 ){x 2 — a 2 x 2 + a 4 ) ... (x 2n —a 2n ~>x 2n -'+ a 2n ). 

232. Given two sequences of numbers 

^1* ^2* * * * » ^7J» 

bx> b 21 • m •» b nf 

prove that 

a x b x + d 2 b 2 + ... + a n b n — {a x — a 2 ) -f- ( a 2 — a 3 ) S 2 + ... 

• • • +K-i—an) S n-i + a n S ni 

where S k = b x + b 2 + ... + b k . 

233. Show that the equality 

a 2 -f- b 2 + c 2 — be f ac + ab, 

where a, b and care real numbers, implies a = b = c. 
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234. Prove that if a 3 + b 3 + c 3 = 3abc then either 

a 3 + b 2 + c 3 = bc + ca+ab or a + b-\-c — 0. 

235. Show that if 

a\ + a! + • •. + a* = p 2 , 
b\ + b\+ ...+b\ = q\ 
a 1 b 1 -f- aj) 2 + ... + a n b n — PP 

and pq^O, then ai = Xb u a 2 = Ai> 2 , a„=X6„ where X = (All 

the quantities are supposed to be real.) 

236. It is known that the number sequence a t , a 2 , a 3 , ... satisfies, 
for any n, the relation 

a„. n — 2a n + a n _ 1 =l. 

Express a n in terms of a x , a 2 and n. 

237. The sequence of numbers a lt a 3 , a 3 , a„, ... satisfies 

for n > 2 the relation 

«» = (« + P) o„- 1— 

where a and P(a^P) are given numbers. Express a n in terms 
of a, p, di and o 2 . 


BtZOUT’S theorem, properties of roots 

OF POLYNOMIALS 

238. The roots and x 2 of the equation x 2 — 3ax + a 2 = 0 satisfy 
the condition *? + *!= 1.75. Determine a . 

239. Given the equation x 2 + px + q= 0, form a quadratic equation 
whose roots are 

y 1 = x\+x\ and y 3 = xl + xl. 

240. Let x, and x 3 be the roots of the equation 

ax 3 -\-bx+c — 0 (ac-- ^0). 

Without solving the equation express the quantities 

1) 4- + -T and 2 ) xt + xfxl+xl 

Xi x 2 

in terms of the coefficients a, b and c. 

241. What conditions must be imposed on the real coefficients 
a lt b lt a it b 3 , a 3 and b 3 for the expression 

( a i + b x x) 2 + (« 2 + b 2 x) 2 + (a 3 + b 3 x) 2 

to be the square of a polynomial of the first degree in x with 
real coefficients? 
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242, Prove that the roots of the quadratic equation x 2 -f- px + q = 0 
with real coefficients are negative or have a negative real part 
if and only if p > 0 and <7 > 0. 

243, Prove that if both roots of the equation 

x 2 + px + q = 0 

are positive, then the roots of the equation qy 2 + {p — 2rq)y + 
+ 1— pr = 0 are positive for all r^O. Is this assertion true for 
r < 0 ? 

244, Find all real values of p for which the roots of the equation 

(p —3) x 2 — 2px + 6p ^0 

are real and positive. 

245, For any positive X all the roots of the equation 

ax 2 + bx + c + X = 0 

are real and positive. Prove that in this case a = 0 (the coefficients 
a , b and c are real), 

246, Prove that both roots of the equation x 2 + x+l=Q satisfy 
the equation 

X **+X* n + ' + X*P + * = 0 t 
where m, n and p are arbitrary integers, 

247, The system of equations 

a{x 2 + y 2 ) + x+y—kt=o, 1 
x-^ y-\-X~ 0 J 

has real solutions for any X. Prove that a = 0, 

248, Prove that for any real values of a , p and q the equation 


x —p ~x—q a 3 

has real roots. 

249. Prove that the quadratic equation 

a 2 x 2 + (b 2 + a 2 —c 2 ) x + b 2 = 0 
cannot have real roots if a-{-bye and \a—b\<c. 

250. It is known that x ly x 2 and x 3 are the roots of the equation 

x*—2x 2 + x+\=0, 

. Form, a-new algebraic equation whose roots are the numbers 
y x ~x 2 x 3 , y 2 — x 3 x ly y z — x x x 2 . 
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251. It is known that x l% x 2 and x 3 are the roots of the equation 

x 3 — x 2 — 1 — 0 . 

Form a new equation whose roots are the numbers 
y 1 = x i + x 3 , y 2 = x 8 + x lt y z =x x -\-x 2 . 

252. Express the constant term c of the cubic equation 

x 3 + ax 2 -f bx + c = 0 

in terms of the coefficients a and b y knowing that the roots of the 
equations form an arithmetic progression. 

253. Let it be known that all roots of an equation 

x 3 + px 2 -f qx -j- r = 0 

are positive. What additional condition must be imposed on its 
coefficients p, q and r so that the line segments of lengths equal 
to the roots are the sides of a triangle? 

Hint. Consider the expression 

(*i -t- x 2 — x 3 ) (x 2 + x 3 —xj (x 3 + X, —x 2 ). 

254. The equations 

* 3 + Pi x + <ii — 0 

and 

(Pi=£p 2 ' have a common root. Find this root and also the 

other roots of both equations. 

255. Find all the values of X for which two equations 

Xx 3 —x 2 —x— (Jk.+ 1 ) = 0 
and 

Xx 2 — x —(X-|- 1)^0 
have a common root. Determine this root. 

256. All the roots of the polynomial 

P (x) = x 3 + px -)- q 

with real coefficients P and q(q=£ 0) are real. Prove that p < 0. 

257. Prove that the equation 

x 3 - 7 - ax 1 —b — 0 

where a and b (b > 0 ) are real has one and only one positive root. 

258. Find all the real values of a and b for which the equations 

A : 3 + aAf 2 4-18 = 0 
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and 

x* + bx + 12 = 0 

have two common roots and determine these roots. 

259. Prove that 

20+ 14 K 2 + 3 /20-14K2 = 4. 

260. Let a, b and c be pairwise different numbers, 

Prove that the expression 

a 2 (c — b) + b 2 ( a —c) + c 2 (b—a) 

is not equal to zero. 

261. Factorize the expression 

(x+y + z) s — x 3 — y*—z*. 

262. Prove that if three real numbers a, b and c satisfy the 
relationship 


a ' b ' C a-\-b-\-c ’ 

then two of them are necessarily equal in their absolute values 
and have opposite signs. 

263. Find out for what complex values of p and q the binomial 
x 4 — 1 is divisible by the quadratic trinomial x 2 -\-px-\-q. 

264. For what values of a and n is the polynomial x n —ax"” 1 + 
+ ax —1 divisible by (x— l) 2 ? 

265. The division of the polynomial p(x) by x—a gives the 
remainder A y the division by x —b gives the remainder B and the 
division by x—c gives the remainder C. Find the remainder poly¬ 
nomial obtained by dividing p(x) by (x— a)(x — b)(x — c) on con¬ 
dition that the numbers a, b and c are pairwise different. 


mathematical induction 

The following problems are solved by the method of complete 
mathematical induction. To prove that an assertion is true for 
every natural n it is sufficient to prove that (a) this assertion is 
true for 1 and (b) if this assertion is true for a natural number 
n then it is also true for a+ 1 . 


266. Prove that 

1+3 + 6+10+...+^ 


n(n+ 1) 


n (n + 1) (ft + 2) 
6 


2 
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267. Prove that 

\* + 2* + 3*+... +ft 2 = w( " +1) 6 (2n+1) . 

268. Prove that 

_J_| 1 , 1 _ n(n + 3) 

Ix2x3" t ‘2x3x4“ r • • • ■+" n(n+\)(n + 2) 4 (n+ 1) (n + 2) ' 

269. Prove De Moivre’s formula 

(cos cp + i sin cp)" = cos /icp -f- i sin ncp. 

qTI _ fjli 

270. Prove that for any positive integer n the quantity a n = y^ ~ 

where a— and 6 = 5 is a positive integer. 

271. Prove that if real numbers a u a 2 , ..., a n , ... satisfy the 
condition —1 <a,^ 0 , i = l, 2 , ..., then for any n we have the 
inequality 

(1 + fl i)(l +8 2 ). • •(! + a n)^ 1 +<*1 + ^2+ • • • + <V 

272. The generalized nth power of an arbitrary number a (de¬ 
noted by (a) n ) is defined for non-negative integers n as follows: if 
n = 0 then (a) n =l and if n > 0 then (a)„ = a (a—l)...(a—n-j- 1 ). 
Prove that for the generalized power of a sum of two numbers we 
have the formula 

(a + b) n = C% (a)« (b) n + C* (a), (&)„_, + C" (c)„ (b) 0 
which generalizes Newton’s binomial theorem to this case. 


THE GREATEST AND LEAST VALUES 


To find the least value of a quadratic trinomial 

y =-ax*bxc ( 1 ) 


for a > 0 it is represented in the form 


y = a 



—4 ac 
4 a 


( 2 ) 


The first summand on the right-hand side being non-negative for 
any x and the second summand being independent of x, the tri¬ 
nomial attains its least value when the first summand vanishes. 
Thus, the least value of the trinomial is 


00 = 


b 2 — 4 ac 
4a * 


(3) 


It is assumed for 


* = *• = - 25 - 


( 4 ) 
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A similar technique yields the greatest value of a trinomial 
y = ax*-{-bx-\-c for a < 0 . 

273. Two rectilinear railway lines AA r and BB' are mutually 
perpendicular and intersect at a point C, the distances AC and 
BC being equal to a and b . Two trains whose speeds are, respec¬ 
tively, and v 2 start simultaneously from the points A and B 
toward C. In what time after the departure will the distance bet¬ 
ween the trains be the least? Find this least distance. 

274. Two stations A and B are on a rectilinear highway passing 
from west to east, B lying 9 km to the east of A. A car starts 
from A and moves uniformly eastwards at a speed of 40 km/hr. 
A motorcycle simultaneously starts from B in the same direction 
and moves with a constant acceleration of 32 km/hr 2. Determine 
the greatest distance between the car and motorcycle during the 
first two hours of motion. 

Hint . It is advisable to plot the graph of the distance between 
the car and motorcycle against the time of motion. 

275. Find the greatest value of the expression 

log£x+ 12 log!* log, 

when * varies between 1 and 64. 

276. Find the greatest value of the function 

y^^+b ( a> 0, fc>°). 

277. Find the least value of the expression 

l-M 2 

for 

278. Find the least value of the function 

cp(*) = |*—a| + |x — b\ + \x— c| + |x— d\, 

where a <b <c <d are fixed real numbers and * takes arbitrary 
real values. 

Hint. Mark a, b, c, and d on a number scale. 

COMPLEX NUMBERS 

279. Find all the values of ^ satisfying the equality 

** + |z| = 0 

where |z| denotes the modulus of the complex number z. 
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280. Find the complex number 2 satisfying the equalities 


I z — 121 5 


281. Compute the product 

282. Among the complex numbers 2 satisfying the condition, 

1 2 — 25t |^15, 

find the number having the least argument. Make a drawing. 

283. Find the condition for a complex number a-\-bi to be rep¬ 
resentable in the form 


a + bi ■ 


1 + i* ’ 


where x is a real number? 

284. Find the greatest value of the moduli of complex numbers 
2 satisfying the equation 

l z +T =1 - 


285. Through a point A n rays are drawn which form the angles 
^ with each other. From a point B lying on one of the rays at 

a distance d from A a perpendicular is drawn to the next ray. 
Then from the foot of this perpendicular a new perpendicular is 
drawn to the neighbouring ray and so on, unlimitedly. Determine 
the length L of the broken line thus obtained which sweeps out 
an infinity of circuits round the point A. Also investigate the 
variation of L as the number ft is increased and, in particular, the 
case when n approaches infinity. 

286. A six-digit number begins with 1. If this digit is carried 
from the extreme left decimal place to the extreme right without 
changing the order of the other digits the new number thus obtained 
is three times the original number. Find the original number. 

287. Prove that if a natural number p = abc where a, b and c 
are the decimal digits is divisible by 37 then the numbers q = bca 
and r = cab are also divisible by 37. 

288. Prove that the sum of the cubes of three successive integers 
is divisible by 9. 

289. Prove that the sum 

S n — ft 3 —3ft 2 -|- 5ft 3 
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is divisible by 3 for any positive integer n . 

290. 120 identical balls are tightly stacked in the form of a 
regular triangular pyramid. How many balls lie at the base of the 
pyramid? 

291. k smaller boxes are put in a box. Then in each of the 
smaller boxes either k still smaller boxes are put or no boxes and 
so on. Determine the number of empty boxes if it is known that 
there are tn filled boxes. 



GEOMETRY 

A. PLANE GEOMETRY 


Preliminaries 

Here are some basic relations between the elements of a triangle 
with sides a , b and c and the respective opposite angles A, B and C. 
1. Law of sines: 

a — b _ c __ op 
sin 4 sin B sin C A * 


where R is the radius of the circumscribed circle. 

2. Law of cosines: 

a 2 = b 2 + c 2 — 2 be cos A. 

For computing the area S of a triangle use the following for¬ 
mulas: 



where a is a side of the triangle and h a is the altitude drawn to 
this side; 


S = Vp (p — a) (p—b) (p— c) (Heron’s formula) 


where 


P 


c m 

2 ’ 


S = y ab sinC; 
S = rp, 


where r is the radius of the inscribed circle. 


1. Computation Problems 

292. In a triangle ABC the angle A is twice as large as the 
angle B. Given the sides b and c , find a. 

293. The legs of a right triangle are equal to b and c. Find the 
length of the bisector of the right angle. 

294. Given two sides a and b of a triangle, find its third side 
if it is known that the medians drawn to the given sides intersect 
at a right angle. What are the conditions for the triangle to exist? 
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295. The vertex angle of a triangle with lateral sides of lengths 
a and b (a <b) is trisected,by straight lines whose segments inside 
the triangle form the ratio m:n(m < n). Find the lengths of the 
segments. 

296. Intersect a given triangle ABC by a straight line DE pa¬ 
rallel to BC so that the area of the triangle BDE is of a given 
magnitude k 2 . What relationship between k 2 and the area of the 
triangle ABC guarantees the solvability of the problem and how 
many solutions has the problem? 

297. Through a point lying inside a triangle three straight lines 
parallel to its sides are drawn. The lines divide the triangle into 
six parts three of which are triangles with areas S lt S 2 and S 3 , 
respectively. Find the area of the given triangle. 

298. Given the sides b and c of a triangle. Find the third side 
x knowing that it is equal to the altitude drawn to it. Under 
what condition connecting b and c does the triangle exist? 

299. In a triangle ABC the altitudes AA X , BB t and CC, are 
drawn, and the points A v B 1 and C, are joined. Determine the 
ratio of the area of the triangle A^fi^ to that of the triangle 
ABC if the angles of the triangle ABC are given. 

300. In a triangle ABC through the point of intersection of the 
bisectors of the angles B and C a straight line parallel to BC is 
drawn. This line intersects the sides AB and AC at points Af and N 
respectively. Find the relationship between the line segments MN, 
BM and CN. 

Consider the following cases: 

(1) both bisectors divide interior angles of the triangle; 

(2) both bisectors divide exterior angles of the triangle; 

(3) one of the bisectors cuts an interior angle and the other cuts 
an exterior angle. 

When do the points M and N coincide? 

301. Inside an equilateral triangle ABC an arbitrary point P 
is taken from which the perpendiculars PD, PE and PF are dropped 
onto BC, CA and AB respectively. Compute 

PD+PE+PF 
BD + CE+AF' 

302. Find the ratio of the area of a triangle ABC to the area 
of a triangle whose sides are equal to the medians of the triangle 
ABC. 

303. In a triangle with sides a, b and c a semicircle is inscribed 
whose diameter lies on the side c. Find the radius of the semi¬ 
circle, 
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304. Determine the acute angles of a right triangle knowing that 
the ratio of the radius of the circumscribed circle to the radius 
of the inscribed circle is 5:2. 

305. About a given rectangle circumscribe a new one with given 
area m 2 . For what m is the problem solvable? 

306. On the side AB of the rectangle ABCD find a point E from 
which the sides AD and DC are seen at equal angles. What rela¬ 
tionship between the sides guarantees the solvability of the problem? 

307. Find the area of an isosceles trapezoid with altitude h if 
its nonparallel sides are seen from the centre of the circumscribed 
circle at angles a. 

308. Given the upper and lower bases a and b of a trapezoid. 
Find the length of the line segment joining the midpoints of the 
diagonals of the trapezoid. 

309. Each vertex of a parallelogram is connected with the mid¬ 
points of two opposite sides by straight lines. What portion of the 
area of the parallelogram is the area of the figure bounded by 
these lines? 

310. P y Qy R and S are respectively the midpoints of the sides 
ABy BCy CDy and DA of a parallelogram ABCD. Find the area 
of the figure bounded by the straight lines AQ y BR , CS and DP 
knowing that the area of the parallelogram is equal to a 2 . 

311. Given the chords of two arcs of a circle of radius /?, find 
the chord of an arc equal to the sum of these arcs or to their 
difference. 

312. The distance between the centres of two intersecting circles 
of radii R and r is equal to d. Find the area of their common 
portion. 

313. Three circles of radii r x and R are pairwise externally 
tangent. Find the length of the chord cut off by the third circle 
from the internal common tangent of the first two circles. 

314. Two circles of radii R and r (R > r) are internally tangent. 
Find the radius of the third circle tangent to the two given circles 
and to their common diameter. 

315. Three equal circles are externally tangent to a circle of 
radius r and pairwise tangent to one another. Find the areas of 
the three curvilinear triangles formed by these circles. 

316. On a line segment of length 2a + 2b and on its parts of 
lengths 2 a and 2b as diameters semicircles lying on one side of 
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the line segment are constructed. Find the radius of the circle 
tangent to the three semicircles. 

317. Given two parallel straight lines and a point A between 
them. Find the sides of a right triangle with vertex of the right 
angle at the point A and vertices of the acute angles on the given 
parallel lines if it is known that the area of the triangle is of a 
given magnitude k 2 . 

318. ft equal circles are inscribed in a regular n- gon with side 
a so that each circle is tangent to two adjacent sides of the polygon 
and to two other circles. Find the area of the star-shaped figure 
formed in the centre of the polygon. 

319. Through a point C of an arc AB of a circle two arbitrary 
straight lines are drawn which intersect the chord AB at points 
D and E and the circle at points F and G. What position does 
the point C occupy on the arc AB if it is possible to circumscribe 
a circle about the quadrilateral DEGF ? 

320. Circles are inscribed in an acute angle so that every two 
neighbouring circles are tangent. Show that the radii of the circles 
form a geometric progression. Find the relationship between the 
common ratio of the progression and the magnitude of the acute 
angle. 

321. A light source is located at a point A of a plane P. 
A hemispherical mirror of unit radius is placed above the plane 
so that its reflecting inner side faces the plane and its axis of 
symmetry passes through the point A and is perpendicular to the 
plane P. Knowing that the least angle between the rays reflected 
by the mirror and the plane P is equal to 15° determine the 
distance from the mirror to the plane and the radius of the illu¬ 
minated circle of the plane P . 

322. The centres of four circles of radius r are at the vertices 
of a square with side a. Find the area S of the common part of 
all circles contained inside the square. 

323. A trapezoid is divided into four triangles by its diagonals. 
Find the area of the trapezoid if the areas of the triangles adjacent 
to the bases of the trapezoid are equal to and S 2 . 

324. Express the diagonals of an inscribed quadrilateral of a 
circle in terms of its sides. Based on this result, deduce the Ptolemy 
theorem which states that the product of the diagonals of a 
quadrilateral inscribed in a circle is equal to the sum of the 
products of the two pairs of opposite sides. 
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2. Construction Problems 

325. Given two circles of different radii with no points in common 
and a point A on one of them. Draw a third circle tangent to the 
two given circles and passing through the point A. Consider various 
possible cases of location of the point A on the circle. 

326. Given a circle and a straight line with point A on it. 
Construct a new circle tangent to the given line and circle and 
passing through the point A. Consider in detail how many so¬ 
lutions the problem has in various particular cases. 

327. Given a straight line and a circle with point A on it. 
Construct a new circle tangent to the given line and circle and 
passing through the point A. Consider in detail how many solu¬ 
tions the problem has in various particular cases. 

328. Construct a right triangle, given the hypotenuse c and the 
altitude h drawn to it. Determine the lengths of the legs of the 
triangle and find the relationship between h and c for which the 
problem is solvable. 

329. Given the lengths of the sides AB , BC, CD and DA of a 
plane quadrilateral. Construct this quadrilateral if it is known 
that the diagonal AC bisects the angle A. 

330. Reconstruct the triangle from the points at which the extended 
bisector, median and altitude drawn from a common vertex intersect 
the circumscribed circle. 

331. Draw three pairwise tangent circles with centres at the 
vertices of a given triangle. Consider the cases when the circles 
are externally and internally tangent. 

332. Inscribe a triangle ABC in a given circle if the positions 
of the vertex A and of the point of intersection of the altitude h B 
with the circle and the direction of the altitude h A are known. 

333. Intersect a trapezoid by a straight line parallel to its base 
so that the segment of this line inside the trapezoid is trisected 
by the diagonals. 

334. Construct a square, given a vertex and two points lying 
on two sides not passing through this vertex or on their extensions. 

335. Through a point M lying on the side AC of a triangle ABC 
draw a straight line MN cutting from the triangle a part whose 

area is ~ that of the whole triangle. How many solutions has the 
problem? 

336. Make a ruler and compass construction of a rectangle with 
given diagonal inscribed in a given triangle. 
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337. About a given circle circumscribe a triangle with given 
angle and given side opposite this angle. Find the solvability 
condition for the problem. 

338. Given a straight line CD and two points A and B not 
lying on it. Find a point M on the line such that 

ZAMC^2Z.BMD. 


3. Proof Problems 

339. Prove that a median of a triangle is less than half-sum of 
the sides it lies between and greater than the difference of this 
half-sum and half the third side. 

340. Prove that in any triangle ABC the distance from the centre 
of the circumscribed circle to the side BC is half the distance 
between the point of intersection of the altitudes and the vertex A . 

341. Prove that the sum of the distances from any point lying 
inside an equilateral triangle to the sides of the triangle is a con¬ 
stant independent of the position of the point. 

342. Prove that in any triangle a shorter bisector of an interior 
angle corresponds to a longer side. 

343. Prove that if P, Q and R are respectively the points of 
intersection of the sides BC , CA and AB (or their extensions) of 
a triangle ABC and a straight line then 

PBQCRA_ } 

PC Q A RB 

344. In a right triangle ABC the length of the leg AC is three 
times that of the leg AB. The leg AC is trisected by points K 
and F. Prove that 

Z AKB + Z AFB + Z. ACB = y . 

345. Let a , 6, c and h be respectively the two legs of a right 
triangle, the hypotenuse and the altitude drawn from the vertex 
of the right angle to the hypotenuse. Prove that a triangle with 
sides h, c + h and a -f 6 is right. 

346. In an isosceles triangle with base a and congruent side b 
the vertex angle is equal to 20°. Prove that a s ~\-b 3 = 3ab 2 . 

347. Prove that an angle of a triangle is acute, right or obtuse 
depending on whether the side opposite this angle is less than, 
equal to, or greater than the doubled length of the corresponding 
median. 
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348. In an isosceles triangle ABC the vertex angle B is equal 
to 20° and points Q and P are taken respectively on the sides 
AB and BC so that /_ACQ= 60° and /_CAP = 50°. Prove that 
/_APQ=8 0 °. 

349. Prove that if the sides a, b and c of a triangle are connected 
by the relation a 2 ^b 2 -\-bc then the angles A and B subtended by 
the sides a and b satisfy the equality Z_A=2 /__B. 

350. A triangle AOB is turned in its plane about the vertex O 
by 90°, the new positions of the vertices A and B being, respec¬ 
tively, A x and B v Prove that in the triangle OAB x the median of 
the side AB X is an altitude of the triangle OA x B (analogously, the 
median of the side A X B in the triangle OA x B is an altitude of 
the triangle OAB x ). 

351. Prove that the sum of the products of the altitudes of an 
acute triangle by their segments from the orthocentre to the cor¬ 
responding vertices equals half-sum of the squares of the sides. 
Generalize this assertion to the case of an obtuse triangle. 

352. Let the lengths a , b and c of the sides of a triangle satisfy 
the condition a < ft <c and form an arithmetic progression. Prove 
that ac-^6Rr where R is the radius of the circumscribed circle of 
the triangle and r is the radius of the inscribed circle. 

353. Prove that the square of the bisector of an angle in a 
triangle is equal to the difference of the product of the sides includ¬ 
ing this angle and the product of the segments of the base. What 
is the meaning of this equality for the case of an isosceles triangle? 

354. In a triangle ABC two equal line segments BD=^CE are 
set off in opposite directions on the sides AB and AC. Prove that 
the ratio in which the segment DE is divided by the side BC is 
the reciprocal of the ratio of the side AB to the side AC. 

355. From a vertex of a triangle the median, the bisector of 
the interior angle and the altitude are drawn. Prove that the 
bisector lies between the median and the altitude. 

356. Prove that the straight line which is the reflection of a 
median through the concurrent bisector of an interior angle of a 
triangle divides the opposite side into parts proportional to the 
squares of the adjacent sides. 

357. On the sides of a triangle ABC points P, Q and R are 
taken so that the three straight lines AP y BQ and CR are con¬ 
current. Prove that 


AR-BP-CQ = RB-PC-QA. 
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358. Prove that the radius R of the circumscribed circle of a 
triangle and the radius r of the inscribed circle satisfy the relation 

l* = R* — 2Rr 

where l is the distance between the centres of these circles. 

359. Prove that in any triangle the ratio of the radius of the 
inscribed circle to the radius of the circumscribed circle does not 

exceed y . 

360. Prove that for any right triangle we have the inequality 
0.4 <y <0.5 where r is the radius of the inscribed circle and h 
js the altitude drawn to the hypotenuse. 

361. Prove that for any acute triangle we have the relation 
k a + k b + k c = r + R where k a> k b and k c are the perpendiculars 
drawn from the centre of the circumscribed circle to the corres¬ 
ponding sides and r (R) is the radius of the inscribed (circum¬ 
scribed) circle. 

Hint. Express the left-hand and right-hand sides of the required 
equality in terms of the sides and the angles of the triangle. 

362. The vertices A , B and C of a triangle are connected by 
straight lines with points A lt B 1 and C 1 arbitrarily placed on the 
opposite sides (but not at the vertices). Prove that the midpoints 
of the segments AA lt BB 1 and CC t do not lie in a common straight 
line. 

363. Straight lines DE , FK and MN parallel to the sides AB , 
AC and BC of a triangle ABC are drawn through an arbitrary 
point 0 lying inside the triangle so that the points F and M are 
on AB , the points E and K are on BC and the points N and D 
on AC. Prove that 

AF BE_ 1 

AB + BC^C A 

364. A square is inscribed in a triangle so that one of its sides 
lies on the longest side of the triangle. Derive the inequality 
V 2r <x <2r where x is the length of the side of the square and 
r is the radius of the inscribed circle of the triangle. 

365. Prove that the midpoints of the sides of a triangle, the 
feet of the altitudes and the midpoints of the segments of the 
altitudes from the vertices to the orthocentre are nine points of 
a circle. Show that the centre of this circle lies at the midpoint 
of the line segment joining the orthocentre of the triangle with 
the centre of the circumscribed circle and its radius equals half 
the radius of the circumscribed circle. 
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366. From the foot of each altitude of a triangle perpendiculars 
are dropped on the other two sides. Prove the following asser¬ 
tions: (1) the feet of these perpendiculars are the vertices of a 
hexagon whose three sides are parallel to the sides of the triangle; 
(2) it is possible to circumscribe a circle about this hexagon. 

367. Prove that in a right triangle the sum of the legs is equal 
to the sum of the diameters of the inscribed and circumscribed 
circles. 

368. Prove that in a right triangle the bisector of the right 
angle is simultaneously the bisector of the angle between the median 
and altitude drawn to the hypotenuse. 

369. Two triangles ABC and A l B 1 C l are symmetric about the 
centre of their common inscribed circle of radius r. Prove that the 
product of the areas of the triangles ABC, A 1 B l C l and of the six 
other triangles formed by the intersecting sides of the triangles 
ABC and ^4 1 B 1 C 1 is equal to r 16 . 

370. Prove that the difference of the sum of the squares of the 
distances from an arbitrary point M of a plane to two opposite 
vertices of a parallelogram ABCD in the plane and the sum of 
the squares of the distances from the same point to the other two 
vertices is a constant quantity. 

371. On the sides of a triangle ABC equilateral triangles ABC X , 
BCAjl and CAB 1 are constructed which do not overlap the triangle 
ABC. Prove that the straight lines AA X , BB lt and CC X are con¬ 
current. 

372. On the sides AB, AC and BC of a triangle ABC as bases 
three similar isosceles triangles ABP, ACQ and BCR are construc¬ 
ted, the first two triangles lying outside the given triangle and 
the third being on the same side of BC as the triangle ABC . Prove 
that either the figure APRQ is a parallelogram or the points A, 
P , R, Q are in a straight line. 

373. A point 0 of a plane is connected by straight lines with 
the vertices of a parallelogram ABCD lying in the plane. Prove 
that the area of the triangle AOC is equal to the sum or diffe¬ 
rence of the areas of two adjacent triangles each of which is for¬ 
med by two of the straight lines OA, OB, OC and OD and the 
corresponding side of the parallelogram. Consider the cases when 
the point 0 is inside and outside the parallelogram. 

374. In a trapezoid ABCD the sum of the base angles A and D 
is equal to y. Prove that the line segment connecting the 
midpoints of the bases equals half the difference of the bases. 
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375. Prove that the sum of the squares of the diagonals of a 
trapezoid is equal to the sum of the squares of its sides plus twice 
the product of the bases. 

376. Prove that the straight line joining the midpoints of the 
bases of a trapezoid passes through the point of intersection of 
the diagonals. 

377. Prove that if the line segment connecting the midpoints 
of opposite sides of a quadrilateral equals half-sum of the other 
two sides, then the quadrilateral is a trapezoid. 

378. Prove that if the diagonals of two quadrilaterals are res¬ 
pectively equal and intersect at equal angles, then these quadri¬ 
laterals have the same area. 

379. Prove that at least one of the feet of the perpendiculars 
drawn from an arbitrary interior point of a convex polygon to 
its sides lies on the side itself but not on its extension. 

380. Prove that the bisectors of the interior angles of a paral¬ 
lelogram form a rectangle whose diagonals are equal to the diffe¬ 
rence of two adjacent sides of the parallelogram. 

381. Given a parallelogram, prove that the straight lines con¬ 
secutively joining the centres of the squares constructed outside 
the parallelogram on its sides also form a square. 

382. Prove that if in an arbitrary quadrilateral ABCD the bi¬ 
sectors of the interior angles are drawn, then the four points at. 
which the bisectors of the angles A and C intersect the bisectors 
of the angles B and D lie on a circle. 

383. Two tangent lines are drawn to a circle. Prove that the 
length of the perpendicular drawn from an arbitrary point of the 
circle to the chord joining the points of tangency is the mean 
proportional between the lengths of the perpendiculars drawn from 
the same point to the tangent lines. 

384. Prove that the feet of the perpendiculars dropped from an 
arbitrary point of a circle onto the sides of the inscribed triangle 
lie in a straight line. 

385. Three equal circles intersect in a point. The other point 
of intersection of every two of the circles and the centre of the 
third circle lie on a straight line. Prove that the three straight 
lines thus specified are concurrent. 

386. Two circles are internally tangent at a point A, the seg¬ 
ment AB being the diameter of the larger circle. The chord BK 
of the larger circle is tangent to the smaller circle at a point C. 
Prove that AC is the bisector of the angle A of the triangle ABK- 




PROBLEMS. PLANE GEOMETRY 


57 


387. A circle of radius r is inscribed in a sector of a circle of 
radius R. The length of the chord of the sector is equal to 2a. 
Prove that 



388. Two tangent lines are drawn to a circle. They intersect a 
straight line passing through the centre of the circle at points A 
and B and form equal angles with it. Prove that the product of 
the line segments AC and BD which are cut off from the given 
(fixed) tangent lines by any (moving) tangent line is a constant 
quantity. 

389. Prove that the sum of the squares of the lengths of two 
chords of a circle intersecting at a right angle is greater than the 
square of the diameter of the circle and the sum of the squares 
of the four line segments into which the chords are divided by 
the point of intersection is equal to the square of the diameter. 

390. Prove that if a chord of a circle is trisected and the end¬ 
points of the chord and the points of division are joined with the 
centre of the circle, then the corresponding central angle is divi¬ 
ded into three parts one of which is greater than the other two. 

391. Prove that if two intersecting chords are drawn from the 
endpoints of a diameter of a circle, then the sum of the products 
of each chord by its segment from the endpoint of the diameter 
to the point of intersection is a constant quantity. 

392. From each of two points of a straight line two tangent 
lines are drawn to a circle. Circles of equal radii are inscribed in 
the angles thus formed with the vertices at these points. Prove 
that the centre line of the circles is parallel to the given line. 

393. The diameter of a semicircle is divided into two arbitrary 
parts, and on each part as diameter a semicircle lying inside the 
given semicircle is constructed. Prove that the area contained be¬ 
tween the three semicircular arcs is equal to the area of a circle 
whose diameter is equal to the length of the perpendicular erected 
to the diameter of the original semicircle at the point of division. 

394. Prove that if two points lie outside a circle and the straight 
line passing through them does not intersect the circle, then the 
distance between these two points is greater than the difference 
between the lengths of the tangent lines drawn from the given 
points to the circle and less than their sum. Show that either the 
former or the latter inequality is violated if the straight line in¬ 
tersects the circle. 

395. Through the midpoint C of an arbitraty chord AB of a 
circle two chords KL and MN are drawn, the points K and M 
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lying on one side of AB. Prove that QC = CP where Q is the 
point of intersection of AB and KN and P is the point of inter¬ 
section of AB and ML . 

396. A circle is arbitrarily divided into four parts, and the 
midpoints of the arcs thus obtained are connected by line segments. 
Show that two of these segments are mutually perpendicular. 

397. Prove that for any closed plane polygonal line without 
self-intersection there exists a circle whose radius is ~ the peri¬ 
meter of the polygonal line such that none of the points of the 
polygonal line lies outside this circle. 

398. Can a triangle be equilateral if the distances from its ver¬ 
tices to two given mutually perpendicular straight lines are exp¬ 
ressed by integers? 

399. On one side of a straight line at its points A and B two 
perpendiculars AA 1 = a and BB x = b are erected. Prove that for 
constant a and b the distance from the point of intersection of 
the straight lines AB X and A X B to the straight line AB is also 
constant irrespective of the position of the points A and B. 

400. A circle is inscribed in a right angle with point A as ver¬ 
tex, B and C being the points of tangency. Prove that if a tan¬ 
gent line intersecting the sides AB and AC at points M and N 
is drawn to this circle, then the sum of the lengths of the seg¬ 
ments MB and NC is greater than ^(AB + AC) and less than 

L(Ab+ac). 

401. Prove that if a circle of radius equal to the altitude of an 
isosceles triangle rolls upon the base of the triangle, then the length 
of the arc cut off from the circle by the congruent sides of the 
triangle remains constant. Is this assertion true for a scalene tri¬ 
angle? 

402. Prove that the ratio of the diagonals of an inscribed qua¬ 
drilateral of a circle is equal to the ratio of the sums of the pro¬ 
ducts of the sides passing through the endpoints of the diagonals. 

403. Prove that the sum of the squares of the distances from a 
point on a circle to the vertices of an equilateral inscribed triangle 
is a constant independent of the position of the point on the 
circle. 

404. Prove that if a circle is internally tangent to three sides 
of a quadrilateral and intersects the fourth side, then the sum of 
the latter and the side opposite to it is greater than the sum of 
the other two sides of the quadrilateral. 
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405. Prove that if a circle is internally tangent to three sides 
of a quadrilateral whose fourth side does not intersect the circle, 
then the sum of the fourth side and the side opposite it is less 
than the sum of the other two sides of the quadrilateral. 

406. Two equal semicircles whose diameters lie in a common 
straight line are tangent to each other. Draw a tangent line to 
them and inscribe a circle tangent to this line and to the two 
semicircles. Then inscribe another circle tangent to the first one 
and to the semicircles after which inscribe one more circle tangent 
to the second one and to the semicircles and so on, unlimitedly. 
Using this construction prove that the sum of the fractions 

tends to unity for n—+ oo, that is 

_J_I_!-l j_!-l = i 

407. An elastic ball of negligible dimensions rests at a point A 
at a distance a from the centre of circular billiards of radius R. 
To what point B of the cushion must the ball be directed so that 
it returns to the point A after being reflected twice from the cu¬ 
shion? 

408. A ray of light is issued from a point A lying inside an 
angle with reflecting sides. Prove that the number of reflection of 
the ray from the sides is always finite. Determine this number if 
the angle is equal to a and the initial ray is directed at an angle P 
to one of the sides. Under what conditions does the reflected ray 
again pass through the point A? 


4. Loci of Points 

409. Two fixed points A and B and a moving point M are taken 
on a circle. On the extension of the line segment AM a segment 
MN = MB is laid off outside the circle. Find the locus of points AC 

410. Given two parallel straight lines and a point 0 between 
them. Through this point an arbitrary secant is drawn which in¬ 
tersects the parallel lines at points A and A'. Find the locus of 
the endpoints of the perpendicular of length OA erected to the 
secant at the point A\ 

411. Find the locus of points for which the sum of their dis¬ 
tances from two given straight lines m and / is equal to the length a 
of a given line segment. Consider the cases of intersecting and 
parallel lines. 
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412. Find the locus of points for which the difference of their 
distances from two given straight lines m and / is equal to a line 
segment of given length. Consider the cases of parallel and inter¬ 
secting lines. 

413. Two line segments AB and CD are taken in the plane. 
Find the locus of points M for which the sum of the areas of the 
triangles AMB and CMD is equal to a constant a 2 . 

414. Given a circle K and its chord AB. Consider all the in¬ 
scribed triangles of the circle with given chord as base. Find the 
locus of orthocentres of these triangles. 

415. Inside a given circle a point A not coincident with the 
centre is fixed. An arbitrary chord passing through, the point A is 
taken, and through its endpoints two tangent lines to the circle 
intersecting at a point M are drawn. Find the locus of points M. 

416. Prove that the locus of points M, for which the ratio of 
their distances from two given points A and B equals 



is a circle with centre on the straight line AB. 

Express the diameter of this circle in terms of the length a of 
the line segment AB. Also consider the case 



417. Given a line segment AB and a point C on it. Each pair 
of equal circles one of which passes through the points A and C 
and the other through the points C and B has, besides C, another 
common point D. Find the locus of points D. 

418. A polygon is deformed in such a way that its sides remain 
respectively parallel to given directions whereas all its vertices 
but one slide along given straight lines. Find the locus of posi¬ 
tions of that vertex. 

419. Given a circle K of radius r and its chord AB whose 
length is 2 a. Let CD be a moving chord of this circle with length 2b. 
Find the locus of points of intersection of the straight lines 
AC and BD. 

420. Through a point P lying in a given circle and a point Q 
belonging to a given straight line an arbitrary circle is drawn 
whose second point of intersection with the given circle is R and 
the point of intersection with the given straight line is S. Prove 
that all the straight lines RS thus specified have a common point 
lying on the given circle. 
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5. The Greatest and Least Values 

' 421. Given two parallel straight lines and a point A between 
them at distances a and b from the lines. The point A is the 
vertex of the right angles of the right triangles whose other two 
vertices lie on either parallel line. Which of the triangles has the 
least area? 

422. Given a right triangle with acute angle a. Find the ratio 
of the radii of the circumscribed and inscribed circles and deter¬ 
mine the value of a for which this ratio attains its minimum. 

423. A right triangle with legs a ± and b x is cut off from a qu¬ 
adrilateral with sides a and b . How must the quadrilateral of ma¬ 
ximum area with sides parallel to those of the initial quadrilateral 
be cut off from the remaining part of the quadrilateral? 

424. Two points A and B are taken on a side of an acute 
angle. Find a point C on the other side of the angle such that 
the angle ACB attains its maximum value. Make a ruler and com¬ 
pass construction of the point C. 

425. On a given straight line l find a point for which the diffe¬ 
rence of its distances from two given points A and B lying on 
one side of the straight line attains its minimum value, and also 
a point such that this difference attains the maximum value. 

426. Through a point A inside an angle a straight line is drawn 
which cuts off from the angle a triangle with the least area. Prove 
that the segment of this line between the sides of the angle is 
bisected at the point A. 

427. Prove that among all triangles with common vertex angle 
q>- and given sum a + b of the lengths of the sides including this 
angle the isosceles triangle has the least base. 

428. Among all triangles with equal bases and the same vertex 
angle find the triangle having the greatest perimeter. 

429. In a triangle ABC an arbitrary point D is taken on the 
base BC or on its extension, and circles are circumscribed about 
the triangles ACD and BCD. Prove that the ratio of the radii 
of these circles is a constant quantity. Find the position of the 
point D for which these radii attain their least values. 

430. Gut off two equal circles having the greatest radius from 
a given triangle. 
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B. SOLID GEOMETRY 
Preliminaries 

Here is a number of formulas to be used for computing volumes 
and surface areas of polyhedrons and solids of revolution, the 
notation being as follows: V, volume; S lat , lateral surface area; 
S, area of base; //, altitude. 

Pyramid: V = ^-. 

Frustum of a pyramid: 

V = (S x + S 2 + Y SjSJ, where S x and S 2 are the areas of the 
upper and lower bases. 

Right circular cone: V= , where R is the radius of the 

base; S lat = nRl, where l is the slant height. 

Right circular cylinder: V = nR 2 H, where R is the radius of the 
base; S lat = 2nRH. 

'Frustum of a cone: V = -^- (R* + Rl + RiR t ), where R t and R z 

are the radii of the bases; S lat = n(R l -\- R z )l, where l is the slant 
height. 

Sphere: V = -Lji/? 3 ; S = 4jtf? 2 , where R is the radius of the 
sphere. 

2nR 2 h 

Spherical sector: V= —, where R is the radius of the sphere 
and h is the altitude of the zone forming the base of the sector. 

Spherical segment: V = — nh 2 (3R — h); S lat = 2nRh , where R is 
the radius of the sphere and h is the altitude of the segment. 

h Computation Problems 

431. The volume of a regular triangular prism is equal to V 
and the angle between the diagonals of two faces drawn from one 
vertex is equal to a. Find the side of the base of the prism. 

432. From the vertex S of a regular quadrangular pyramid the 
perpendicular SB is dropped on the base. From the midpoint 0 
of the line segment SB the perpendicular OM of length h is drawn 
to a lateral edge and the perpendicular OK of length b is dropped 
on a lateral face. Compute the volume of the pyramid. 

433. Find the lateral area of a regular /i-gonal pyramid of 
volume V if the radius of the inscribed circle of its base is equal 
to the radius of the circumscribed circle of the parallel section 
drawn at a distance h from the base. 



PROBLEMS. SOLID GEOMETRY 


63 


434. A regular pentagonal pyramid SABCDE is intersected by 
the plane passing through the vertices A and C of the base and 
the midpoints of the lateral edges DS and ES. Find the area of 
the section if the length of the side of the base is equal to q and 
the length of the lateral edge is equal to b. 

435. A regular triangular pyramid is cut by the plane passing 
through a vertex of the base and the midpoints of two lateral 
edges. Find the ratio of the lateral area of the pyramid to the 
area of the base if it is known that the cutting plane is perpen¬ 
dicular to the lateral face opposite that vertex. 

436. A pyramid of total surface area S is cut off from a regular 
quadrangular prism by a plane passing through a diagonal of the 
lower base and a vertex of the upper base. Find the total surface 
area of the prism if the vertex angle of the triangle in the section 
is equal to a. 

437. Compute the volume of a regular triangular pyramid kno¬ 
wing that the face angle at the vertex is equal to a and the ra¬ 
dius of the circumscribed circle of the lateral face is equal to r. 

438. A regular quadrangular pyramid with side of its base equal 
to a is cut by a plane bisecting its dihedral angle at the base 
which is equal to 2a. Find the area of the section. 

439. Above the plane ceiling of a hall having the form of a 

square with side a a roof is made which is constructed in the 
following way: each pair of adjacent vertices of the square forming 
the ceiling is joined by straight lines with the midpoint of the 
opposite side and on each of the four triangles thus obtained 

a pyramid is constructed whose vertex is projected into the mid¬ 

point of the corresponding side of the square. The elevated parts 
of the faces of the four pyramids form the roof. Find the volume 
of the garret (i.e. the space between the ceiling and the roof) 
if the altitude of each pyramid is equal to h. 

440. Find the dihedral angle formed by two lateral faces of 
a regular triangular pyramid if the dihedral angle formed by its 
lateral face and base is equal to a. 

441. In a regular triangular pyramid SABC the face angle at 

the vertex is equal to a and the shortest distance between a lateral 

edge and the opposite side of the base is equal to d. Find the 
volume of the pyramid. 

442. The base of a pyramid is an isosceles trapezoid in which 
the lengths of the bases are equal to a and b (ay b) and the angle 
between the diagonals subtended by its lateral side is equal to <p. 
Find the volume of the pyramid if its altitude dropped from the 
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vertex passes through the point of intersection of the diagonals 
of the base and the ratio of the dihedral angles whose edges are 
the parallel sides of the base is 2:1. 

443. An angle BAC of 60° is taken in a plane P. The distances 
from a point S to the vertex A , the side AB and the side AC are 
erspectively 25 cm, 7 cm and 20 cm. Find the distance between 
the point S and the plane P. 

444. A regular hexagonal pyramid with face angle at the vertex 
equal to a is intersected by a plane passing at an angle f5 to the 
base through its longest diagonal. Find the ratio of the area of 
the plane section to the area of the base. 

445. All the three face angles of a trihedral angle are acute 
and one of them is equal to a. The dihedral angles whose edges 
are the sides of this face angle are equal to P and y respectively. 
Find the other two face angles. 

446. Compute the volume of a regular pyramid of altitude h 
knowing that its base is a polygon for which the sum of the inte¬ 
rior angles is equal to nn and the ratio of the lateral area of the 
pyramid to the area of the base is equal to k. 

447. Consider a cube with edge a. Through the endpoints of 
each triple of concurrent edges a plane is drawn. Find the volume 
of the solid bounded by these planes. 

448. A regular hexahedral pyramid is intersected by a plane 
parallel to its lateral face and passing through the centre of the 
base. Find the ratio of the area of the plane section to the area 
of the lateral face. 

449. Through each edge of a tetrahedron a plane parallel to the 
opposite edge is drawn. Find the ratio of the volume of the pa¬ 
rallelepiped thus formed to the volume of the tetrahedron. 

450. On the lateral faces of a regular quadrangular pyramid 
as bases regular tetrahedrons are constructed. Find the distance 
between the exterior vertices of two adjacent tetrahedrons if the 
side of the base of the pyramid is equal to a. 

451. Through a point on a diagonal of a cube with edge a 
a plane is drawn perpendicularly to this diagonal. 

(1) What polygon is obtained in the section of the faces of the 
cube by the plane? 

(2) Find the lengths of the sides of this polygon depending 
on the distance x from the centre of symmetry 0 of the cube to 
the cutting plane. 

452. Consider the projection of a cube with edge a onto a plane 
perpendicular to a diagonal of the cube. What is the ratio of the 
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area of this projection to the area of the section of the cube by 
the plane passing through the midpoint of the diagonal perpendi¬ 
cularly to it? 

453. Given a regular quadrangular pyramid with altitude h and 
side of the base a. Through a side of the base of the pyramid and 
the midpoint of a lateral edge not intersecting this side the plane 
section is drawn. Determine the distance from the vertex of the 
pyramid to the cutting plane. 

454. Given a regular tetrahedron SABC with edge a. Through 
the vertices of the base ABC of the tetrahedron three planes are 
drawn each of which passes through the midpoints of two lateral 
edges. Find the volume of the portion of the tetrahedron lying 
above the three cutting planes. 

455. A rhombus with diagonals AC = a and BD = b is the base 
of a pyramid SABCD. The lateral edge SA of length q is perpen¬ 
dicular to the base. Through the point A and the midpoint K of 
the edge SC a plane parallel to the diagonal BD of the base is 
drawn. Determine the area of the plane section thus obtained. 

456. In a regular quadrangular prism two parallel plane sections 
are drawn. One of them passes through the midpoints of two adja¬ 
cent sides of the base and the midpoint of the axis of the prism 
and the other divides the axis in the ratio 1:3. Knowing that the 
area of the former section is S, find the area of the latter. 

457. A triangular pyramid is cut by a plane into two poly¬ 
hedrons. Find the ratio of volumes of these polyhedrons if it is 
known that the cutting plane divides three concurrent lateral ed¬ 
ges of the pyramid so that the ratios of the segments of these edges 
adjacent to the common vertex to the remaining parts of the edges 
are 1:2, 1:2 and 2:1. 

458. Find the volume of a triangular pyramid if the areas of 
its faces are S 0 , S lf S 2 and S 3 , and the dihedral angles adjacent 
to the face with area S 0 are equal. 

459. In a cube with edge a through the midpoints of two pa¬ 
rallel edges not lying in one face a straight line is drawn, and 
the cube is turned about it by 90°. Determine the volume of the 
common portion of the initial and turned cubes. 

460. Through the vertex of a cone a plane is drawn at an 
angle a to the base of the cone. This plane intersects the base 
along the chord AB of length a subtending an arc of the base of 
the cone with central angle p. Find the volume of the cone. 

461. A cone and a cylinder have a common base, and the vertex 
of the cone is in the centre of the other base of the cylinder. 


3-323 
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Find the angle between the axis of the cone and its element if 
the ratio of the total surface area of the cylinder to the total 
surface area of the cone is 7:4. 

462. A cylinder is inscribed in a cone, the altitude of the 
cylinder being equal to the radius of the base of the cone. Find 
the angle between the axis of the cone and its element if the ratio 
of the total surface area of the cylinder to the area of the base 
of the cone is 3:2. 

463. In a cone with slant height l and element inclined to the 
base at an angle a a regular n-gonal prism whose all edges are 
congruent is inscribed. Find the total surface area of the prism. 

464. The four sides of an isosceles trapezoid are tangent to 
a cylinder whose axis is perpendicular to the bases of the trape¬ 
zoid. Find the angle between the plane of the trapezoid and the 
axis of the cylinder if the lengths of the bases of the trapezoid 
are respectively equal to a and b and the altitude of the trape¬ 
zoid is equal to h . 

465. A sphere is inscribed in a right prism whose base is a 
right triangle. In this triangle a perpendicular of length h drop¬ 
ped from the vertex of the right angle on the hypotenuse forms 
an angle a with a leg of the triangle. Find the volume of the 
prism. 

466. In a regular ti -gonal pyramid with side of the base a and 
lateral edge b a sphere is inscribed. Find its radius. 

467. A sphere is inscribed in a regular triangular pyramid. 
Determine the angle between its lateral edge and the base if the 
ratio of the volume of the pyramid to the volume of the sphere 

is equal to 4jl 

466. About a sphere of radius r a regular n-gonal pyramid 
with dihedral angle at the base a is circumscribed. Find the ratio 
of the volume of the sphere to that of the pyramid. 

469. Find the ratio of the volume of a regular ft-gonal pyramid 
to the volume of its inscribed sphere, knowing that the circums¬ 
cribed circles of the base and lateral faces of the pyramid are of 
the same radius. 

470. Find the altitude of a regular quadrangular pyramid if it 
is known that the volume of its circumscribed sphere is equal 
to V and the perpendicular drawn from the centre of the sphere 
to its lateral face forms with the altitude of the pyramid an 
angle a, 
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471. A sphere of radius R is inscribed in a pyramid whose 
base is a rhombus with acute angle a. The lateral faces of the 
pyramid are inclined to the plane of the base at an angle i)?. 
Find the volume of the pyramid. 

472. The congruent bases of two regular n -gonal pyramids 
are made coincident. Find the radius of the inscribed sphere of 
the polyhedron thus obtained if the sides of the bases of the py¬ 
ramids are equal to a and their altitudes are equal to h and H 
respectively. 

473. The congruent bases of two regular n-gonal pyramids are 
made coincident, the altitudes of the pyramids being different. 
Determine these altitudes if the radius of the circumscribed sphere 
of the polyhedron thus formed is equal to R and the sides of the 
bases of the pyramids are equal to a. What is the relationship 
between the values of a and R for which the problem is solvable? 

474. An inscribed sphere of a regular n-gonal prism touches 
all the faces of the prism. Another sphere is circumscribed about 
the prism. Find the ratio of the volume of the latter to that of 
the former. 

475. A regular tetrahedron is inscribed in a sphere, and another 
sphere is inscribed in the tetrahedron. Find the ratio of the sur¬ 
face areas of the spheres. 

476. A sphere is inscribed in a regular tetrahedron, and another 
regular tetrahedron is inscribed in the sphere. Find the ratio of 
the volumes of the tetrahedrons. 

477. Given two concentric spheres of radii r and R (R > r). 
What relationship connects R and r if it is possible to construct 
a regular tetrahedron inside the larger sphere so that the three 
vertices of its base lie on the larger sphere and the three lateral 
faces are tangent to the smaller sphere? 

478. A plane dividing a cube into two parts passes through 
two opposite vertices of the cube and the midpoints of the six 
edges not containing these vertices. Into each part of the cube 
a sphere is placed so that it is tangent to three faces of the cube 
and the cutting plane. Find the ratios of the volume of the cube 
to the volumes of the spheres. 

479. From a point on a sphere of radius R three equal chords 
are drawn at an angle a to one another. Find the length of these 
chords. 

480. In a triangular pyramid SABC the edges S/4, SC and SB 
are pairwise perpendicular, AB = BC = a and BS — b. Find the 
radius of the inscribed sphere of the pyramid. 


3 
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481. Find the dihedral angle cp formed by the base of a regular 
quadrangular pyramid and its lateral face if the radius of the 
circumscribed sphere of the pyramid is three times that of the 
inscribed sphere. 

482. In a sphere of radius R a regular tetrahedron is inscribed, 
and all its faces are extended to intersect the sphere. The lines 
of intersection of the faces of the tetrahedron with the sphere 
cut off from its surface four spherical triangles and several spherical 
lunes. Compute the areas of these spherical parts. 

483. A sphere is inscribed in a cone. The ratio of the surface 
area of the sphere to the area of the base of the cone is 4:3. 
Find the vertex angle of the axial section of the cone. 

484. A hemisphere is inscribed in a cone so that its great circle 
lies in the base of the cone. Determine the vertex angle of the 
axial section of the cone if the ratio of the total surface area of 
the cone to the surface area of the hemisphere is 18:5. 

485. In a sphere of radius R a cone is inscribed whose lateral 
area is k times the area of its base. Find the volume of the cone. 

486. The ratio of the altitude of a cone to the radius of its 
circumscribed sphere is equal to q . Find the ratio of the volumes 
of these solids. For what q is the problem solvable? 

487. Find the ratio of the volume of a sphere to that of a right 
cone circumscribed about the sphere if the total surface of the 
cone is n times the surface area of the sphere. 

488. Determine the radii of the bases of a frustum of a cone 
circumscribed about a sphere of radius R knowing that the ratio 
of the total surface area of the frustum to the surface area of the 
sphere is equal to m. 

489. A sphere of radius r is inscribed in a cone. Find the volume 
of the cone knowing that the distance from the vertex Of the cone 
to the tangent plane to the sphere which is perpendicular to an 
element of the cone is equal to d. 

490. A sphere of radius R is inscribed in a cone with vertex 
angle of its axial section equal to a. Find the volume of the part 
of the cone above the sphere. 

491. Determine the radii of two intersecting spheres forming 
biconvex lense with thickness 2 a, total surface area S and dia¬ 
meter 2 R. 

492. A sphere is inscribed in a cone, the ratio of their volumes 
being equal to k. Find the ratio of the volumes of the spherical 
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segments cut off from the sphere by the plane passing through 
the line of tangency of the sphere and cone. 

493. In a sphere S of radius R eight equal spheres of smaller 
radius are inscribed so that each of them is tangent to two adja¬ 
cent spheres and all the eight spheres touch the given sphere S 
along its great circle. Then in the space between the spheres a 
sphere S t is placed which touches all the spheres of smaller radius 
and the sphere 5. Find the radius p of the sphere S 1 . 

494. In a sphere S of radius R eight equal spheres are inscribed 
each of which is tangent to three adjacent spheres and the given 
one. Find the radius of the inscribed spheres if their centres are 
at the vertices of a cube. 

495. In a sphere two equal cones with coinciding axes are in¬ 
scribed whose vertices are at the opposite endpoints of a diameter 
of the sphere. Find the ratio of the volume of the common por¬ 
tion of the cones to that of the sphere knowing that the ratio of 
the altitude h of each cone to the radius R of the sphere is equal 
to k. 

496. The areas of two parallel plane sections of a sphere drawn 
on one side of its centre are equal to S t and S 2 , and the distance 
between them is d. Find the area of the section parallel to the 
two given sections and equidistant from them. 

497. Three equal spheres of radius R tangent to one another 
lie on a plane P. A right circular cone with its base in P is 
externally tangent to the spheres. Find the radius of the base 
of the cone if its altitude is equal to qR. 

498. Given four equal spheres of radius R each of which 
is tangent to the other three. A fifth sphere is externally tangent 
to each given sphere, and one more sphere is internally tangent 
to them. Find the ratio of the volume V e of the sixth sphere to 
the volume V 5 of the fifth. 

499. Three equal pairwise tangent spheres of radius R lie on 
a plane. A fourth sphere is tangent to the plane and to each 
given sphere. Find the radius of the fourth sphere. 

500. Four equal spheres of radius R lie on a plane. Three of 
them are pairwise tangent, and the fourth sphere touches two of 
these three. Two equal tangent spheres of smaller radius are placed 
above these spheres so that each of them touches three larger 
spheres. Find the ratio of the radius of a larger sphere to that 
at a smaller. 
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2. Proof Problems 

501. Given a frustum of a cone with lateral area equal to the 
area of a circle whose radius is equal to the slant height of the 
frustum. Prove that it is possible to inscribe a sphere in the 
frustum. 

502. Given a frustum of a cone whose altitude is the mean 
proportional between the diameters of the bases. Prove that it is 
possible to inscribe a sphere in the given frustum. 

503. Prove that the straight lines joining three vertices of a 
regular tetrahedron to the midpoint of the altitude dropped from 
the fourth vertex are pairwise perpendicular. 

504. Let R be the radius of the circumscribed sphere of a re¬ 
gular quadrangular pyramid, and r be the radius of the inscribed 
sphere. Prove that 

^1/2+1. 

D 

Hint. Express — in terms of tan -j where a is the dihedral 
angle between the base of the pyramid and its lateral face. 

505. From a point 0 in the base ABC of a triangular pyramid 
SABC are drawn the straight lines OA\ OB' and OC' respectively 
parallel to the edges Sj4, SB and SC which intersect the faces 
SBC } SCA and S/15 at points A', B' and C\ Prove that 

Ofr_ ob^ ,oc^_ . 
sa + SB + sc ~~ 1 * 

506. Consider two triangles ABC and A l B 1 C l with pairwise 
nonparallel sides lying in intersecting planes. The straight lines 
joining the corresponding vertices of the triangles intersect in one 
point O. Prove that the extensions of the corresponding sides of 
the triangles are pairwise concurrent and the points of intersection 
lie in a straight line. 

507. Show that the line segments joining the vertices of a trian¬ 
gular pyramid to the centroids of the opposite faces meet in one 
point and are divided by this point in the ratio 1:3. 

508. Show that the area of any triangular section of an arbit¬ 
rary triangular pyramid does not exceed the area of at least one 
of its faces. 

509. One of two triangular pyramids with common base is inside 
the other. Prove that the sum of the face angles at the vertex of 
the interior pyramid is greater than that of the exterior one. 
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510. Four spheres with non-coplanar centres are pairwise tangent 
to one another. For every two spheres a common tangent plane 
is drawn perpendicularly to their centre line. Prove that the six 
planes thus constructed have a common point. 

511. Prove that if the sums of the lengths of any pair of op¬ 
posite edges of a triangular pyramid are equal, then the vertices 
of the pyramid are the centres of four pairwise tangent spheres. 

512. What condition on the radii of three pairwise tangent 
spheres guarantees the existence of a common tangent plane to 
the spheres? 

513. Prove that if a point moves inside the base of a regular 
pyramid in its plane, then the sum of the distances from this 
point to the lateral faces remains constant. 

514. Prove that two planes drawn through the endpoints of two 
triples of edges of a parallelepiped meeting in the endpoints of 
a diagonal of the parallelepiped trisect this diagonal. 

515. Show that if a plane drawn through the endpoints of three 
edges of a parallelepiped meeting in one vertex cuts off a regular 
tetrahedron from the parallelepiped, then the latter can be inter¬ 
sected by a plane so that the section is a regular hexagon. 

516. Prove that every plane passing through the midpoints of 
two opposite edges of a tetrahedron divides this tetrahedron into 
two parts of equal volumes. 

517. Prove that if all dihedral angles of a triangular pyramid 
are equal, all the edges of the pyramid are also equal. 

518. The endpoints of two line segments AB and CD lying in 
two parallel planes are the vertices of a triangular pyramid. 
Prove that the volume of the pyramid does not change when the 
segments are translated in these planes. 

519. Prove that a straight line intersecting the two faces of a 
dihedral angle forms equal angles with them if and only if the 
points of intersection are equidistant from the edge. 

520. Consider two line segments AB and CD not lying in one 
plane. Let MN be the line segment joining their midpoints. Prove 
that 

A£ + BC_ > MN 

where AD , BC and MN designate the lengths of the corresponding 
segments. 

521. Prove that every face angle of an arbitrary tetrahedral 
angle is less than the sum of the other three face angles. 
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522. Prove that any convex tetrahedral angle can be intersected 
by a plane so that the section is a parallelogram. 

523. Prove that if the faces of a triangular pyramid are of the 
same area, they are congruent. 


3. Loci of Points 

524o Find the locus of projections of a point in space on pla¬ 
nes passing through another fixed point. 

525. Find the locus of centres of the sections of a sphere by 
the planes passing through a given straight line /. Consider the 
cases when the line and the sphere intersect, are tangent or have 
no points in common. 

526. Find the locus of centres of the sections of a sphere by 
the planes passing through a given point C. Consider the cases 
when the point is outside the sphere, on its surface or inside it. 

527. Find the locus of points from which it is possible to draw 
three tangent lines to a given sphere of radius R which are the 
edges of a trihedral angle with three right face angles. 

528. Find the locus of feet of the perpendiculars dropped from 
a given point in space on the straight lines lying in a given plane 
and intersecting in one point. 

529. Given a plane P and two points A and B not lying in it. 
Consider all the possible spheres tangent to the plane P and pas¬ 
sing through A and B . Find the locus of points of tangency. 

530. A trihedral angle is intersected by a plane, a triangle ABC 
being the section. Find the locus of the centroids of triangles ABC 
on condition that 

(a) vertices A and B are fixed; 

(b) vertex A is fixed. 


4. The Greatest and Least Values 

531. A cube is intersected by a plane passing through its dia¬ 
gonal. How must this plane be drawn to obtain the section of the 
least area? 

532. A triangular pyramid is intersected by the planes parallel 
to two non intersecting edges. Find the section having the greatest 
area. 
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Preliminaries 


Here are some formulas to be used in the suggested problems. 


1. Addition and subtraction formulas: 

sin (# + */) = sin# cos r/-f cos# sin i/, (1) 

sin(# —*/) = sin # cos 1 /—cos#sint/, (2) 

cos (# + «/) = cos #cos#—sin jc sin y, (3) 

cos (x— y) = cos # cos y + sin # sin y. (4) 

2. Double-angle and triple-angle formulas: 

sin 2# = 2 sin # cos #, (5) 

cos 2# = cos 2 #—sin 2 a:, (6) 

sin 3# = 3 sin#—4 sin 3 #, (7) 

cos 3a: = 4 cos 3 #—3 cos a:. (8) 

3. Sum and difference of trigonometric functions: 

sin #-j-sin«/ = 2 sin cos , (9) 

sin#—sin </ = 2cos^i^sin , (10) 

cos # -f- cos y = 2 cos x -^- cos , (11) 

cos#—cosz/ = 2sin^i^sin • (12) 


4. Product formulas: 


sin x sin y — y [cos ( x — y) — cos (x +(/)], 

(13) 

cos x cos y ~ y [cos (x — y) + cos ( x -f y )], 

(14) 

sin xcosy — y [sin (x — y) + sin (* + */)], 

•(15) 

. 9 1 — cos 2x 

sin 2 # =- 2 -• 

(16) 

„ l--fcos2* 
cos 2 x = — 1 y -.. 

(17) 
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5. Expressing sinx, cosx and tanx in terms of tan y: 

2tani- 

sinx = -(18) 

l+tan*-L 

1 —tan*^- 

C0S ^=-(19) 

1+tan^ 

2tan|. 

tan x --. (20) 

l-t^T 

6. Inverse trigonometric functions. 

(a) Principal values of inverse trigonometric functions: 


y= arc sin x, 

if x = sinj/ 

and 

Jt _-- JT 

Y ^ Y ’ 

(21) 

y — arc cos x 

Ml 

* 

II 

o 

o 

00 

and 

O^y^n, 

/( 22) 

y = arc tanx 

if x = tan y 

and 

K . , Jl 

2 ^ T ’ 

( (23) 

y = arc cot x 

if x = cot y 

and 

0 < y < n. 

(24) 


(b) Multiple-valued functions: 

Arcsinx = (— 1)" arcsinx + jm, n = 0, ±1, ±2, (25) 

Arc cos x = zharccosx + 2jiM, (26) 

Arc tan x = arc tan x + j in, (27) 

Arc cot x = arc cot x + nti. (28) 

Formulas (25) to (28) determine the general expressions for the 

angles corresponding to given values of trigonometric functions. 

1. Transforming Expressions Containing 
Trigonometric Functions 

533. Prove the identity 

3 

sin 6 x + cos 6 x= 1 — -j- sin 2 2x. 

534, Prove the identity 

cos 2 a -f cos 2 (ct + p) — 2 cos a cos p cos (a + P) = sin 2 p. 
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535. Prove that 

tan x + tan 2x— tan 3* = —tan x tan 2x tan 3x 
for all permissible values of x. 

536. Prove that the equality 


tan 3a: = tan* tan — x'j tan^y + *^) 


for all permissible values of 

537. Prove the identity 

sin a -(- sin P -f sin 7 —sin (a + P + Y) : 


. . a+8 . B+v . v+a 

= 4sin—^-sint-y^sin- 1 -- — . 


538. Prove that 


sin a -f sin p + sin y = 4 cos cos - 5 - cos 


a + P + V = n. 


539. For a+p+y=n prove the identity 

sin 2 na -j-sin 2«p + sin 2 ny= (—I)" • * 4 sin na sinnp sinny 
where n is an integer. 

540. Prove that if cos(a + P) = 0 then 

sin(a-f2P) = sina. 

541. Prove that if 3sinp = sin(2a-pp) then 

tan(a + P) = 2tan« 

for all permissible values of a and p. 

542. Prove that if sin a = A sin (a -fp) then 

tan (a + P) — 

v 1 r ' cos p— A 

for all permissible values of a and p. 

543. Prove that if the angles a and P satisfy the relation 


sin g _ n 
sin (2a+ P) m 


(M> |«|). 


then 


1 + 


tan p 
tan a 


m + n 


1 — tan a- tan p 


m — n 
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544. Prove that if cos x- cos y -cos z =+ 0 , the formula 
cos (x + y + z)^= 

= cos x cos y cos z (1 — tan x tan y-~ tan y tan z — tan z tan x) 
holds true. 

545. Prove that if a, p, 7 are the angles of a triangle then 

tan y tan y + tan y tan ^- + tan y tan y = 1 . 

546. Let x + y + z = yfe. For what integral k is the sum 

tan y tan z + tan z tan x + tan x tan y 
independent of x , y and 2 ? 

547. Find the algebraic relation between the angles a, p and 7 if 

tan a + tan p + tan 7 = tan a tan p tan 7 . 

548. Rewrite as a product the expression 

cot 2 2x —tan 2 2x —8 cos 4x cot 4x. 

549. Transform into a product the expression 

sin 2 a + sin 2 p + sin 2 7 + 2 cos a cos p cos 7 — 2 . 

550. Compute 

2OT- 2sin70 ° 

without using tables. 

551. Prove that 

j i 2 ji 1 

cos "5 cos -g- = y • 

552. Prove that 

2n , 4 ji , 6n 1 

COS — + COS — + COS y- = — y . 

553. Compute 

S 1 n 4 _ + sin 4 -jg- + sin* -jg + sin 4 

without using tables. 

554. Prove that 


tan 20° tan 40° tan 80° = /'3. 
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2, Trigonometric Equations and Systems of Equations 

A. TRIGONOMETRIC EQUATIONS 

555. Solve the equation 

sin 3 x cos *—sin x cos 3 x =-■= 4- • 


556. Solve the equation 

1 —tan x 


1 +sin 2x. 


1 + tan x 

557. Solve the equation 

1 + sinA: + cosx + sin 2 x + cos 2 x = 0 . 

558. Solve the equation 

1 + sin x + cos 3x = cos x -f sin 2x +cos 2x. 

559. Solve the equation 

(sin2A: + K 3 cos 2a:) 2 —5 = cos ^ — 2x^j . 

560. Solve the equation 

2 sin 1 7a: -f- 3 cos 5 a: + sin 5a: = 0. 

561. Solve the equation 

sin 2 x (tan x + 1) = 3 sin x (cos x — sin x) + 3. 

562. Solve the equation 

sin 3 x + cos 3 x = 1 —y sin 2x. 

563. Solve the equation 

_l_1_1_1_1_ 

sin 2 * cos 2 * tan 2 * cot 2 * sec 2 * esc 2 * ~ 

564. Solve the equation 

. . * - . * 5 

sin <_ +cosl¥= _. 

565. Solve the equation 

Y (sin 4 x -fcos 4 x) = sin 2 x cos 3 x + sin x cos x. 

566. Solve the equation 

(1 +fe) cos a: cos (2a:— a) = (1 + k cos 2a:) cos (a:— a). 

567. Solve the equation 

sin ax sin bx = sin cx sin dx, 


3. 
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where a, b, c and d are consecutive positive terms of an arithme¬ 
tic progression. 

568. Solve the equation 

2 + cos x = 2 tan . 

569. Solve the equation 

cotx —2 sin 2a: = 1 . 

570. Find tan a: from the equation 

2 cos* cos ((5 — x) = cos p. 

571. Find cos<p if 

since-)- sin (<p— a) + sin ( 2 cp + a) = sin (cp ~f- a) + sin ( 2 <p—a) 
and the angle <p is in the third quadrant. 

572. Find cot a: from the equation 

cos 2 (a -f x) + cos 2 (a— a) = a, 
where 0<a<2. For what a is the problem solvable? 

573. Find tan-j if sin a + cos a = and the angle a lies 
between 0° and 45°. 

574. Solve the equation 

sin 2a:— 12 (sin a; —cosx)-f -12 = 0 . 

575. Solve the equation 


1 + 2 esc x = — 


576. Solve the equation 


cot 2 a: = 


1 + sin x 

1+cos*' 


577. Solve the equation 

2 tan 3a: —3 tan 2x= tan 2 2x tan 3a:. 

578. Solve the equation 

2 cot 2a: —3 cot 3a: = tan 2x. 

579. Solve the equation 

6 tan x +5 cot 3a: = tan 2a:. 

580. Solve the equation 


sin 5 A: —cos s a:= 


_j _i_ 

cosa sin a 
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581. Solve the equation 

tan (x—y) tan x tan + = — i cos2x 

v 4 ' v 4 ' tany-cot|. 

582. For what a is the equation 

sin 2 x—sin x cos x —2 cos 2 x = a 
solvable? Find the solutions. 

583. Determine all the values of a for which the equation 

sin 4 x —2 cos 2 x + a 2 = 0 
is solvable. Find the solutions. 


584. Solve the equation 

cos a cos 2 jt £ cos 4n cos 8 n cos 16n ^ ^. 

585. Solve, the equation 

cos7x—sin5x = j/3 (cos5x—sin7x). 

586. Solve the equation 

2—(7 -f- sin 2x) sin 2 x + (7 + sin 2x) sin 4 x — 0. 

587. Find sinx and cosx if 

a cos x + b sin x = c. 

What condition connecting a, b and c guarantees the solvability 
of the problem? 

588. Solve the equation 


asinJt-)-ft acosx+b 
b cos *-fa — b sin*+a 


(a 2 =*& 2b 2 ). 


589. Solve the equation 

32 cos 6 x—cos 6 x == 1. 


590. Solve the equation 

8 sin 6 x + 3cos2x + 2cos4x+ 1 = 0 . 

591. Solve the equation 

cos 3x cos 3 x + sin 3x sin 3 x — 0. 

592. Solve the equation 

17 

sin 8 x + cos 8 x = 55 . 
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593. Solve the equation 

29 

sin 10 x + cos 10 x = jg cos 4 2x. 

594. Solve the equation 

sin 3 x + sin 3 2x + sin 3 3a: = (sin x + sin 2a: + sin 3a:) 3 . 

595. Solve the equation 

sin 2 " a: + cos 2 " x= 1, 

where n is a positive integer. 

596. Solve the equation 

. (n . Sx\ n . fSn x \ 

sin TJ — 2 sln (to~T j • 

597. Solve the equation 

(cos 4x —cos 2a:) 2 = sin 3a: + 5. 

598. Solve the equation 

(sinx + cosx)J /2 = tan x + cot x. 

599. Prove that the equation 

(sin a: + V3 cos a:) sin 4* —2 

has no solutions. 

600. Determine the range of the values of the parameter % for 
which the equation 

sec x + esc x = K 

possesses a root x satisfying the inequality 0<A:<y. 

B. SYSTEMS OF EQUATIONS 

601. Find all solutions of the system of equations 

sin (x~\-y) == 0 , ) 
sm{x—y)=r.O, f 

satisfying the conditions 0 <a:<jx and O^y^n. 

602. Solve the system of equations 

sin a: = esc a: + sin y, | 
cos x = sec x-\~ cos y. \ 
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603. Solve the system of equations 


sin 3 x — -^ sin y , 


cos 3 x = -j cos y. J 

604. Solve the system of equations 

tan* + tan# = 1 , 'j 

COS *COS tf — '—pr=- . I 

]A 2 ) 

605. Solve the system of equations 


sin x sin y = 


tan x tan y = 


4 Y2 ' 


606. Solve the system of equations 

x-\-y = (p, 1 
cos x cos y = a. / 

For what a is the system solvable? 

607. Find all the values of a for which the system of equations 

sin*cos 2 y = a 2 -{- 1 , | 
cos*sin 2 z/ = a J 
is solvable and solve the system. 

608. Solve the system of equations 

cos (*— 2y) = cl cos 3 y % 1 
sin(*—2*/) = a cos 3 */. J 

For what values of a is the system solvable? 

609. Find cos (*+*/) if * and y satisfy the system of equations 

sin * +sin y = a y \ 
cos * +cos y = b J 

and a 2 + 6 2 ^= 0 . 

610. For what values of a is the system 

x—y = oc y \ 

2 (cos 2x cos 2 ^/) = 1+4 cos 2 (* — y) J 
solvable? Find the solutions. 
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611. Find all the solutions of the system 

8 cos x cos ycos (x — y) + 1= 0, 1 
x-\-y~a. J 

For what a do the solutions exist? 

612. Solve the system of equations 

tan * + ti = 2sin (+T) ’ 
tan ^+tir 2sin (*—?)■ 

613. Eliminate x and y from the system of equations 

a sin 2 x + b cos 2 x = 1, 
a cos 2 y + b sin 2 y = 1, 

a tan x = b tan y, 

under the assumption that the system is solvable and a=£b. 

614. Express cosa and sinP in terms of A and B if 

sin a — A sin p, tana — B tan (5. 

615. Solve the system of equations 

tan x = tan 3 y,\ 
sin* = cos2(/.j 

616. Solve the system of equations 

sinx + sin</ = sin (.*: + «/), 

\*\+\y\ = i- 

617. Solve the system of equations 

sin (y — 3x) = 2 sin 3 x, t 
cos {y — 3x) = 2 cos 3 x. ) 

618. What conditions must be satisfied by the numbers a , b 
and c for the system of equations 

sin* + sini/ = 2a I 
cos x + cos y ^ 2b, 
tan x tan y = c 

to have at least one solution? 

3. Inverse Trigonometric Functions 

619. Compute arc cos [sin [~t) • 
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/ 33 

620. Compute arc sin ( cos y n 

621. Prove that 

arc tan y + arc tan y + arc tan y + arc tan 

622. Derive the formula 

arc sin x -f arc cos * = y. 

623. Show that for a<-j the equation 

(arc sin x) 3 + (arc cos x) 3 = ara 3 

has no roots. 

624. Prove that 

arc cos* = 


arc sin 


Vi 


if 0 < x < 1; 


it — arcsinj/l—* 2 if — 

625, Prove the formulas 

arc sin (— x) = —arc sin* and arc cos (— x) = n — arc cos *. 

626, Prove that if — y + 2foi + 2kn then 

arc sin (sin *) = * —2kn. 

627. Prove that if 0 < * < 1 and 

a = 2arctanLLj, p = arc sin 

then a + p = jt. 

628. Find the relationship between 

arc sin cos arc sin x and arc cos sin arc cos x. 


4. Trigonometric Inequalities 

629. Solve the inequality sinx > cos 2 *. 

630. For what x is the inequality 

4sin 2 x + 3 tanx—2 sec 2 x > 0 

fulfilled? 

631. Solve the inequality sinxsin2x < sin3xsin4x if 
0<x<j. 
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632. Solve the inequality 


sin 2 x —t- 
4 


V^3 — (sin*+cos x) 


> 0 . 


633. Find all positive values of x not exceeding 2n for which 
the inequality 

cosx—sin*—cos2x > 0 

is satisfied. 

634. Solve the inequality tan-£->; tanx ~ 2 


tan x +2" 


635. Solve the inequality 


cos 3 x cos 3x—sin 3 x sin 3x > . 


636. For 0<<p<-^- prove the inequality 


cot y > 1 -f- cot <p. 


637. Prove that the inequality 

(1 — tan 2 x) (1 —3 tan 2 *) (1 -ftan 2xtan3x) > 0 

hold for all the values of x entering into the domain of defini¬ 
tion of the left-hand side. 

638. Prove that the inequality 

(cot 2 x — 1) (3 cot 2 x — 1) (cot 3* tan 2x — 1) ^ --1 

is valid for all the values of x belonging to the domain of defi¬ 
nition of the left-hand side. 

639. Putting tan 0 = n tan <p (n > 0) prove that 

tan 2 ( 0 — 9 ) 

640. Prove the inequality 

sin -v— 1 , 1 ^2—sin* 
sin* — 2 ‘ 2 """3—sin** 

For what values of * does it turn into an equality? 

641. Prove that if O^cp^y, the inequality 

cos sin cp > sin cos tp 

is fulfilled. 


642. By the method of complete induction, prove that 
tan mx > n tan a 
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: is s -nsitive integer greater than unity and a is an angle 
a,. ; ; the inequality 0 < a < ^ . 

643. Let 0 < a x < a 2 < ... < a n < y. Prove that 


tan 0l < < tana„. 

1 cos a l + ... + cos a„ 

644. Prove that if A, B and C are the angles of a triangle 
then 

sin -g-sin jsln y <-g- • 


645. Prove that if 0 < x < then 


COS X 

sin 2 x (cos x —sin a:) 


> 8 . 


5. Miscellaneous Problems 

646. Compute sin ^2arc tan-^-—arc tan— 

647. Prove that if tana = y and sin{5 = where the angles 
a and p are in the first quadrant then a + 2p = 45°. 

648. Prove that the expression 

#i _ sin tan ac 

y COS AC-f-COt AC 

assumes positive values for all permissible values of x. 

649. Prove that the equality sin a sin 2a sin 3a = does not 
hold for all the values of a. 

650. Express sin 5* in terms of sin*. With the aid of the for¬ 
mula thus obtained compute sin 36° without using tables. 

651. Find the greatest and the least values of the function 

cp (x) = sin 8 x cos 8 x. 

652. Find the greatest and the least values of the function 

y = 2 sin 2 x + 4 cos 2 * 6 sin x cos x. 
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653. Find out for what integral values of n the number 3 n is 
a period* of the function 

. 5 

cos nxsm — x. 
n 

654. Prove that if the sum 

a x cos (a! + x) + a 2 cos (a 2 + x) + ... + a n cos (a n + x) 

vanishes for x^O and x = x 1 =£kn where k is an integer, then it 
is identically equal to zero for all x. 

655. Prove that the function cos}/ x is nonperiodic (i.e. there is 
no constant number T =^=0 such that cosj/# -\-T = cosj/* for all x ). 

656. Prove the formula 


sin x -f sin 2x + ... -f-sin/zA: = 


. nx . (n-r \)x 
sin-y Sin—^- 


sin 


Hint. Use De Moivre’s formula 

(cos x + i sin x) n =- cos nx + i sin nx . 

657. Compute the sum 


3T 

COS — 

4 


2jx 


cos 


n n 


2 * 


2 " 


Hint. Apply De Moivre’s formula. 

658. Consider the function 

f [x) = A cos x + B sin x r 
where A and B are constants. 

Prove that if a function f(x) vanishes for two values x l and x 2 
such that 

x l —x 2 ^=kn 1 

where k an integer, then f (x) is identically equal to zero. 


* A function f (x) is said to be periodic if there exists a number T ?= 0 such 
that the identity f (x+T) f (x) is fulfilled for all the permissible values of x . 
The number T is then called a period of the function. 



SOLUTIONS 
AND ANSWERS 


ALGEBRA 


1. Arithmetic and Geometric Progressions 

1. By the hypothesis, we have 

b—a = c—b — d and c—a = 2d. 

Denote 


1 V c+y a v b+Vc 

and 

A - * ■ _* 

2 Y a+V b Yc+Va 

Let us show that A 1 = A.,. If d~0 then a — b = c and A 1 == A 2 =0. Therefore 
we suppose that d ?= 0. Rationalizing the denominators we obtain 

„ YT- Y~a , Y~b— Yc __ 2 Y'b — Y~— Ya 

l ~ 2d + d ~ 2d 


and 


A Y b—Y a _Y c—Y a _2Y b—Y c — Y d 

A * d ~~ 2d ~~ 2d 


Thus, A 1 = A 2 which completes the proof. 


2. If the common difference d of the given progression is equal to zero the 
validity of the formula is obvious. Therefore we suppose that d ^ 0. 

Denote the left-hand side member of the desired equality by S. Rationalizing 
the denominators we get 

O Kal— Yjh ■ Y]h ■ Ydg — Ya n -i 

“i— <h " r a 3 — a 2 r----r an — an _ l 


Since, by the hypothesis, a 2 — a L = a 3 — a 2 = ... = a n — a n =d we obviously 
obtain 

O YanzzYK 

d 

Now we can write 


s _ a n — a x _ (n— \)d __ n— 1 

(Y^n+Y^)d d(Y^,+Y^i) Y^i+Y^’ 

which is what we set out to prove. 


3. By the hypothesis we have 

a 2 —a 1 = a 3 —a 2 =,..=a n — a n - l =d. 
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If d — 0 then the desired equality is obvious. Assuming that d £ 0 we can write 

1 , 1 , 1 , ,1 


0^2 02^3 a 3 a 4, 


a n-l a n 


= (±-±) 1 + fi.iU + f_L_ J_U+....+ 

\ CL\ @2, J d \ a 2 a z J d V a 3 J d 

. (_!_I, (_!_ 1\ 

T Ub -2 a n-i) d~ r \a n - l a n ) d 


which is what we set <^ut to prove. 


_ 1 / 1 1 \ %r~ g i 1 

Ui ~ a ± a n • 


1 


1 


1 


112 I 

4. At n = 3 we have-1-—-. Whence,- 

#2^2 ^2^3 ^1^3 ^1^2 ^1^3 #1^3 ^3^2 

and consequently a 3 —a 2 — a 2 “ a i* Therefore it is sufficient to show that 
a n a n -1 = a n - L a n - 2 

for any rc^4. Let us write down, in succession, the equality given in the for¬ 
mulation of the problem for the cases n— 2 , n —1 and n: 


a x a 2 ^ a 2 a 3 ^ 

a n-3 a ti-2 

a l a n -2 

——[-—+■••• 

4 . 1 

n — 2 

a n-2 a n-l 

a i a n^i 

T^ + tW-- 

•+. 1 . 

_n— 1 


a l<*n 

Subtracting termwise equality (2) from (3) and (1) from (2) we get 

1 


( 1 ) 

( 2 ) 

(3) 


--V=("- 2 ) 


dldn-l a n 


and 


a n - 2 a n -1 


-(n — 2 ) 




Reducing the fractions to a common denominator and cancelling we find 
ai—a n -i = (n—2) (o n _!—a„), 

<h— «b-i = (»— 2 ) (“n- 2 —a n -i)- 
Hence, a„-i—= which is the required result. 

5. We shall use the method of induction. Note that the equality holds for 
n — 2 since a 2 — a 1 = a 3 — a 2 and, consequently, a x —2a 2 -f-a 3 = 0. Suppose that 
the desired formula is valid for a certain n or, in other words, for any arithme¬ 
tic progression x ly x 2i .... x n + 1 the equality 

x i — C\x 2 -{-CnX 3 -f-... + (—l)*” 1 ^ 1 x n -{-( —l) rz C”^„ +1 =0 (1) 

holds. Now passing to n+1 we use the identity 

_ pk | pk—l 
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which results in 

a x —Ci+ia 2 + Cn+i^3+ • • • + (—0” C^+i^/z + i-f- 

+ (—1)" + 1 ©«+ 2 = [°i — C^a 2 + ... +(—1)" C%a n + 1 ] — 

— [ a 2— a 8 + • • • + (—l)"” 1 Cn 1 a n +i + (—\) n Cnd n + 2 ] . 

By the hypothesis, both expressions in square brackets are equal to zero 
because they are of form (1). Therefore, the desired formula is valid for n-\- 1 
as well. Thus, the assertion is proved. 

6 . We carry out the proof by induction. For n = 3 it readily follows that 

at —3 (a x + df + 3 (a x + 2 df—(a x + 3df = 0. 

Suppose we have already established that for a certain n and any arithmetic 
progression x x> x 2 , . x n +i identity 

X \— CrtA;|+ . . . +(— l) n C%xti+i = 0 
holds. Then passing to n+1 as in the preceding problem we obtain 

at — Cn+i a t~\~ Cn+ i a 3+ • • • H“(— l) n Cn+i a n+1 + 

-f- (—l) n + l [^i— ^^2+ • • • +(—l)"Crt0?i+i] — 

— \ a \— ... -(-(— l) n Cfian+ 2 ] — 0, 

and thus the required formula has been proved. 

It should be noted that for an arithmetic progression a lf a%, ..., a m a n+1 
the more general formula 

a x — Cna 2 -\- Crt^ 3 — ... -|-(— l) n ~ l Cn 1 a n -1 - (—1 ) n Cn a n+l — 0 

holds where k^l is an integer. 

7. By the well-known property of the terms of an arithmetic progression we 
have 

2 log m x — log„ x + logfc x . 

Whence we obtain (see (3), page 25) 

2 __ 1 ._1__ 

log* m - * log,/i + log* A; 

and, consequently, 

2 = Jog*m . lo g x tn 
\og x n -r log* k ' 


Using formula (2) given on page 24 we deduce 

2 = \og n m + \og k m. 

Let us rewrite this equality as 

log* n 2 = lo g n tn + \og n (n ]0Sl;m ). 


Now, raising we obtain /i 2 = mn log, ‘ m or 

which is what we set out to prove. 

8. Let 

a i ~t~ **2 ~t" • •• + an 

a n + l + a n + 2 + • • • + a n+kn 


(1) 
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Denote the common difference of the progression by d. We are only interested 
in the case d ?= 0 since for d = 0 all terms of the progression are equal and the 
equality (1) is automatically fulfilled. Using the formula for the sum of terms 
of an arithmetic progression we get from (1) the equality 

\ a i + a i + d (n — 1 )] =- 2 ~ \ a i + n d + a i -f- (n -j- kn — 1 ) d\ c 


from which, after cancelling and rearranging the terms, we find 


( 2 a x — 2a x kc-~d-\-cdk)-\-ti ( d — cdk 3 — 2 cdk) = 
Since this equality holds for any ti we conclude that 

2a x —- 2a x kc—d + cdk = 0 
and 

d — cdk 2 —2 cdk = 0 . 


= 0 . 


Cancelling out d ^ 0 in the second equality we obtain 

1 

C ~k(k+2)- 


( 2 ) 


The first equalitiy can be represented in the form 

(2a x — d)(l— c*) = 0. 

By virtue of (2), the second factor is different from zero and hence d = 2a x . 

Thus, if d 9 = 0 equality (1) can be valid for all n only in the case of the 
progression 

a, 3a, 5a, .,. (a ?= 0). (3) 


Now it is easy to verify directly that progression (3) in fact satisfies the 
condition of the problem. Thus, the sought-for progression is given by (3). 

9. Let d be the common difference of the progression. We have 


b* = x 2 1 + (x 1 +df + .. .+[x l + (n-l)d]t = nxl+2x l d[l+2+ ... +(n-\)) + 

+ d 2 [l 2 + 2 i! + — \r)=nx\+n(n— d 2 


and, besides 


a — nx x -\- 


n (ai—1) 
2 


d. 


Eliminating x x from these equations, after some simple transformations we 
obtain 


Hence, 


12 n 


j a 2 ). 

± V n 2 (n 2 —1) ’ 


x t is then defined in either case by the formula 

1 f n (n —1) /| 

2 d \- 

Thus, there are two progressions satisfying the conditions of the problem for 
n 2 6 2 —a 2 ? 0. 
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10. Let the sequence a 2 , ..., a n possess the property that 
a 2 — a l = d y a 3 —a 2 = 2d, ..., a n — a n ^ 1 = (n —1 ) d. 
Adding together the equalities we find that 

n(n — 1 ) 

a n = a i + d -g-- 9 

Using this formula we get 

c , , , ri-2 , 2-3 - . (n — \)n 

Sa — fl i + ^2+ • •. +<3„ ~a 1 «+ I ~2—1"""3—^ * * * H 2 ~— 

In Problem 266 it is proved that 


Consequently, 


1-2 , 2*3 , , ( n — \)n_n (ft 2 — 1) 

2 i 2 * ' * * • 2 6 


c n(n 2 — 1) , 


For the problem in question we have d = 3, a x = \. Therefore, 

3 1 

a„=\+-jn(n—\) and S„ = y n (/i 2 +1). 

11. The nth row contains the numbers n, n+1, 3ft— 3, 3ft- 
total of 2n—l numbers). The sum of these numbers is equal to 

(ft-j-3ft—2) (2n— 1) = (2n _, )3 

12 . Let q be the common ratio of the progression. Then 

1 q m + n -' = A, 

a,n-n = a l c l m - n ~ l = B. 

A 7n 


Whence q 2n = and, hence 

D 


Now we have 


\f A 
’*= V B' 

a m = a m - n q n — B f)"= 


2n-m m 


13. We have 


m a (A \~2rt . 2 n D 2rt 

<*n=a m +n<} m = A =A B . 

S n — a l + a lQ 4" • • • 


Sin -S n = a x q» + ■+* + ... + diq 2n ~ 1 = Q n S n 

and, furthermore, 

Sin—■Sin = “i<7 an + a\q* n +1 + • • • + aiQ 3n ~ 1 = q‘ in S n - 
It follows that 

1 _ Sn _ Sin Sn 

Q n S 2n S n S Sn *S 2 n 
which is what we set out to prove. 

14. We have 

«<«-!) 


n n = a 1 -a 1 q 1 -...-a 1 q''- 1 = aU 2 




2 (the 
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Noting that 

$n ~ a i + a i<7 + • • • -f a 1 q n - 1 = a l ^ _- 

and 




1 


ai q^ 1 



1 

a iq n-' 


we conclude that 



and thus we obtain 


n 



q n —\ 

q —i 


15. Denote the sought-for sum by S n . Multiplying each item of this sum by 
x and subtracting the resulting quantity from S n we obtain 

S n — xS n — 1 + * + ;t 2 + ... +*"— (rc +1) x n + l . 


Applying the formula for the sum of a geometric progression to the one ente¬ 
ring into the right-hand side for x £ 1 we find 

1 — x n + * 

(1-*) = - (n+\)x" + \ 


Hence, 


_1— x n+l (rt + \)x n+1 
n ~ (l —*) 2 Y^x 


{** !)■ 


For x—\ we thus obtain 

c _ (* + 1) ( n + 2) 
o n — -——— r> • 


16. Let us denote the desired sum by S n . Transforming the terms of the 
sum by using the formula for the sum of terms of a geometric progression we 
can write 


1 + 10 = 


10 3 — 1 
9 


10 3 _1 

1 + 10 + 100 = —g—- , 


1 + 10 + 100 +... + 10«- 1 = 


10"—1 


Since we have 1 = ^—- the addition of the right-hand sides of the latter 


equalities yields 


1 1 / 10" +1 —10 
S^(10+10 2 +...+ 10“-tt) = -^ 1U 9 ! -V - 


-n). 
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17. By adding together the elements of the columns we can represent the 
required sum in the form 

(x+x 2 -\-x 3 + ... + X n ~ 2 -\-X n ” l -\- X n ) + 

+ (*+ x 2 -\-x 3 -\-... + 

+ {x+x 2 + x 3 + ... +^- 2 ) + 


+ (x+x 2 ) + 

+ x. 

Now summing the terms in the brackets we find that for x -p 1 the sought-for 
sum is equal to 

x n —\ , x n ~ l —\ x n ~ 2 —\ x 2 —1 . x — 1 

X - r + x ——:-b v —-—,-1- - .-+*7—;— Vx- 


X — 1 


X — 1 


' x—\ 


x—l 


[*-f x 2 + ... +x n — n] : 


x r x n — 
~~x— \ [* 


x 2 (x n — 1 ) nx 


(x—\) 2 x—\ 


For x= 1 this sum is equal to n ^ as the sum of terms of an arithmetic 
progression. 

18. Let S n denote the required sum. Then 

2 S„= 1 + j+^z+^+ • • • +^rr= 1 + (t+t) + (12+33) + 


+ (^+^) + --- + (2^rr 


2n —3 


2 n ~i 


= 1 +- 


2 n ~ 




2 /i—l 

2 n 


whence 


5„ = 3- 


2/1 + 3 
2 n 1 


19. The general form of these numbers is 

n n —1 n n 

STTl 88^^789 = 4 • lTTm • 10" + 8 • lT7 7TT -f-1. 
n 

The number 11... 1 can be written in the form of the sum of the terms of a 
geometric progression with the common ratio 10 : 


ll...I = l + I0+10 2 + ... + 10"- 1 = 


10*—1 


Thus we have 


4 (10"-1) I0 rt + |- (10»-1)+1 =-i 10*" + 110"+!= 

20 . By the hypothesis, we have | <7 [ < 1 and, consequently, 
q n = k(q n + l + q n + 2 + ...)^kq n +' j-j--. 


(1) 
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Hence, 1 — q~kq and thus, if the problem has a solution, we have 


Q 


1 

~~ k -\-1 ’ 


( 2 ) 


It is, however, easily seen that if, conversely, equality ( 2 ) implies that \ q\ < 1 , 
then the equality ( 2 ) implies equality ( 1 ), and the corresponding progression 
satisfies the condition of the problem. Thus, the problem is solvable for any k 

| 

satisfying the inequality j—y < 1 . The latter holds for k > 0 and k < — 2 . 

21 . The proof is carried out by complete induction. Let us first consider a 
sequence of three terms x l9 x 2 , x 3 . Opening brackets in the formula 


(*i + xl) (x\ + x\) = + x. z x 3 ) 2 , 

we find that 

x\ + *1 *a ~~ 2x x x\x 3 = 0, 


whence (* 2 —*i* 3) 2 = 0 , and, consequently, ^*3 = * 2 . If x t £ 0 this implies that 
the numbers x lt x 2 , x 3 form a geometric progression. Now assume that the sug¬ 
gested assertion is proved for a sequence consisting of &(&:>= 3) terms 


Xi, X 2 , . . ., Xfo. ( 1 ) 

Let q be the common ratio of the progression. Consider a sequence ol k-\-\ 
terms 

* 1 . * 2 , ..., x ky x k+l . (2) 

Let us write down the corresponding condition 

(*l + *2+ • • • + *l—1 + *1) (*2 + *3"t~ * • • + *I + *l+l) = 

= (*1*2 + *2*3 + • • • + X k - l X k + X k X k +l) 2 (3) 

and put, for brevity, *i + *a+...+*l-i — a?. Note that a 7 = 0 since x x £ 0. 
By the induction hypothesis we have 

x 2 = qx y \ * 3 = qx 2 , x k = qx k - x . ' (4) 

Therefore equality (3) can be rewritten as 


(c 2 + xi) (q 2 d l +4+i) = (<?a 2 + x k x k + 1 ) 2 . 

Opening the brackets and grouping the terms we see that 
(*A<7—*ft+i) 2 a a = 0. 

Since a £ 0, then alongside with (4) we get Xk+i = qxji- Hence, the sequence 
* 1 , *a» *A+i Is a geometric progression with the same common ratio 

q = — . 

*1 

It follows that a sequence composed of first n terms of the given sequence 
is a geometric progression for any natural n. Therefore, the given infinite sequ¬ 
ence is also a geometric progression which is what we set out to prove. 

22. Let a 1 — b 1 = a. Then, by virtue of the condition a 2 — b 2i we have 

a+d = aq, (l) 


where d and q are the common difference and ratio of the corresponding prog¬ 
ressions. Note that the condition a n > 0 for all n implies that the difference d 
must be non-negative. Since, in addition, a 2 we conclude that d > 0. 
Therefore, formula (1) implies 


d 
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Now we have to prove that 

\)d < aq n ~ l (2) 

for n > 2. Since, by equality (1), d = a(q — 1 ), relation (2) is equivalent to the 
inequality 

a (n — 1 ) (q— 1 ) < a(q n ~ l — 1 ). 

Dividing both sides by the positive quantity a (q —1) we obtain 
n— I < 1 +< 7 +...+g"-a. 

Since q > 1, this inequality holds true. The problem has thus been solved. 

23. By the hypothesis, we have 

a x > 0 , —= q > 0 and b 2 — b t =d > 0 , 

a i 

where q is the common ratio of the geometric progression and d the difference 
of the arithmetic progression. Taking advantage of the fact that a n — a l q n '“ l 
and b n = b 1 + (n—l)d we obtain 

1 og« a n —b n -=(n— 1 ) (log. q— d) + Iog a 0 L — b t . 

For the difference on the left-hand side to be independent of n it is necessary 
and sufficient that log a < 7 —d = 0. Solving this equation we find 

a=q d . ( 1 ) 

Consequently, the number a exists and is defined dy formula (1). 

2. Algebraic Equations and Systems of Equations 

24. Rewrite the system in the form 

(*+y)(*-xy+y*) = \, 1 (l) 

y(*+y) 2 = 2, / ( 2 ) 

and divide the first equation by the second. Discarding the denominator and 
then collecting similar terms we obtain 

y 1 —Zxy + 2* 2 = 0. (3) 

Solving quadratic equation (3) in y we get the two roots y — x and y — 2x and 
thus obtain two new equations. Solving then each of these equations simulta¬ 
neously with equation ( 2 ) we find real solutions of the corresponding systems. 
There are only two solutions: 

and 

= 4 /2= '3 V^- 

Each of these pairs of numbers satisfies the original system as well. This 
can be verified either by the direct substitution or by analyzing the method by 
which the solutions were found. 

25. Let us transform the equations of the system to the form 

(*+</) a —xy = 4, \ 

(x+y)+xy = 2. f 

Whence we obtain 

(x+y)* + (x+y )=6 
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and, hence, either x-{-y = 2 or x + y — — 3. Combining either of the latter equa¬ 
tions with the second equation of the original system we arrive at the follow- 


ing two systems of equations: 


x + y — 2, ) 

n t (1) 
xy = o, I 

x -j- y = —3, | 

e t ( 2 ) 
xy = 5. J 

System (1) has two solutions 

*i = 2, 

and 

</i=° 

= 

System (2) also has two solutions 

y 2 = 2. 

•*3- 2+ 2 ’ 

3 . j/Tl 

¥•- 2 2 

and 


3 . Y"n 

^ 2 ' 2 > 

3 .. yxi 
2 +‘ 2 


It is obvious that each solution of the original system belongs to the set of 
solutions of the above system. A simple argument shows that the converse is 
also true. By the way, it is still easier to verify it by^ a direct substitution. 
Thus, the problem has four solutions. 

26. Transform the equations of the system to the form 
(x + y)[(x + yy 2 -3xy] = 5a*, \ 
xy(x + y) = a 3 , | 

and then put x + y = u and xy = v. Substituting xy (x-{-y) = a 3 into the first 
equation we find u 3 — 8a 3 . Since we are only interested in real solutions, we 
have u = 2a. From the second equation we now find 



Thus, we have arrived at the following system pf equations in x and y: 


x + y = 2a t xy = -^a 2 . 


Solving this system we get 


and 


— a 


x 2 = a 


2 +y~2 
2 ’ 

2 — +~2 


y 1 = a. 


S/i — a 


2—V 2 
2 

2+1+2 


These numbers also satisfy the original system and consequently the latter 
has two real solutions. 

27. Reducing the equations to a common denominator we then transform the 
system to the form 

(x + y)[{x + y) 2 —3xy] =12 xy y 
3 (x + y) = xy. 

Putting x-\~y — u, xy — v and substituting xy — v = 3(x-\-y) = 3u into the first 
equation we see that 


u ( u 2 — 9w) = 3bu. 


(1) 
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Note that u ^ 0 (if otherwise, the second equation would imply xy~ 0 
which contradicts the original equation). Therefore, it follows from equation 
. (1) that either u= 12 or u — — 3. 

In the first case (4 = 12 ) we get the system 

* + </ = 12, 1 

xy = 36> ) 

whence x — y — 6 . 

In the second case (« = — 3) we have 

x ~\~ y— 3, 1 
xy = —9. f 

This system has two solutions 

*=-f(± Ks-l). !/ = j(TV5-1). 

The three solutions thus found satisfy the original system as well. Thus, the 
system has three solutions. 

28. Squaring the second equation and subtracting it from the first equation 
we obtain 

xy (x 2 + y 2 ^xy) — 21 . ( 1 ) 

Whence, by virtue of the second equation of the system, we derive xy — 3. 

Substituting u into the second equation of the system, we arrive at the 
biquadratic equation 

jt 4 — 10*2 + 9 = 0 . 

It follows that x 1 =3, x 2 — —3, x 3 —l, x 4 = —1 and therefore the corresponding 
values of y are y t = l, y 2 =—1, yg = 3, y 4 — —3. A direct verification shows 
that all the four pairs of numbers are solutions of the original system. Conse¬ 
quently, the system has four solutions: 

x 1 =3 t 1 /] — 1 1 x 2 — 3, y 2 — 1: 

Xg = 1 1 1/3 = 3; X 4 = — 1, y 4 = ■ 3 • 

29. Transform the system to the form 

(X—y)lx 2 + y 2 + xg— 19) = 0, 1 
(x+y)(x 2 + y 2 —xy— 7 ) = 0 , / 

The original system is thus reduced to the following four systems of equa* 
tions: 

x ~y =°- l ( 1 ) x-y=o, 1 

x+y—Q, I ’ x 2 + y 2 —xy— 7 = 0, / w 

x 2 + y 2 +xy— 19 = 0, \ x a +(/ a + *y— 19 = 0, » 4 

x—y = 0, f X 2 +y 2 —xy — 7 = 0. f 

The first systernjias a single solution * = 0, y = 0. The second one has two 
solutions x=± Y 7 . y — i Y The third system also has two solutions 
x = ±Y 19, y~ T J^19. Now taking the fourth system we note that the addi¬ 
tion and subtraction of both equations leads to the equivalent system 

xy = G, \ 

x 2 -\- y 2 — 13. I 

This system has four solutions: 

x=±2, */ = ±3 and x— ± 3 , y=± 2 . 


4-323 
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Thus, the system under consideration has nine solutions: 

(o,o), (Yf, yT), (- yi, -Vi), (yi9. -Vm, (— v^i9, 1 ^ 19 ), 

(2. 3), (-2. -3), (3, 2), (-3, -2). 

30. Transforming the system to the form 

2{x + y) = 5xy, \ 

8 (x + y) l(x+y ) 2 —3 xy] = 65, | 

substituting x-\-y found from the first equation into the second one and put¬ 
ting xy=v we get 

25u 3 —1 2v 2 —13 = 0. 

This equation is obviously satisfied by i/=l. Dividing the left-hand side by 
u— 1 we arrive at the equation 

25u 2 + 13o + 13 = 0. 

The latter equation has no real roots. Thus, there is only one possibility: v=l. 
Substituting this value into the first equation we obtain the system 

*y = i. ) 

*+*=!• j 

Hence, x l = 2 t and = y, ^=2. 

Both pairs of numbers also satisfy the original equation. Thus, the system 
has two and only two real solutions. 

31. Adding together the equations and then subtracting the second equation 
from the first one we get the equivalent system 

[x—y)(x*+y*+xy)=7> \ ^ 

(x—y)xy = 2. f 

Representing the first equation in the form 

(x—y) 3 + 3xy(x—y) = 7, 

we see that, by virtue of the second equation, (x—y) 9 — 1. 

Since we are only interested in real solutions we have x—y= 1. Taking this 
into account we easily deduce xy = 2. 

Solving then the system 

*</ = 2 , \ 

x—y= I, f 

we find its two solutions 

*i = 2, yi = \\ x % = — \, 1/2 = —2. 

It can be readily verified that both pairs of numbers satisfy the original 
system. Thus, the system has two real solutions. 

32. Transforming the second equation to the form 

( x 8 + y 2 ) 2 — 2 x 2 y 2 = 7 

and putting x 2 + y 2 = u, xy — v we rewrite this equation as 

u 2 — 2i/ 2 = 7. 

Squaring the first equation of the system we get another relationship between 
u and v: 

u+2v=L 
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Eliminating u from the last two equations we obtain 

v 2 — 2v — 3 = 0, 

whence 


Then the corresponding values of u are 

w, =—5 and u 2 = 3. 

Since u = x 2 -j-y 2 and we are only interested in real solutions of the original 
equation, the first pair of the values of u and v should be discarded. The second 
pair leads to the system 


x 1 + y 2 = 3, 1 

xy=— 1. J 


This system has four real solutions 

(1 + V~5 1 — y~S } (\-V~5 1 + V^ 

V 2 ’ 2 J’ \ 2 2 )'_ 

f-i + Y~S —1 — V 5^ (- 1-V5 _1 + ]A5^ 

V 2 2 / ’ \ 2 2 / ' 

It is easy, however, to verify that the original system is satisfied only by 
the first two of them. Thus, the problem has two real solutions. 

33. Raising the first equation to the fifth power and subtracting the second 
equation from the result we get, after some simplifications, the equation 

xy (x 3 + y*) + 2 x 2 y 2 + 6 = 0. (1) 

From the first equation after it has been cubed it follows that * 3 + i/ 3 =l—3 xy 
which makes it possible to transform equation (1) to the form 

x 2 y 2 —xy— 6 = 0. 

Solving the latter equation we obtain 

(xy) i=3, (xyh = — 2. 

Combining these relations with x+y=l we find the four pairs of numbers 

ft -»; (-1. 2); (iiifH., l=LpL) (i=i£!L. 

!±i£ny 

It can be easily checked that they all satisfy the original system of equations. 

34. Transform the equations of the given system to the form 

(x 2 -y 2 f+x 2 y 2 =\ 3, 1 
x 2 —y 2 + 2xy — 1. / 

Substituting x 2 —y 2 found from the second equation into the first one we get 

5 (xy) 2 — 4xy —12 = 0. 

It follows that 

(xy) i = 2, (xy ) z =—-|. (1) 

Since we are only interested in the solutions for which xy^» 0, there is only 
one possibility, namely 

xy = 2. 


4 * 
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Substituting y expressed from the latter relation into the second equation we 
get 

x 4 -j-3x 2 —4 = 0. 

Among all the roots of this equation there are only two real roots = 1 and 
x 2 = — \. By virtue of (2), the corresponding values of y are y x =2 and y 2 = —2. 
Both pairs of the numbers ( x , y) satisfy the original system as well. Thus, the 
problem has two solutions 

*i = l. yi=2 and * 2 = — 1. y 2 = — 2. 

35. Opening the brackets in the equations of the system and putting x-\-y=*u, 
xy — v we rewrite the system in the form 


u 2 + u 2 — 2u = 9, \ 

uv — u = 3. / ( ' 

If now both sides of the second equation are multiplied by 2 and then the cor¬ 
responding sides of the first equation are added to and subtracted from the 
obtained result, then system (1) is replaced by the equivalent system 


{u + u) 2 — 2(a + u)=15, \ 

(u — v) 2 -{-2{u — o) = 3. ] 
Ffbm the first equation of system (2) We find 

(tr -4- u) L = 5; (« + u) 2 = —3. 

From the second equation we get 

(u —t/) x = — 3; (« —o) ? = l. 


Thus, the determination of all solutions of system (2) is induced to solving the 
following four systems: 


w + u = 5, I 
u — v = — 3, / 
u + u =— 3, 1 
u — v — — 3, / 


(3) 

(5) 


u- j-u=5, 1 

/ 

« + y = —3, 
u — v= 1. 


(4) 

(6) 


The solutions of systems (3), (4), (5) and (6) are* respectively, 


u x ~ 1, u t = 4; 

« 2 = 3, v 2 — 2; 

Li 3 ~ — 3* Ug ==r Oj 

and 

w 4 = —1, u 4 = —2. 

To find all the solutions of the original system we now have to solve the fol¬ 
lowing four systems of two equations which only differ in their right-hand sides: 


*+y=U 1 

xy = 4, I 
x+y = - 3, 
xy — 0, 


(7) 

} (9) 


x+y= 3, 1 

xy—2, f 
x+y=—l, ) 
xy = — 2. I 


( 8 ) 

( 10 ) 


Solving these equations we find all the solutions of the original system. We 
obviously obtain eight solutions: 




Yjs 


(2, 1). (I, 





2), (-3, 0), (0 f —3), (1, -2), (-2. 1). 
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36. Note first that according to the meaning of the problem we have 
and y 9 = 0. Multiplying the left-hand and right-hand sides of the equations we 
obtain 

* 4 — y* = 6 . ( 1 ) 

Multiplying either equations by xy and adding them together we obtain 

x 4 — y i ~\- 2x 2 y 2 = 7xy. (2) 

By ( 1 ) and (2), we now can write 

2 x 2 y 2 — Ixy +6 — 0 , 

whence 

(xy) i = 2 ; (xy) a = -|-. (3) 


Thus, every solution of the original system satisfies equation (1) and one of 
the equations (3). We can therefore combine each of the equations (3) with 
equation ( 1 ) and solve the corresponding systems. But this leads to art equation 
of eighth degree and complicates the solution of the problem. Therefore we 
shall apply another technique. Note that if either equation of the original 
system is again multiplied by xy and then the second equation is subtracted 
from the first one this results in the equation 


x 4 -\-y 4 = 5xy, 


(4) 


which is also satisfied by every solution of the original system. 
Let us consider the two possibilities: 

(1) Let 

xy = 2 


( 5 ) 


in accordance with (3). Then, by (4), we have x i + y i =^ 10. Combining this 
equation with (1) and solving the resulting system we find 


* 4 = 8 , 

and, hence, 

x x —\/ 8 , x 2 =— 1 ^ 8 , Xz — i\/ 8 , 
By virtue of (5), the corresponding values of y are 


X A —— 


-i yi 


y\ = 


V* 


V*. 


y*- 


2 , y a — — i V 2 , 1/4 = 1 V 2 - 


(2) In the second case we have 



( 6 ) 


15 

Equation (4) then results in the relation x 4 + y 4 — Combining it with (1) 


27 

we obtain x 4 = ^. It follows that 

4 



4/27 4/27 

* 6= Kt' = ” V T’ 


x * =-*' V 7 

and the corresponding values of y are 



yt= y T’ y 4 ’ 

»,- 1 Yj 

i '• = * V T- 


Thus, every solution of the original system belongs to the set of the eight pairs 
of numbers thus found. It is, however, readily seen that all the eight pairs of 
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numbers satisfy the original system. Consequently, all the solutions of the system 
have been found. 


37. Let us rewrite the second equation in the form 

( x 2 ~ry 2 ) 2 —2 jt 2 r/ 2 = bx 2 y 2 . 

Substituting the expression x 2 -\-y' 2 = axy found from the first equation we obtain 

(a 2 — 2 — b) x l y 2 — 0. 

There are two possible cases here: 

(1) a 2 — 2 —b yc 0. It is easily seen that in this case the system has only one 
solution x = 0, y = 0. 

(2) a 2 —2—b = 0. If this condition is satisfied, the second equation is obtai¬ 
ned by squaring both sides of the first equation. Therefore, if any x and y form 
a pair of numbers satisfying the first equation, the same pair satisfies the second 
equation as well. Consequently, the system has an infinitude of solutions. 

38. Let us transform the left-hand side to the form 


jt + a / x+a a x—a \ . x—a f x—a b x-f a \ 

x+b\x+b b x—b / ' x—b \x—b a x-\-b)~ 


Noting that the expressions in the brackets differ by the factor —y we obtain 


(x-j-a a x — a\ 

( x-{-a 

b x — a\ 

b x—b ) 

[x+b 

a x—b ) 


For a ?= b the latter equality implies 

[■ x 2 — {a + b) x—ab] [. x 2 + (a + b) x — ab\ = 0, 
and thus we find the four roots of the original equation: 


_ (a + b) ± V ( a-{-b) 2 -\-4ab 
*»,2- 2 ’ 

— (a+b) ± Y(a + b)' 2 + 4ab 

^ 3,4 - 2 


If a — b the equation is satisfied by any x. 
x 4 

39. Putting -r- =t we transform the equation to the form 

o X 

3/ 2 —10/ + 8 = 0. 

Whence we obtain 

4 

t x = 2 and 

Solving then the two quadratic equations for x we find the four roots of the 
original equation: 

Xl =3+V2\, x 2 = 3-K2l. x 3 =6, x 4 = — 2. 

40. Let us put 

v J_ tff V_ it 

(i) 


x-\-y , x — y 

— -=u and - -~v. 


xy xy 

Then the equations of the system can be written as 

, 1 ,1 

u J t ——H—. 

1 u 1 a 


V +T= b + T- 
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Solving either equation we find 


u x — a, 


and 


v 1 = b. 


1 


Wo = — 

a 



( 2 ) 

(3) 


Now we have to solve the four systems of form (1) whose right-hand sides con¬ 
tain all the possible combinations of the values of u and v determined by for¬ 
mulas (2) and (3). Write system ( 1 ) in the form 


1 i 1 

—-— n 

y x 

1 _ 1 __ 

y x ~ v ' 


(4) 


This yields 


2_ 

x 

y 


=4 (u ~ v) ') 

=j(u+v). j 


(5) 


It follows from formula (5) that for system (4), and, hence, for the original 
system to be solvable, the numbers a and b must satisfy, besides ab 7 = 0 , some 
additional conditions implied by the form of the equations of the original system. 
Let 

I 0 1 # | b |. (6) 

Then, substituting the values u = a, v — b and then u = — , v = into the 

a b 

right-hand sides of formulas (5) we find two solutions, namely 

2 2 2ab 2 ab 

v - -r, yi =—n and *2 =r-» " — 

-b 171 a-\-b 1 b—a 


a- 


yi- 


y*= 


a-j-b' 


Furthermore, let 


I ab | f 1 . 


(7) 


Then substituting the values u = i/ = y and then u = -^> v = b into the right- 

hand sides of formulas (5) we find two more solutions: 

2b 2b 2 a 




'ab— 1 ’ 


</s= 


'ab +1 


and x 4 — 


1 — ab' 


y 4 = 


2a 


’ \-\~ab 


Thus, if both conditions ( 6 ) and (7) are fulfilled the system has four solutions; 
if one of the conditions is violated then the system has only two solutions and, 
finally, if both conditions are violated (which may happen only in the case 
| a | = 16 | = 1 ) then the system has no solutions at all. 

41. As is easily seen, the numbers 

* 1 = 4.5 and at 2 = 5.5 

satisfy the equation. Therefore, the polynomial (a: — 4.5) 4 -f-( a:—5.5 ) 4 — 1 is divi¬ 
sible by the product (x —4.5) (a: —5.5). To perform the division and reduce the 
problem to a quadratic equation it is convenient to represent the above poly¬ 
nomial in the form 

[(* — 4.5) 4 — 1 ] -j- (x —5.5) 4 . 
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Factoring the expression in the square brackets by the formula 

a«- 1 = ( a- 1)( a+l ) (a a +l ) ^(a_ 1)( a® + a» + a+ I)f 
we come to the equation 

(x —5.5) {(x —4.5) 3 + (*—4.5) 2 -f- (a:— *4.5)+ 1} -f- (x —5.5) 4 = 0. 

Now taking the common factor outside the brackets we obtain 
(x — 5.5) {(*—4.5) 3 + (*^4.5) 2 + (*—4.5)+ 1 -j- [(*—4,5)-^ ip} == 

— (x —5.5) (x— 4.5) {2 (a:—4.5) 2 — 2(x— 4.5)+4} = G. 

Hence, we have 

*i = 5.5, * t = 4.5, * M = - 10 • 


4.5, ^34 —- 


42. From the second equation of the system we conclude that y —5 = | x — 11^0, 
and, consequently, t/^5. Therefore, the first equation can be rewritten in the 
form 

y— 5=1 — \x— 11. 

Adding this equation to the second one we get 

2(</-5) = l. 

Whence we find */ = y. 

From the second equation we now obtain | 1 | = y and, hence, x*-l = £ y. 

1 3 

Therefore x x = y and x 2 = y . The system thus has two solutions 

1 11 . 3 11 

x i=Y r yi=as Y and * 2=== T’ y 2 == l r * 

43. Grouping the terms we reduce the left-hand side to the form 

(2x+y-\) 2 + (x+2y+l) 2 = 0. 

Thus we obtain 

2x + y — 1 =0, x-j-2 y-j- 1 =0, 

whence it follows that 

*=1, y = — 1. 

Let us demonstrate another method of solution. Arranging the summands in 
the left-hand side in the ascending powers of x we get the following quadratic 
equation in x: 

5x 2 +(8y—2)x-j-(5y 2 -j-2y + 2) = 0. (1) 

For real values of y this equation has real roots if and only if its discriminant 
is non-negative, i. e. 

(8 y — 2) 2 — 4.5 (by 2 + 2y+ 2) ^ 0. (2) 

Removing the brackets we transform this inequality to the form 

-36 (y + 1)2- 2 , 0 . 

The latter is fulfilled only for y = — 1, and then equation (1) implies that x = l. 

44. We transform the equation to the form 

[x-j-2 cos (xy)] 2 + 4 [ 1 — cos 2 (xy)] = 0. 

Both summands being non-negative, we have 

x-j-2 cos (xy) — 0, cos 2 (xy) — 1, 
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It follows that cos (xy) = ± 1. In the caSe of the plus sign we have the system 
cos(xy )~\, x-\- 2 cos (xy) = 0. 

Whence we find x — —2 and y = kn where £ = 0, ±1, ±2, ... . 

In the case of the minus sign we have 

cos (xy) = — 1, x + 2 cos (xy) = 0. 

This implies x = 2 and y=^(2m-j-l) where m = 0, ^1, ^2, .... Thus, the 

equation has two infinite sequences of different real solutions, the value of x in 
either sequence being the same. 

45. Eliminating z from the system we obtain 
2xy — (2— x — y) 2 = 4 
or 

x 2 —4jc+ 4 + i/ 2 — 4^ -j- 4 = 0, 

i. e. 

(*-2) 2 + (y- 2)2 = 0. 

For real numbers x and y the latter equality holds only for x — 2 and y — 2. 

From the first equation of the system we find z — ^2. The system thus has 
only one real solution: 

x — 2, y — 2, z — — 2. 

46. First method . Note that from the given X and y the value of z is uni¬ 
quely determined by the first equation in the form 

z = x 2 + y 2 . (1) 

Substituting this value of z into the second equation we get 

x 2 + x+y 2 -f-y = a. 

The latter equation is equivalent to the equation 

( x +T) , + (^+T) ,=a +T* (2) 

If now aJ r ~2 < 0, then equation (2) has no real solutions because real x and y 

result in a non-negative number on the left-hand side. But if > 0, equa¬ 

tion (2) and, consequently, the whole system, has obviously more than one 
solution. 

Consequently, a unique real solution exists only if -=0. In this case 
equation (2) takes the form 

and has the only real solution x — —~, y — -. Finding then z from equa¬ 

tion (1) we conclude that the given system has a unique real solution only for 
a = -— » namely: 

1 1 1 

x 2 ' y ~ 2 f Z ~~ 2° 
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Second method. It is easily seen that if the given system has a solution 
x = Xq, y~y 0 , z = Zq, then it also has another solution x~y 0 , y~x 0i z = z 0 . 
Therefore, for the solution to be unique it is necessary that x — y. Under this 
condition the system takes the form 

2x 2 = z, \ 

2x+z — a. ) 

Eliminating z we obtain the quadratic equation for x: 

2x 2 -{-2x—a = 0. 

For this equation also to have a unique real root it is necessary and suf" 
ficient that the discriminant of the equation be equal to zero: 

D = 2 2 —4x2 (—a) = 4 (1 + 2a) = 0. 

Hence a== — y, and the corresponding value of x is equal to—Thus, we 
arrive at the former result. 


47. Let x 0 , y 0 be a solution of the system. By virtue of the first equation 
we have 

[W+i/o)—a] 2 =*oyoH— rr+ 2 * 0) 

Xoyo 

and, according to the second equation, 

(*o + yo) 2 = *oyoH—(2) 
x 0 yo 

Removing the square brackets on the left-hand side of equality (1) and sub¬ 
tracting equality (2) from it we get 


Hence, we obtain 


*—2 a (xq -f- yo ) -f- a 2 — — b 2 . 


xl + yl 


a 2 + b 2 
2 a 


Since a and b are real, the assertion has been proved. 

48. It is readily seen that the system always has the solution 


*=], y = 1, z=\. 

It is also obvious that in the case 

(i) 

a = b — c 

(2) 


all the three equations take the form x-\-y-\-z — 3, and the system has an infi¬ 
nitude of solutions. 

Let us show that if condition (2) is not fulfilled, i. e. if among a, b, c there 
are unequal numbers, then solution (1) is unique. 

First adding together all the three equations of the given system we obtain 

(a + b + c) (x + y + z) = 3(a + b + c). 

Cancelling out a-\-b-\-c we recieve 

x~t~ y -\-z~ 3. (3) 

Whence, we find z = 3^—x—y. Substituting this expression into the first two 
equations of the system we obtain 

( a — c)x-\-(b — c)y=a-}-b — 2c, \ 

(b — a)x-\-(c — a)y = —2 a-\-b-\-c. / 


(4) 
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Multiplying the first of these equations by c—a, the second by c—b and adding 
them together we get 

[— (a— c) 2 + (fr — a) (c—b)\x — (a + b — 2c) (c-a)-\-(c — b) (—2 a -f b + c), (5) 

Equation (5) being satisfied by *=1, the coefficient in x must identically coin¬ 
cide with the right-hand side of the equation for all a, b and c . Opening the 
brackets in both expressions we see that they actually coincide and are equal: 

— y [2a 2 — 4ac + 2c 2 — 26c + 26 2 + 2ac — 2ab] = — -L [(a — c) 2 + (b — c) 2 + (a — bf]. 

Thus, if there are unequal numbers among a, b and c, the equation (5) is satis¬ 
fied only by *=1. From equations (4) it then readily follows that */ = 1, and 
from relation (3) we see that z=l. Thus, if the condition 


(a — c) 2 + (b— c) 2 + (a —bf £ 0, 
holds, the system has the unique solution 

x=l, y = 1, z — 1. 

49. Adding together all the equations we get 

( a +2) (* + !/ + z)= 1 +a + a 2 . 

If a ?= —2, we have 

1 + a-fa 2 


y + z= 


a + 2 


(1) 


Combining this equation with each equation of the original system and solving 
the systems thus obtained we find, for a ?= 1, the values 

1+a 1 (a+ 1) 2 

*=-s+2* y=z+- 2 ’ 


For a = —2 the system is inconsistent because equality (1) is not fulfilled for 
any x , y and z. For a—l the system is indefinite and any three numbers satis¬ 
fying the condition x + y + z = l form its solution. 

50. It is easily seen that if among the numbers a lt a 2 , a 3 two numbers are 
equal to zero, the system has an infinite number of solutions. Indeed, let, for 
instance, a 2 ~ 0 and a 3 = 0. Putting then x~0 and choosing y and z so that 
the equation y~\~z~ 1 is satisfied we thus satisfy all the three equations of the 
system. 

Therefore, when establishing the condition for uniqueness we may suppose 
that at least two numbers are different from zero. Let, for example, 

a 2 £ 0 and a 3 ?= 0. (1) 

Subtracting the first equation from the second and the second equation from 
the third one we find a x x — a 2 y~a 3 z. It follows, by virtue of (1), that 


y 




x. 


Substituting these expressions into the first equation we get 



( 2 ) 

(3) 


This equation is solvable only if the expression in the brackets is different 
from zero. 

Taking into account (1) we arrive at the condition 

£> = a 1 a 2 + a 2 a 3 + a x a 3 -{-£ 0. 


(4) 
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If this condition is fulfilled, we find from (3) and (2) the values 

_ fl 2 q 3 _ a \ a 3 _ a i a 2 

■ — D ’ D * D 


( 5 ) 


These three numbers yield a solution of the system, and this solution is unique 
according to the method by which it is obtained. 

Thus, (4) is a necessary condition for the system to be solvable and have 
a unique solution. 

It can be readily veryfied that if we assumed another pair of numbers a lt 
a 8 , or a l9 to be different from zero, an analogous argument would again lead 
us to condition (4) and to the same solution (5). Furthermore, since from con¬ 
dition (4) it follows that at least one of the three pairs of the numbers is nom 
zero, the above condition is not only necessary but also sufficient. 

51. Let us multiply the equations by c, — b, —c and — d , respectively, and 
then add them together. We get (a ? + & 2 + c 3 +d ? ) x=ap-+-bq —cr-~ds which 
implies 

_ ap—bq — cr — ds 
x ~ a 3 -)--f-c z -f- d 2 ' 

Analogously, we find 

_bp -}-aq-^dr -\-cs cp-\-dq-\-ar — bs 

y ~ a 2 +6 2 + c 2 + ^ 2 : 

4 _dp — cq + br-\-as 
a 2 + b 2_ l _ c 2 + d 2 - 

52. Adding together all equations of the system we find 


*1 + x 2 + * • • + x n ' 


2 - q 2 -f- • ■ • 

n(n+l) 


( 1 ) 


Let us denote the right-hand side of this equation by A. Now subtracting the 
second equation from the first one we get 

(x 1 + x 2 +,..+x n )—nx 1 ^=a 1 — a 2 . 

By virtue of (1), we can write 

_ A — {a x ~a 2 ) 


Generally, —1) is obtained by subtracting the (fc-f-l)th equation 

from the £th equation. Similarly, we obtain 

„ A-(a k — a k + 1 ) 


Finally, subtracting the first equation from the last one we get 

_4 — (a n —a x ) 

x n — -• 

The values thus found can be expressed by the general formula 

X{ — ~ (°'~ —- 1) (1 < t < «), (2) 

where a n + 1 is understood as being equal to a x . The direct substitution shows 
that the set of numbers (2) in fact satisfies all the equations of the system. 
Thus, the given syatem has a unique solution. 
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53. Adding up all the equalities and dividing the result by 3 WE obtain 

*1 + *2 + *3 4- • ■ • + *100 = 0 (1) 

The lelt-hand side of the new equality contains a hundred of summands, and 
it can be represented in the form 

(*1 + *2 + # 3 ) + (*4 +*5 + *6) + • • • + (*»7 + *98 + * 99 ) + *100 ^ Q* 

But each of the sums in the brackets is equal to zero by virtue of the original 
equalities. Therefore, * ino = 0. Similarly, transposing * 100 to the first place and 
representing equality (1) in the form 

(*100+ *1 +* 2 ) + (*3+ *4 + *6) f • • • + (*9B + *07 + *98)+*99 = 0 

we find that x 99 — 0. Transferring then x 99 to the first place and regrouping the 
iimmands in triads we conclude that * y8 = 0 and so on. Thus, 

*1=*2=--- ^*103 = 0. 

which is what we set out to prove. 

54. Adding together the equalities we get 

(x + y + z) 2 — (*+r/ + z)—l2 = 0. (1) 

Putting * + r/ + z —/ we find from equation (1) that 

ti~ — 3 , i 2 ~4, ( 2 ) 

Substituting the sum y-\-z = t—x into the first equation of the original 
system we get 

jc 2 -|-a: (/*—a:) — 

whence we obtain 



Analogously, substituting x-\-z — t—y into the second equation and x-\~y — 
== i — z into the third equation we receive 



and 



(5) 


Substituting the two values of t [see (2)] into formulas (3), (4) and (5) we find 
the tw'o solutions of the original system: 



55. We rewrite the system in the form 

x+y = 7 + z , ^ 

*2 + 02 = 37 +**, } ( 1 ) 

* 3 +0 3 =:l + 2 3. J 

Squaring the first equation and eliminating x 2 -j-y 2 by means of the second 
equation we find 

(7 + z) 2 = 37 + 2 2 -j- 2xy, 

which implies 

*f/ = 6 + 7z 
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Further, we obtain 

(7 + aO 3 = *» + y3 + 3*0 (x + y), 

that is 

^ + y3 = (7 + 2) 3 -3 (6 + 7-a!) (7 + z ) = 2®- 1 8z+ 217. (2) 

Comparing (2) with the last equation of system (1) we find that 2 = 12. But 
then we have 

*+*= 19 , \ 

xy = 90. f 

Solving this system of two equations we receive 

*i=9, yi = 10, 2 X = 12, and * 2 = i0> = 9, 2 2 = 12. 

It is readily verified by substitution that these two sets of numbers satisfy 
the original system as well. Thus, the original system has two solutions. 

56 . Dividing the first equation by the second one and by the third we obtain 

y + z __ 5 z + x ^ 4 

*+* 3 ’ x+y 3 ' 

Multiplying both equations by x+y we find 

5x+2y—3z — 0 t ) 
x + 4y —32 = 0. | 

These equations imply that y = 2x and z = 3x. Substituting the latter expressions 
into the first equation of the original system we see that x 2 =\. Finally, we get 

*i = l, y x =2, z l =3 and x 2 = — 1, y 2 = —2, z 2 = — 3. 

The direct verification shows that both solutions satisfy the original system as well. 

57 . Noting that the difference of every two equations of the system can be 
factorized, we form the differences between the first and second equations and 
between the first and third ones. Combining |[ie two equations thus obtained 
with the third equation of the original system we arrive at the following system: 

(u—w)(u + w— 1 ) = 0 , 

(u— w) (v+w— 1) = 0, - (1) 

w 2 + u 2 + v = 2. j 

It is obvious that any solution of the original system satisfies system (I). 
Since, conversely, all equations of the original system can be obtained by 
addition and subtraction of the equations of system (1), any solution of system 
(1) is a solution of the original system, and, hence, these two systems are equivalent. 
System (1) can be decomposed into the following four systems: 


u — w — 0, ) 

u —w — 0, 'j 

cT 

cT 

II 

3 

1 

D 

v + w— 1 = 0, > (3) 

w 2 + u 2 + v~ 2, ) 

w 2 + u 2 + v = 2, J 

u +w — 1 =0, \ 

u + w— 1 =0, | 

o 

II 

3 

1 

v + w— 1 =0, | (5) 

w 2 + u 2 + v — 2, ) 

w 2 + u 2 + v = 2, J 


It apparently follows that all the solutions of the above four systems and 
only they are the solutions of the original system. Each of the four systems is 
readily reduced to a quadratic equation and has two solutions. Below, omitting 
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the calculations, we give the corresponding solutions (u, v , w). The solutions 
of system (2): 


-\ + V 17 

-\ + V 17 

4 

4 

— i— yn 

— i—yiy 

4 

4 

( 1 3 

n 

V 2 ’ 2 

’ 2/ 

(3 1 


V 2 ’ 2’ 

’ 2 J* 

( 1 

1 3\ 

V 2’ 

2 ’ 2 1 


)■ 


The solutions of system (3): 

(1, 0, 1); 

The solutions of system (4): 

(0, 1, 1); 

The solutions of system (5): 

(l.j. 0); 


Thus the original system has the total of eight solutions. 

58. Subtracting the first equation from the second we get z 2 ~-y 2 +x {z—y) = 3 
whence we find (z — y) (x + y + z) = 3. Subtracting the second equation from the 
third we similarly find 

(y — x) (* + */ + *) = 3. 


From the two latter equations it follows that 

z—y = y — x. 

Now we rewrite the original system in the form 

(x—y) 2 =\—3xy, 
(x-z) 2 — 4—3xz, 
(y — z) 2 = 7—3yz. 


(1) 


( 2 ) 


From (1) we conclude that the right-hand sides of the first and third equations 
of system (2) are equal, i. e. 1 — 3xy — 7 — 3yz, whence it follows that 

z—x=—. (3) 

y 

According to (1) we have 

z + x = 2y , (4) 

and therefore, solving (3) and (4) as simultaneous equations we find 

1 . 1 
x — y -, z — y A -. 

y y 

Substituting the expression of x thus obtained into the first equation of the ori¬ 
ginal system we obtain 

3^-4^+1=0, 

which implies 

*/i,2 = ±l> i/3,4 = ± py • 
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As a result, we find the following four sets of numbers: 

(0, 1, 2), (0, *-1, -2); 

CpT’ ~yt’ ~tt) ; 

(■—?=, -4, -4V 

\ V 3 v 3 V 3 ) 

The corresponding verification shows that they all satisfy the original system. 

59. Multiplying the left-hand and right-hand sides of the equations we get 

(x x x,... = Old,... a„, 

whence 

x 1 x 2 ...x n = n ~f/a 1 a 2 ...a n . (1) 

Let us rewrite the kih equation of the system in the form 

=■*!**•• X n . 

It follows, by virtue of (1), that 

Xa== j/ n ~Va^---an (*=1,2 . n). 

The substitution into the original system indicates that this set of numbers sa¬ 
tisfies it. Thus, the problem has a unique solution. 

60. First note that for a = 1 the system takes the form 

(x+y + z)* = k\ \ 

(X + y + z)* = l*. I 
(X+y-\-z} 2 = m 2 . J 


The latter system is solvable only if the additional condition 

k 2 == / 2 = m 2 ( 1 ) 


holds. In this case we obviously obtain an infinite number of solutions. In what 
follows we may thus suppose that 

ayzi. (2) 

Adding together all equations of the system and putting, for brevity, 

x+y+z=t 


we get 


t 2 (a + 2) = k 2 + l 2 + m 2 . 


By the hypothesis, the right-hand side is positive and therefore for a = — 2 the 
system has no solutions at all. For 

a ^-2 ( 3 ) 


we find 


t = ± 



k 2 -+- 1 1 m 2 

at 2 


(4) 
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Now* transforming the equations of the system to the form 

t* + t{a—\)x = k*, ] 
t* + t(a->-\)y = P, V 

i 2 + t {a— \)zx=m 2 , J 


and solving them we determine, according to (4), two sets of values of x and y: 


y=± 


£ 2 + / 2 + m 2 

(o + 2) (o-D 

a + 2 

/ 2 (a+l)—tf>-m 2 

ft 2 + / 2 + m 2 

(a + 2)(a-l) ’ 

a-f-2 

m 2 (a+1) — k 2 — l 3 


i + / 2 + m 2 (a + 2 ) (a — 1 ) 


Finally, we check by substitution that both triplets of numbers satisfy the ori¬ 
ginal system. Thus, in the general case when a # 1 and a ^ —2 the system has 
two different solutions. * 

61. Squaring the first equation and subtracting the second equation from the 
resulting relation we find 

xy+yz + zx^\\. ( 1 ) 


The third equation then implies that 

{xy) 2 ~h3xy —10 ~ 0 . 

Solving this equation we get 

(*y)i — 2, (xy) 2 = —5. ( 2 ) 


Now there can be two possibilities here: 

(1) Let 

xy = 2. (3) 

Eliminating x+y from the first and third equations of the original system we 
arrive at the following equation in z: 

z 2 — 62 + 9 = 0. 

Hence, z (1) = 3. 

The first equation of the original system then gives 

xJ ry — 3 . 

Combining this equation with equation (3) and solving them we get 

*i”=2. »y>= 1 . 

(2) Now, in conformity with ( 2 ), we suppose that 

Xy — —5. (4) 

From the first and third equations we then obtain 

e 2 — 6z+16 = 0 . 


This equation has no real roots and, consequently, we may not consider the 
case (4). 

Thus, the set of possible solutions ( x , y , z) corsists of 
(1, 2, 3) and (2, 1 , 3). 
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Substituting these values into the original system we check that both triplets 
satisfy it. Thus, all real solutions of the system have been found. 

62. One can easily note that the left-hand sides of the equations can be facto¬ 
rized which brings the system to the form 

(* + y) (* + *) = <*, ) 

(x+y)(y + z) = b, > (l) 

(*+*)(y+*)=c. ) 


Let us put, for brevity, 

x + y = u, x + z = v, y+z = w. 


Then we can write 

uv~a, ' 
uw = b, - 
vw=c. , 

Multiplying all the equations we find 

(uvw ) 2 = abc, 

whence 

uvw = ^ y abc . 


' ;; % 


( 2 ) 


(3) 


Now all the solutions of system (2) are found without difficulty. First taking 
the plus sign in formula (3) and then the minus sign we conclude that system (2) 
has two solutions, namely 


and 



_ Y abc 
~ b ’ 


w 1 = 


Yabc 
a 



v 2 


— Y abc 
b 



(4) 

(5) 


Now we have only to solve the two systems of equations obtained after the va¬ 
lues (4) and (5) have been substituted into the right-hand sides of the equations 


x + y = u, "j 

X + Z = V , ^ 

y + z = w. ) 


( 6 ) 


Adding together equations (6) we get x+y + z = —■ . Whence, by vir¬ 


tue of (6), it readily follows that 

u-\-v—w u- 


-v + w 


z — 


— u-\-v-\-w 


(7) 


Thus, the original system has only two solutions which are determined by for¬ 
mulas (7) after the values (4) and (5) have been substituted into them. 


63, Adding together all the equations we find 


xy + xz+yz = 


a 2 + b 2 + c 2 


( 1 ) 
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By virtue of the equations of the system we now easily obtain 

a 3 + ft 2 — c 2 


*y~- 


yz- 


2 

-b 2 + C 2 


= a, 


=p. 


- a 2 -j-6 2 +c 2 


( 2 ) 


For brevity we have denoted the obtained fractions by a, P and y. It should 
also be noted that if the original system is solvable, all the three numbers 
a, P and y are different from zero. Indeed, let, for instance, oc = 0. Then 
$y = xytz 2 = 0. Adding the first equation of system (2) to the second and third 
ones w$ get 

a 2 — p, b 2 ~y 


which implies a 2 b 2 = 0 and thus, according to the conditions of the problem, 
we arrive at a contradiction. Hence, apy ?= 0. System (2) therefore coincides 
with system (2) of the preceding problem. Consequently, it has two solutions 


and 


_ Va$y _ j/aPv 

- —- y i-g—. 



(3) 


Xf- 


— Va#% 
y 


y*=- 


V«Py 


z % = 


- v 


(4) 


It can be readily verified that the same two sets of numbers satisfy the origi¬ 
nal system as well. Thus, all the solutions of the system are given by formu¬ 
las (3) and (4). 

64. Let us put 

xy + xz+yz = t 3 . (1) 

Then the system is written in the form 


y 3 + z 3 =2at 3 , ^ 

z 3J rx 3 ~2bt 3 t ^ (2) 

x?-\-y 3 = 2c/ 3 . J 

Adding together all equations of this system we find that 

x 3 + y 3 + z 3 = (a+b + c) t 3 . (3) 

Subtracting in succession the equations of system (2) from the latter equation 
we obtain 


x 3 ==(b+c—a) / 3 , y 3 = (c-{-a—b)t 3 t z 3 — (a + b—c)t 3 , 

whence we find 


x= l/'b + c-a-t, y=\/c+ a — bt , 


z = jj/’ a-\- b—c t . 


(4) 


Substituting these expressions into equation (1) we conclude that either / l = 0or 
ti = (6+c— a) (c+a—6) + f/ (6+c— a) (a + 6—c) + 

+ ]/ (T+^&Ha+b^cj". 

Substituting these values of t into formulas (4) we find two solutions of the 
original system. 
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65. Put 

x-\-y — u t x-\-z = v, y-\-z~w . 

Then the system is rewritten in the form 

u- f-o —auv, \ 

u~{-w = buw , \ (I) 

v-\-w — cvw. ) 

Obviously, system (1) has the following solution: 

w== 0, u = 0, oy = 0. (2) 

Note furthermore, that if w = 0 then the first equation (1) implies u — 0 and 
the third equation implies ie> = 0. Therefore we shall only limit ourselves to the 
cases when 

uvw 7 = 0. 

From system (1) we find 


—+ — = b, . 
w 1 u 

—+—=c 

W ' V ' J 

This system has the same form as system (6) in Problem 62. Applying the 
same" method we obtain 

I _ a-hb—c 

~~ 2 

1 _ a-b+c 


■ a + b+c 
2 


Hence, system (1) can have a solution other than solution (2) only if the addi- 
tional condition 

a-f-b —c — a^O, a— b-{-c = P 7= 0, 

— a-\-b+c — y ?£ 0 

holds. If condition (4) is fulfilled, we obtain from formulas (3) the expressions 

2 2 2 , K V 

u = —, V — -Q-, w —-—. (5) 

« P y 

To complete the solution we have to solve the following two systems: 

x+y = 0, \ 
x+ z =0, ^ (6) 

y+z= o, j 

System (7) appears only if condition (4) is fulfilled. Either system has exactly 
one solution. Namely, the.solution of system (6) is 

x=0, y= 0, a = 0. 
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and system (7) has the solution 


J_J_1_ _J_1_ J_ 

"a'p y y ~ gc $ ' y 

1 , 1 - 1 
Z— - \~-Q --o 

a P ^7 


( 8 ) 


Thus, the original system has only a zero solution x = y — z = 0, and if the 
additional condition (4) is fulfilled, there appears one more solution determined 
by formulas (8) and (4). 

66. The form of the second equation of the system indicates that x # 0, 
y ?= 0 and z f 0. Reducing the fractions on the left-hand side of the second 
equation to a common denominator we get, by virue of the third equation, the 
relation 

xyz — 21. (1) 


Multiplying then the third equation by z and taking into account (1), we 
can write 

2 7+(x + y) z 2 = 27z. 


Substituting the expression = 9 — z found from the first equation of the 

system into the latter equation we obtain 

z 3 — 9z 2 + 27z—27=0, 

i e. (z — 3) 3 — 0. Therefore z = 3. Substituting this value both in the first equa¬ 
tion and in (1) we find that x = 3 and y = 3. This result is, by the way, 
quite obvious since all the unknowns are involved symmetrically into the equa¬ 
tions of the system. Thus, if the system is solvable, the only solution is the 
triplet of numbers x — 3, y = 3, z = 3. The direct substitution into the original 
system confirms that this set of numbers is in fact a solution. Thus, the system 
is solvable and has the unique solution 

x = 3 , y — 3, z = 3. 

67. Substituting the quantity x-\-y found from the first equation into the 
second one we get 

xy-\~z (a—z) ^a 2 . 

Expressing xy from this equation and substituting it into the third equation 
we obtain 

z 3 — az 2 + a % z —a 8 = 0. 


The left-hand side of the latter equation is readily factorized: 

(a — cl) ( z — al ) (z-j-m) = 0. 


It follows that 


Z\=a, z<i = ai y z 3 ^ — ai. 

Substituting z — a into the first and second equations we arrive at the system 

x + y — 0, xy — a 2 


whose solution is y—^ia. It is readily verified that both triplets 

of numbers (x, y, z) of the form 

(ia, — ia , a) and ( —ia , ia, a ) 

satisfy the original system. Analogously, we find two more pairs of solutions 
corresponding to the values z 2 and z 3 : 

(a, — ia, ia ), (-ia, a, ia) and {ia, a , — ia), (a, ia , — ia). 
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Thus, the system is satisfied by the above six solutions, and there are no 
other solutions. 

This result can be achieved in a shorter way if we use a relationship between 
the system under consideration and the roots of the cubic equation 

ts—at 2 + a*t—a3 = 0 . ( 1 ) 


Namely, according to Vieta’s formulas [see (2), page 10] the three roots 
ti — a, t 2 = ia, t 3 = —ia 

of equation (1) (taken in any order) form a solution of the system in question. 
Thus, we have already obtained six (i.e. 3!) solutions. Let us show that the 
system has no other solutions. Indeed, let (jc lt y lt z x ) be a solution of the 
system. Consider the cubic equation 

(*-*i)(*-Vi)('-*i) = 0 (2) 

whose roots are the numbers x lt y x and z t . Removing the brackets in equa¬ 
tion (2) and using the equalities 

*i + yi + 2i = a, 

Xi!/i + !/iZi+x 1 z l =a 2 , 

Xil/tZi =a 3 . 

we reveal that equations (2) and (1) coincide. Consequently, x l% y x and z v are 
the nots of equation (1) which is what we set out to prove. The same argu¬ 
ment can be used in solving the preceding problem. 

68. Substituting x found from the first equation into the second one we get 

3*/ 2 + z 2 = 0. (1) 

By virtue of the third equation, it follows that 

3y 2 —xy = 0. (2) 


Therefore, we have either y = 0 or x — 3y. 

In the case y — 0 we see that according to (1) we have 2 = 0. By virtue of 
the first equation of the given system we also conclude that x = 0. 

In the case y~ — 2z we substitute x expressed by the equality x — 3y into 
the second equation of the system and thus obtain 


2 y 2 + 4yz=;0. (3) 

If now y== 0, we arrive at the former case, and if y = —2z, then condition (l) 
implies that z = 0, and, consequently, y = 0 and * = 0. The assertion has thus 
been proved. 

69. From the identity 

(x + y + zf = x 2 -\-y 2 + z 2 -\-2(xy + xz + yz), (1) 

by virtue of the first and second equations of the system, we get 

xy + xz + yz = 0. (2) 

Now let us consider the identity obtained by cubing the trinomial x-\-y-\-z: 
{x + y + z? = * 3 4-1/ 3 4- z 3 + 3 x 2 y 4- 3* 2 z 4- 3^ 2 4- 6 xyz 4- 3*z 3 4- 3 yH 4- 3 yz\ (3) 
Its right-hand side can be represented in the form 

x* + y 3 + z 3 + 3x (xy~\~xz + yz) + 3y (xy + yz-\-xz)-\-3z 2 (x + y). 
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Consequently, identity (3), by virtue of the equations of the system and equa¬ 
lity (2), implies that 

3z 2 (* + y) = 0. (4) 

There can be the following two cases here: 

(1) If z = 0, then, according to (2), we have xy = 0. Taking into account the 
first equation of the system, we get the two sets of values 

Xi = a, y x = 0, z,=0 (5) 

and 

*2 = 0. £2 = a, Zi = 0 . (6) 

It can be easily seen that formulas (5) and (6) determine two solutions of the 
original system. 

(2) If = then from the condition (2) we again get xy = 0, and, hence, 

£ = 0 and y = 0. From the first equation of the system it then follows that 

z~a, and we thus arrive at another solution of the original system: 

*3 = °’ ya = 0 > z 3 = a. (7) 

Thus, if a ^ 0 the system has three different solutions, and if a = 0 it possesses 
only a zero solution. 

70. Let us consider the identity 

(*+ y +z) 3 — x 3 + y 2 + z 3 + 3 x 2 y + 3x 2 z + 3 xy 2 + 6 xyz + 3*z a + 3y 2 z + 3yz 2 . (1) 

Transform its right-hand member as follows: 

x 3 + y 3 + z 3 + 3* (xy + xz + yz) + 3y (xy +xz + yz )+3z (xy + xz + yz)—3xyz. 

It follows that identity (1) can be rewritten as 

(x + y + z ) 3 = x 3 + y* + z 9 + 3 (x + y + z) (xy +xz + yz)—3xyz. (2) 

From relation (2) it is seen that for determining the sum * 3 -fj/ 3 -f z 3 it is 
sufficient to express xy-\-xz-\-yz and xyz from the original system. 

Squaring the first equation and subtracting the second one from the result 
we get 

xy+xz + yz=~(a i —b 2 ). (3) 


Let us rewrite the third equation in the form 

xyz = c(xy + xz+yz). ( 4 ) 

Now taking into consideration (3) and (4) we finally find from (2) the expression 

x 3 + y 3 + z 3 = a 3 —y a (a 2 — b 2 ) -f ~c ( a 2 — b 2 ) = fl3 +-y (a 2 —fr 2 ) (c- a). 

71. Removing the brackets we rewrite the second equation in the form 
x 2 + y 2 + z 2 ~l~ 3 xy + 3 xz -f- 3 yz = 1, 

which implies 

(x-hy-h z) 2 + xy + xz -f- yz = 1. 

Now using the first equation of the system we derive 

xy + xz -f- yz = — 3 . ( 1 ) 

The third equation of the system can be represented in the form 
x (xy + xz) + y (yz + X y) + z (xz -f yz) = —6 



120 


PROBLEMS IN ELEMENTARY MATHEMATICS 


arid therefore, taking into account (1), we obtain 

x i?-\-yz)-\-y $-\-xz)-]-z{Z-]-xy)=§ 9 

which implies 

x+y + z+xyz = 2, 
i. e. 

xyz = 0. 

We thus arrive at the following system: 

x+y+z^ 2, \ 

xy + xz+yz = — 3, \ (2) 

xyz — Q. j 

From the last equation of this system it follows that at least one of the 
unknowns is equal to zero. Let x = 0, then 


y+* = 2, yz = —3 t 

whence either y = 3, 2 = —1 or y =—l t 2 =3. The cases f/ = 0 and 2 — 0 are 
treated analogously. Thus, we get the following six solutions (x, y> z) of 
system (2): 

(0 3, -1); (-1, 0, 3); (0, -1, 3); 

(3, -1, 0); (3, 0, —1); (-1, 3, 0). 

It is readily checked that all these solutions satisfy the original system as well. 
Thus, the problem has six solutions. 

72. Removing the brackets in all the equations we note that if the third 
equation is subtracted from the sum of the first two, then the following equation 
is obtained: 

(*— y+z)* = a—b+c. (1) 

Similarly, we deduce 

(x+y— a) 2 = o+6 —c (2) 


is y = 0 and 2 = 0 are 
solutions (x, y> z) of 


(y + Z'-xf = b+c—a. (3) 

It can be easily shown that, conversely, the original system is a consequence 
of the system of equations (1)> (2) and (3). Indeed, adding* for example, 
equations (2) and (3), we obtain the second equation of the original system and 
so on. Thus, the original system is equivalent to that obtained. Therefore, it is 
sufficient to find all solutions of the system of equations (1), (2) and (3). 

Let us put, for brevity, 


Vb+c-a-- 


-b^-c = b lt fAa+b—c=c 


Then the system of equations (1), (2), (3) is equivalent to the following eight 
linear systems 

x—y~{-z= itA, 

x + y—z = ±c x , • (4) 

—x + y+z = ±a l . j 

Taking the plus sign on the right-hand sides of all equations we easily find 
the following unique solution of the corresponding system: 

__ b\-{-a x 

2 ’ y ~~ 2 * 2 ' 
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Considering all the possible combinations of signs of the right-hand members, 
we find another seven solutions: 

f —&i + c \ a i -T c i ^1 "T - a i "\ . f b i — c i °i c i &i + a i \ . 

V 2 2 2 )* V 2 • 2. ’ 2 ;• 

/ -f-Cj — ct%r\-c x b x a x \ . ( b x c x a x c x —^i~f a i \ . 

V 2 ’ 2 ' 2' j- \ 2 ’ 2 2 

&i+*i —fli+ci — ^i—M. —ai—c x *i—oiY. 

V 2 f 2 2 / ’ V 2 ’ 2 2 ;■ 

/ —^— Cx __— &i — aA 

V 2 ’ 2 * 2 / 


The eight solutions thus found obviously represent all the possible solutions of 
the system. 

73. Rewrite the third equation of the system in the form 

z 2 + xy — z(x + y) = 2. (1) 

Substituting z 2 found from the second equation and z{x-\-y) expressed from the 
first one into (1) we get 

x 2 -\-y 2 -\-xy — 47 -\-xy~2, or (*+i/) 2 = 49. 

Whence we derive 

x-j-y— ±7. (2) 

Multiplying both sides of the first equation by 2 and adding the second equation 
to it we obtain 

{x + yf + 2z (x + y) = 94 + z 2 . (3) 

There are two possible cases here: 

(1) If in formula (2) the plus sign is chosen, then substituting x-j-y expres¬ 
sed from the equation x-\-y = 7 into (3) we get z 2 —14z+45 = 0. Denoting the 
roots of the latter equation by z 1 1) and z$ } we find 2^ = 9 and z\P = b. For 
z = 9 it follows from equation (1) that xy = —16. Combining this equation with 
x+y = 7 and solving them we find 

„u> T+Vnz ..,1, 7— ]ATT3 

=- 2 -’ yi ~ - 2 - 


■d) 1-V H3 

* a — 2 


.7+Vi 13 


Finally, if z = 5, then from (1) we determine xy = 12. Solving the system 

*</= 12, t 

x+y=7, f 

we obtain xf 3 1) = 4, ^3 1)= =3 and *i 1) ==3 ? #i 1) = 4. 

(2) In the case x + y = —7 we similarly obtain the equation z 2 +14z +45 = 0. 
Its roots are z i 2) ==—9 ajid z ( 2 2) =—5. Solving then in succession the two systems 
of equations of form 

xy = —16, 1 
x+y = —7. f 


( 4 ) 
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xy= 12, \ 

x+y = - 7 , J 

we find from system (4) the roots 


v (2 > 

—7 — Y 113 

(2) 

— 7 +V 113 

*1 = 

2 

y i = 

2 

v <2) 

-7+yns 

. (a) 

-7— i/THi 

*2 =■ 

2 

y 2 =■ 

2 


and from system (5) the roots 


4 s ’=-4. y'a’ — —3 


and 


J2> Q A 

Xi =—o t y 4 = —4. 


r (2) _ 


Our argument implies that only the following eight triplets of numbers 
x , y, z) can represent the solutions of the original system: 


( 


l+Vm 7— Y H3 


(4, 3, 5); (3, 4, 5); 

/'-7+yTl3 -7-Vm 

V 2 2 


4 C 

(- 


— ^113 7+ 13 


2 2 
^H3 —7+1/713 
2 ’ 2 


. 9); 


, - 9 ) ; (—4, -3, —5); (-3, —4, —5). 


Substituting these values into the system we check that they all are in fact 
solutions. 

74. Let (x, t /, z) be a real solution of the system. Consider the first equation 
of the system. By equality (1) on page 20, we have 


The first equation then implies that 



x^z. 

(1) 

Similarly, 

from the second and third equations of the system we obtain 


and 

y<:X 

(2) 



(3) 

The system of inequalities (l)-(3) is satisfied only if 



II 

II 

K 

(4) 


Substituting z = x into the first equation we find 


*i = 0, * 2 — 1 • 

From (4) we finally conclude that the system has two real solutions, namely 
(0, 0, 0) and (1, 1, 1). 

75. Let x lt x 2 , x n be a real solution of the system. The numbers x * 
(£=1, ..., n) are obviously of the same sign. For definiteness, let us suppose 
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that they all are positive: Xk > 0 (if otherwise, we can change the signs in all 
equations of the system). Let us show that 

x k ^V~2 <ft = 1, 2. n). (1) 

Indeed, by inequality (l) on page 20, we have 


x k + z- Ss 2 j/" x k ~ = 2 YX 

x k r x k 

whence it follows, by virtue of the equation of the system, that inequality (1) 
is fulfilled. 

Now adding together all the equations of the system we obtain 

*i+**+•■ •+*»=^+7-+---+ 7 -- ( 2 ) 

X 1 x 2 x n 

According to condition (1) equality (2) is only possible if all the unknowns are 
equal to Y 2. It can be easily verified that the numbers x x = * 2 =... — x n = Y 2 
satisfy the original system and therefore it has a positive solution which is 
unique. Changing the signs of the values of the unknowns we get another real 
solution 

X x =X i =...=X a = — Y%- 
Thus, the system has only two real solutions. 

76. Let x t y, z be a solution of the system. Expressing x from the first 
equality and substituting it into the second and third ones we obtain 


(a — b)-\-(c — b) y~\-(d — b) z = 0, \ 

(a 2 —b 2 ) + (c 2 — b 2 )y-\-(d 2 —b 2 )z = 0. / 

Whence we find, after some simple transformations, the expressions 
(a—b)(a—d) (a — b)(a—c) 


y=-< 


z = - 


(c—t?)(c—d) ’ (d — b)(d—cy 

Substituting these values of y and z into the first equality we obtain 

_ (a—c) (a—d) 

(b-c)(b-d)' 

Consequently, we can write the inequality 

(a — b) 2 (a—c) 2 (a—d) 2 
'' (b — c) 2 (c—d) 2 (d-bf 

77. If a =6 0, then x = a is not a root of the equation. Dividing both sides 
of the equation by p/'{a — x) 2 we replace it by the equivalent equation 


xyz = 


> 0 . 




Putting t— j/^we *i = 4, t 2 =\. It follows that jc 1 =gg a and *2 = 0. 
If a = 0, the original equation has only one root x — 0. 

78. By substitution we verif y that x =l is not a root. Therefore, after both 
sides have been divided by ^(1 — x) 2 the equation turns into the equivalent 
equation 


vm-'=VYs- 
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m t \\ x 

Denoting y y—- by t we get the equation t 2 —\=t, i.e. t 2 —t~* 1=^=0. 

Whence we find ^ and f 2 = -—?j—— • Since the second value is ne¬ 

gative, then if m is even, the value t 2 should be discarded according to our 
convention concerning the roots of equations. Thus, for even m we have 

'*/T+7_i + /T +x 

V - x —2 t = t \——) 

and, consequently, 

m*- 

If m is odd* the equation has the roots, namely 



79. Making the substitution V 2y — 5 = /^0 we obtain 

Vt 2 + 2t+ 1 + K/ 2 + 6f+ 9= 14. 

This implies f+l+/ + 3=14 and / —5. Solving the equation 

l/2^ = 5, 

we find y~ 15. _ 

80. Multiplying both sides of the equation by V *+ V x we get 

( 1 ) 

Since x > 0 (for x = 0 the right-hand side of the original equation makes no 
sense), equation (1) is equivalent to the equation 

2 Vle-\=2V"x^\. 

Squaring both sides of the latter equation we see that it has the unique foot 
25 

* = — which also satisfies the original equation. 

81. Multiplying both sides of the equation by Y~x-\-\ and putting x 2 + 
- \-Sx~t we arrive at the equation 

VT+VT+7-7. 

This equation has a unique root: / = 9. Solving then the equation x 2 ~\~%x —9 = 0 
we find ^=^-9 and Jt 2 ^l. The original equation, by virtue of the convention 
concerning the values of roots, is only satisfied by *=1. 

82. Cubing both sides of the equation we obtain 


x—1 + 3 V (X- 1) 2 f/x+1 + 3 V x— 1 j/(x+lf + x+1 =2*3. 
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Whence we find _ 

2x-j-3 \/ x 2 ~ 1 ( \/x —1+ x-\- 0 ~2x 3 * (1) 

Oh the basis of the original equation we thus can write 

2x-\-3 x 2 —1 x i/ 2— 2x 3 . (2) 

After some simple transformations we deduce 

x V * 2 —l [3 l/~2 —2 j!/(x 2 — 1) 2 ] = 0. 

Thus we find all the numbers which can serve as the roots of the original 
equation. Indeed, we obviously have 

*i = 0, x 2 =l, x 3 = 1 • 

Solving then the equation 

3 V 2 = 2 ^(x 2 — l) 2 . 

we find 

97 S 

- 27 = 4 (x a —-l) a , (x 2 —\)* = ^, x 2 =\ ± “ 2 “ • 


Since we are only interested in real roots, it follows that 



Consequently, x 4 




It is readily checked by substitution that x it x 2 and x 3 are roots of the 
original equation. But the direct substitution of the values x 4 and x 6 involves 
some difficulties. We proceed therefore as follows. Let us put 


a=i/x 4 —l, b=i/x 4 +l 


and 


c= y 2 x 4 , 


and show, that 


a+b = c. 

(3) 

Since x 4 satisfies equation (2), we have 


a 3 -f- 3 abc -j- b 3 — c 3 , 

(4) 


and thus we must show that (4) implies (3). Note that if a-\-b is substituted 
for c into (4) this results in an identity. Consequently, according to Bezout’s 
theorem, the expression c 3 —3abc—a 3 — b 3 regarded as a polynomial in c is 
divisible by the binomial c — (a-\-b). Performing the division we get 

c 3 — 3abc — a 3 — b 3 = [c — (a-\-b)] {c 2 -|-c (a-j-b)-j-a 2 — ab-f-b 2 }-. ( 5 ) 

By (4), the left-hand side of (5) is equal to zero. It is however readily seen 
that a > 0, b > 0, c > 0, which implies that the expression in the braces is 
positive. Thus, equality (3) has been proved. We then similarly prove that x h 
is also a root of the original equation. 

83, Transposing V x to the left-hand side and squaring both members of 
the equation we get 

Y x — 4a + 16 = x— 2a. 
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Squaring then both sides of the resulting equation we find that is the 

only root of the equation. Substituting it into the equation we obtaih 

V a*— 16a+ 64 —2 Y a 2 — 8a + 16— /a*, 
which implies, since the radicals are positive, the relation 

\ a — 8 | = 2 | a — 4| — | a |. (1) 

For a^8 equality (1) is fulfilled. Consequently, for a ^8 the original equation 
has a root * = —. For 4^a<8 condition (1) is not fulfilled because 

8 —a £ 2 (a— 4) —a. 

For 0<;a < 4 condition (1) takes the form 


8 —a —2 (4 — a)—a 


and is only fulfilled for a — 0. Finally, for a < 0 condition (1) turns into the 
identity 8 —a = 2 (4—a) + a. Hence, for a^8 and a^O the equation has the 
only root 

a 2 


For 0 < a < 8 there are no roots at all. 

84. Squaring both members of the first equation and substituting the expres¬ 
sion of x 2 + i/ 2 found from the second equation into the resulting equation we 
obtain 

36xy— 1 = j/'— y+64*</ + 256(.w/) 2 . 

Again squaring both members of the equation we arrive at a quadratic equa¬ 
tion with respect to t=xy\ 

650/ 2 —85/+ 2 = 0. 

1 2 

Solving this equation we find *i—jQ anc * ^2 = gg* Now consider the following 
two systems of equations: 

*+** + 4w=-jk \ 

d) 2 } (2) 

Xy ~65 ' j 

Obviously, all the solutions of the original system are solutions of these 
systems. 

Solving system (1) we find 

(.x -f iO 2 =■ J- - 2X1/ = ■y — L = 0. 

Consequently, x+y = 0, and thus we get two solutions of system (1): 

__ t_ t t t 

Xl ~ yio ’ yi= ~ i^io : x *=— yjo ’ y * = yjo • 


x^+yt + toy^—, 

1 

*V= m- 
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Transforming the first equation of system (2) to the form (*+^) 2 = g£ we reduce 
the system to the following two systems: 


x+y= yW>' 


*y= as- 


X +H — — i rzs 


( 2 ') 


y 65 ’ 


( 2 ") 


System (2') has two solutions, namely 

"‘ = 7W ” d 

System (2") also has two solutions: 


*y 65 • 


1 2 
V65 ’ y “~ }^65 


x 6 = - 


ym’ y * ’ yos 

As is readily verified, the original system is only satisfied by the first, second, 
third and sixth sets of numbers. Thus, the system has exactly four solutions. 

85. Putting 

lf x = u, \/ y = v 

we can rewrite the given system in the form 

u a —y 3 = -^-(« 2 i/— uv 2 ), ^ 

u —u —3.' j 

The first equation is transformed to the form 


1 


and x 6 = 


y~65 ’ 


</6 = - 


Y 65 


whence we find 


(u — v ) 2 + 3 uv = — uv, 


uv= 18. 


Combining the latter equation with the second equation of the system and 
solving them we find ^ = 6, ^ = 3 and u 2 -— 3, = —6. Returning to the 
original system we get its two solutions: 

X]=216, y 1 — 27 and x 2 = — 27, y 2 = —216. 

86. Making the substitution 1/ — =t^0 we transform the first equation 

■ y 

to the form 

2^ 2 — 3t — 2 = 0. 

It follows that t = 2 ^the second root —is discarded j. Solving the system 

Yi = 2 - \ 


y 

x+xy+y 


— 9. / 


we find its two solutions 


= </! = l and x z = — 9, y t = — — , 
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which are also solutions of the original system. Thus, the original system has 
two solutions. 


87. Let us put 


V x—y 


t >0. 


Then the first equation takes the form 

/ 2 — 3/ + 2 = 0, 

whence we find t Y — \ and t 2 = 2. 

Consider now the following two systems of equations: 



■ (1) 

]/—=2. \ 

V x-y > 

(2) 

x+xy+y — 7, ) 


x+xy+y=7. ) 



System (1) possesses two solutions: 

(-5, —3); (3, 1). 

System (2) also has two solutions: 


(KTS-l, £i|==); (-KT0-,, 


Hence, the original system has four solutions. 
88. Taking into account that 

i/f±F 1 


y 


yX 2 


x—y \x-y\ 
and multiplying the first equation by x—y we obtain 

x 2 — y 2 — Vx 2 — y 2 —12 = 0 for x—y > 0 
and 

Whence 


x 2 — y 2J ryx 2 — y 2 —12 = 0 for x—y < 0. 


(±V'*-y t )i=4, (± = - 3 . 

Thus, we now must consider the two systems of equations 


2 =16, \ 
/=15, / 


<I) 


x 2 — y 2 = 16 , 

xy 

System (1) has two real solutions: 
System (2) also has two real solutions: 

*3 = 


* 2 —1/ 2 = 9, 
xy =15 


.} 


*i=5, i/i = 3 and * 2 = —5, y 2 = — 3. 


9 ±f _981 


9 + 1^981 
2 


ys=|X" 
■K— -J/- 


1^981—9 


( 2 ) 


and 
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It can be, however, easily checked that the original system is satisfied only by 
two of these pairs of numbers, namely by 

(-/-/^s 

Thus, the original system has two real solutions. 

89. Put 

V r X t — 12i/+l=/. 

Then the first equation can be written in the form 

f 2 —8f+16 = 0. 

It follows that ty 2 = 4, and thus we obtain 

x 2 — 12i/= 15. (I) 

2^ 

Noting that y ^ 0, we multiply the second equation by — which transforms it 
to the form 


This implies 


Raising to the second power we arrive at the equation 

a (7)- l6 (7)-' 2 - 0 ’ 


( 2 ) 


wherefrom we find 




It is obvious that the second value does not satisfy equation (2) and therefore 
we confine ourselves to the system 

x* —12(/~ 15, ^ 

7= 6 - I 

This system has two solutions ^5, and ^—3, — yj which, as is readily 
seen, satisfy the original system as well. 

90. Rationalizing the denominators of the first equation, we obtain 

4x 2 — 2y 2 17 


4 * 


Whence we find 


(IK - 


In the second equation we put 


Vx l + xy-\-A = t, 


0 ) 


5-323 



130 


PROBLEMS IN ELEMENTARY MATHEMATICS 


and rewrite it in the form 

f 2 + f—56 = 0. 


Hence, we obtain t x — 7 and / 2 = — 8. Since in (1) we have 0, the second 
root must be discarded. As a result, we arrive at the following two systems 
of equations: 



( 2 ) 


* 2 -f -xy — 45 = 0 


and 


5 

*=- 4 - 

x 2 -\-xy — 4 5 = 0. , 


(3) 


The solutions of system (2) are (5, 4) and (—5, —4). The solutions of (3) are 
(15, —12) and (—15, 12). These four solutions satisfy the original system as well. 

91. Expressing x from the second equation and substituting it into the first 
one we obtain 

i i / o o 4 1 2 2//+ 5 . r 

y 2 + y 3yjy — -j— y— 3 —b 5 - 

/ 9 u 2 — 4 u ■— 1 

Putting here y —- - -= f^>0 we arrive at the equation 

/ 2 + 3/— 18 = 0. 

Whence we find 

h =3, f 2 = -6. 

Since, by the hypothesis, t is non-negative, we have only one equation 

9y 2 — 4y — 28 = 0. 

Combining this equation with the second equation of the original system, we 
find their two solutions 

Q O . 17 14 

x i —3, f/j =2 and * 2 = ^, \h = — -g-. 


92. Let us put 

yx 2 — 6y-y 1 = t ^0. 


Then the first equation is written in the form 

t 2 — 8t+ 16 = 0. 


Whence we obtain / = 4, and thus 

x 2 — 6y — 15 = 0. (1) 

If now we put x 2 y = u in the second equation and take into account (1), we get 
the equ,tion 

9u 2 — 24 lw— 13 230 = 0, 

245 

from which we obtain wi=54 and u 2 = -g-. 
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We thus arrive at the two systems of equations 

x 2 —6 c/—15 = 0, 

J (2> 


1 


x 2 — 6y —15 = 0, 

v* U } (2 > 2 245 f 

x 2 y = 54, ) x 2 y = -<p J 

Eliminating x 2 from system (2), we obtain the equation 

V+5y—18 = 0, 


(3) 


whose roots are y^ — 2 and y 2 — —4-^-. The second root must be discarded be¬ 
cause, by virtue of the equation x 2 y — 54, it leads to nonreal values of x. Hence, 
system (2) has two real solutions: 


Xi — 27 , yi — 2; — — Y 27, y 2 — 2. 

System (3) is reduced to the equation 

My 2 + 1 35y + 245 = 0, 

which has no real solutions. Thus, the original system has two real solutions. 
93. Put 

Y x==u^ 0 , Y y = v^Q. ( 1 ) 


Then the system is rewritten in the following way: 


(u 2 —v 2 )v = y, ) 
(u 2 + v 2 ) u = 3o. j 

System (2) has an obvious solution, namely 


( 2 ) 


u — 0, v = 0. (3) 

Therefore, in what follows we suppose that u £ 0, and hence (by virtue of the 
equations) we also have v ^ 0. Multiplying the right-hand and left-hand sides 
of equations (2) we obtain 

u*-v* = -|. (4) 


Multiply then the first equation of system (2) by u, the second by u and adding 
them together we obtain the following equation: 


By virtue of (4), we have 
Whence we find 


u 4 — v 4 + 2u 2 v 2 ~y uv. 
4 (uv) 2 —7«o + 3 = 0. 

3 

(w) 1 = l, (uu) 2 = -^-. 


(5) 


Now consider the two systems of equations 


uv=l, \ 
( u 2 -f- v 2 ) u = 3o, / 


(6) 


w= 4- | 

(u 2 -\-v 2 ) u — 3i. J 


(7) 


It is obvious that any solution of system (2) other than (3) is among the solu¬ 
tions of these systems. 


5* 
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Multiplying the second equation of system ( 6 ) by u we find, by virtue of 
the first equation, that u 4 = 2. Whence, taking into account (1), we get 


u=yr, 

Analogously, we also find the solution of system (7) satisfying the condition (1): 

Vv Vl 

U ~ 2 * 2 ' 

It is easy to check that both solutions also satisfy system (2). Thus, the original 
system has three solutions: 

/n nv (iTT VT\. LTV 


94. Squaring both members of the first equation we obtain 

V r x i —y i =x—% r , 


By virtue of the second equation, we have 

V r F+? = ^~ *• (2) 

Now squaring both sides of the second equation of the original system we receive 
Vx 2 + y 2 Vx 2 — f = 

Whence, by virtue of (1) and (2), we find 

5 

Removing the brackets we obtain x — ^a 2 . After this we easily get from equa¬ 
tion ( 1 ) the two values of y 

The verification by substitution shows however that the original system has only 
one solution a 3 , a 3 J/ ~ ^ . 

95. Let us put __ 

y x — W^s 0 and ]/" y = v>zO. ( 1 ) 

This reduces the system to the form 

u*—\P = a{u—v) t y 
u* + u 2 v* + v A = b 2 . I 

It appears obvious that the latter system falls into two systems of the form 
0 , 1 2 ,v d u 2 + uv + v 2 = a, \ 

u 4 -\- u 2 v 2 -{-v 4 — b 2 , I an n 4 + « 2 o 3 + o 4 = 6 2 . f 

Solving system (2') we find 3 u 4 = b l , whence, taking into consideration (1), we get 

„ .VT\/n „ VT |/27 


— x*= X 


x 2 -y 2 = -jr — x 1 


a 2 \ (3a 2 


one solution 
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Passing to system (2"), we transform both equations in the following way: 

u 2 -\-v 2 =..a—uVj (u 2 -j- v 2 ) 2 — b 2 -f- u 2 v 2 . 

This yields the values of uv and u 2 -\-v 2 : 


u 2 + v‘ 



(4) 


It can easily be shown that the system of equations (4) is equivalent to system (2"). 
From equations (4) we receive 

. , 2 3a 2 -b 2 

(u + v) 2 = 


2a 


{u-v?-- 


3b 2 - 


(5) 


2 a 


It should be noted that, by virtue of ( 1 ), the right-hand member of the first 
equation of system (4) must be non-negative; the right-hand member of the second 
equation of system (5) must also be non-negative, Thus, we must impose the 

condition. 

3 b 2 ^a 2 ^b 2 (6) 

because, if otherwise, system (5), and, hence, system (2") have no solutions 
satisfying condition ( 1 ). 

Solving system (5) we get 

jTZa 2 — b 2 , -,/3^-a* 

Finally we obtain 

1 / /3a 2 - b 2 , - l /'3b 2 — a 2 \ 

U = T\V V -25“ J' 


1 / -, / 3 a 2 — b 1 ^ / 36 2 —a 2 \ 

v =t\V -zr* V 


As is easily seen, by virtue of condition ( 6 ), both pairs of values (a, v ) are 
non-negative. Indeed, we have and therefore 3a 2 — b 2 ^3b 2 — a 2 . 

Thus, if the additional condition ( 6 ) is fulfilled, the original system has three 
solutions, namely 

b b 


y 2 


1 f -t /ZcP—b* , a«' V 

4 V V 2 a + V 2 a' / ’ 

_ 1 ( f 3a‘—b‘ /36' 3 —a 2 Y, 

~ 4 V V 2 a V 2 a J ’ 


1 / , /3o 2 — b l , /36 2 —a 2 V 
1 / , /3a 2 —b 2 . , /3b 2 — a 2 Y 

y *=T\V —— + V 15—J- 

If condition ( 6 ) is violated, then only the first solution remains valid. 
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3. Algebraic Inequalities 

96. For the quadratic trinomial 

ax 2 -\-bx-\-c ( a 7= 0 ) 

to be positive for all x it is necessary and sufficient that a > 0 and the discri¬ 
minant D of the trinomial be negative. In our case we have 

^ = a 2 — 1 > 0 ' (1) 

and 

D = 4 (r — l ) 2 — 4 (a 2 — 1) = — 8 (r — 1) < 0. (2) 

Inequalities (1) and ( 2 ) are fulfilled simultaneously for r > 1. It should also 
be noted that for r = 1 the polynomial under consideration is identically equal to 1 . 
Thus, all the sought-for values of r are determined by the inequality 

r^l. 

97. If we put 



^*2 

and take into account that 2 , the given expression is readily 

y x 

transformed to the form 

3 tt 2_ 8 w _f_ 4 . ( 1 ) 

If x and y are of opposite signs, then u < 0 and trinomial (1) is positive. If x 
and y are of the same sign, it is easily seen that u^2. 

2 

The roots of quadratic trinomial (1) being equal to and 2, the trinomial 

is non-negative for w^2. Thus, the trinomial is non-negative both for u < 0 and 
2 , and, consequently, the original expression is non-negative for all real 
nonzero values of x and y. 

98. Note that x 2 —x+ 1 > 0 for all values of x because the discriminant 
of the quadratic trinomial is equal to —3 < 0 and the coefficient in x 2 is posi¬ 
tive. Therefore it is permissible to multiply both inequalities by the denomi¬ 
nator. This results in 

—3a ; 2 + 3a?—3 < x 2 -t~ax—2, 
x 2 + ax—2 < 2x 2 —2x -f 2, 

that is 

4*2 + (a-3)*+l > 0, 

x 2 —(a+ 2) jt-f-4 > 0. 

The first inequality is fulfilled for all x if and only if the discriminant of the 
quadratic "trinomial is negative, i. e. if (a —3) 2 —16 < 0. Similarly, the second 
inequality is fulfilled if and only if 

(a + 2) 2 —16 < 0 . 

Now combining the two inequalities (a — 3) 3 —16 < 0 and (a-f- 2) 2 —16 < 0 and 
solving them as a system with respect to a we get 


and 


—4 < a —3 < 4, 
—4 < a+2 < 4, 


Hence, we finally obtain — 1 < a < 2 . 


<a<7 
—6 < a < 2 . 
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99. By virtue of inequality (1) on page 20, we have 

a 4 + 5 4 ^ 2 a 2 6 2 , 
c 4 + d 4 ^2c 2 d 2 . 


Adding together these inequalities, we obtain 

a 4 H-6 4 H-c 4 + d 4 ^2 (a 2 6 2 + c 2 d 2 ). (1) 

According to inequality (3) on page 20 , after putting u = a 2 b 2 and v = c 2 d 2 , we 

receive ___ 

a 2 b 2 -f-c 2 d 2 ^ 2 ya 2 b 2 c 2 d 2 . ( 2 ) 

We always have Y a 2 b 2 c 2 d* ^ abed (the sign > appears if abed < 0), and there¬ 
fore comparing ( 1 ) and ( 2 ) we arrive at the required proof. 


100 . The given system is equivalent to the system 
Jt 2 + (* + fl ) 2 + 2 *<; 1 , y-=x-\-a. 


The inequality 


2jc 2 + 2 (a + 1) *-|-a 2 — 1 ^0 


has a unique solution with respect to x if and only if the discriminant of the 
trinomial is equal to zero: 

(a-)-l) a —2 (a 2 — 1) = 0, 


Solving the latter equation we find 

Q i == 3, Cfg === — 1 ■ 

Finally, we consider the two possible cases: 

(1) If a = 3, then x 2 -f- 4x + 4 — 0 and * = — 2 , y— 1 . 

(2) If a — — 1 , then x 2 = 0 and x = 0, y = — 1 . 

101. Rewrite the given system of inequalities in the following way: 
y+Y > I* 2 — 2 *|, 

y < 2 —I*— 11 . 

Since we always have \x? — 2jc)^ 0 and \x— 1 |^0, we can write 

-\<y < 2 - 

The only integers y satisfying this inequality are 0 and 1 . Consequently, the 
given system of inequalities considered for integral x and y can be consistent 
only for the values y — 0 and y— 1. Let us consider both cases. 

Case /. if y — 0, the system of inequalities takes the form 

\x*-2x\< | x— 11 < 2 . 

The second of these inequalities is satisfied only by the integral numbers 0, 1 and 2. 
It can easily be checked by substitution that 0 and 2 satisfy the first inequality 
as well, but it is not satisfied by 1. Thus, for the case y = 0 two solutions are 
found, namely 

*i = 0, </x =.Q and * a = 2, # a = 0. 
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Case 2. If y—\, the original system of inequalities reduces to 
\x i — 2xl < ~, |*- 1 |< 1 . 

The second inequality is satisfied by the only integral number x^\ which also 
satisfies the first inequality. Hence, in this case we have one more solution of 
the problem: * 3 =1, y 3 =1. Thus, thesystem of inequalities is satisfied by three 
pairs of integers. 

102. There are n summands on the left-hand side of the inequality, the first 
n — 1 summands being greater than the last one. Therefore, 

1 I 1 I - 1 . 1 ^ 1 

n+P /i + 2 _t ""'" t ' 2 rt > n 2n 2 

103. Let S m denote the left member of the inequality to be proved. Then, 
as is easily seen, 

c _c = ^_ , _J_ . _J_!_ ' 

m+ 1 m 3m+4^3m + 3 T 3m + 2 m+l’ 

Reducing the fractions to a common denominator we find 

2 

Sffl+I— S «> = ( 3m+ 2) (3m+3) (3m + 4) >0 ’ 

Thus, S m+1 > S rn . We have 

s ‘“t+t+t > '■ 

and, consequently, 

Sm > Shi -1 > • • • > *S 2 > «S L > 1 , 
i.e. S m > 1 which is what we set out to prove. 

104, Write the following obvious inequalities: 

... 

2 2 ^ 12 1 2 ’ 

J_< _L = ±_± 

3 2 ^ 2-3 2 3 * 



n 

n —1 


which is the required result. 

105. Rewrite both sides of the given inequality in the following way: 
(n!) 2 = (l n)[2 {n — l)j... \k (n—1 )].. .{n-1 ) 
n factors 

and - * - 


ft factor* 
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. Let us prove that 

(n—k+\)k^n (1) 

for Indeed, we have 

nk—k 2 + k—n = k(n—k)— (n — k) = (ti—k)(k— 1)^0. (2) 

Thus, we have proved that 

(n\) 2 ^>n n . (3)- 

Let us note that if a number k is greater than unity and less than n t formula (1), 
as it follows from (2), assumes the form of a strict inequality which obviously, 
leads to a strict inequality in formula (3) as well. For n > 2 there exists such &. J 
Hence, in this case we have the strict inequality ( n \) 2 > n n . 

106 . It can easily be checked that for constructing a triangle with sides a, b 
and c it is necessary and sufficient that the numbers a, b, c satisfy the three 
inequalities 

a-f-b —c >0, 

a + c—b > 0, ■ (lj 

b-f-c —a > 0. j 

Let us prove that this system of simultaneous inequalities is equivalent to the 
condition set in the problem. Let us put : -_j 

/C=^pa 2 + qb 2 ~-pqc 2 . 

Since *7=^1— p t this expression can be rewritten in the form 

K -= pa 2 + (1 — p) b 2 —p (1 — p) c 2 = c 2 p 2 -f (a 2 —b 2 — c 2 ) p -f- b 2 , 

where a, b and c are constants, and p may assume arbitrary values. 

Thus, K is a quadratic trinomial in p. In the general case the trinomial K 
can take on values of different sign depending on p . The inequality indicated in 
the problem is equivalent to the condition that K > 0 for all p . As is known, 
for this to be so, it is necessary and sufficient that the discriminant 

D = (a 2 — b 2 — c 2 ) 2 — 4b 2 c 2 

of the trinomial be negative (here we take into consideration that the coefficient 
in p 2 is equal to c 2 > 0). 

The discriminant can be represented in the following form: 

D = ^ \>% _ C 2)2 _ 4b 2 c 2 = (a 2 —b 2 —c 2 —2bc) (a 2 —b 2 —c 2 + 2bc) = 

= [a 2 —(b-fc) 2 ] fa 2 —(b—c) 2 ] = (a-f-b+ c) (a—b— c) (a-f-b— c) (a—b-f c) = 

= —(a + b + c)(a-f-b—c)(b+c —a)(c-f-a—b). 

If a triangle can be constructed, inequalities (1) are fulfilled, and, hence, 

D < 0. Thus, we have proved that the existence of such a triangle implies the 
inequality D < 0. 

Conversely, if D < 0 then 

{a+b—c)(b+c—a)(c+a—b)> 0. (2) 

Let us show that (2) implies inequalities (1). Indeed, suppose that only one ex¬ 
pression in the brackets on the left-hand side of (2) is positive and the other 
two are negative. For instance, let a-f-b —c < 0 and b-\-c—a < 0. Adding to¬ 
gether these inequalities we get 2b < 0 which is impossible. Thus, we have also 
proved that the condition D < 0 implies the existence of a triangle with given 
sides a, b and c. 

107 . Transform the. left member of the inequality in the following, way: 

4 {x-\ y)(x + z)x(x + y + z) + y 2 z 2 = 4 (x 2 + xy + xa + yz) {x 2 + xy + xz) + y 2 z 2 = 

5 = 4 + xy -j- xz) 2 + 4 yz [x 2 -f xy -j- xz).+ fz* **[2 (x 2 + xy + xz) + yz] 2 . 
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The obtained expression is non-negative for any real x, y and z which is what 
we set out to prove. 

108. Denoting the left member of the inequality by z we transform z in the 
following way: 

z^x 2 + 2xy + Zy 2 -\-2x + §y + ± = (x + y+\) 2 + 2(y + 1) 2 +1. 

For real x and y the first two summands are non-negative, and, consequently, z^l- 

1_4#/ 

109. Since *=—the inequality to be proved is equivalent to the ine¬ 
quality 

which is readily transformed to the equivalent form 

1 00y 2 —toy + 4 = (1 Oy— 2) 2 0, 

the latter inequality being automatically fulfilled. 

110. Since d > 0 and R^r > 0, we have 

d 2 + R 2 —r 2 > 0 and 2dR > 0. 

Consequently, the given inequality is equivalent to the inequality 

d 2 + R 2 —r 2 < : 2dR. 

Reducing it to the form (d — R) 2 <; r 2 , we get | d —R|<;/\i.e. —r *^d — R ^r. 
Hence, 

R — r R-\-r. 

111. Multiplying both members of the desired inequality by a + 6+c, we get 
an equivalent inequality whose left member is equal to 

(«+*+«) (■jH-y+i)=8+(y+^) + (|-|-y ) + (i-(-i)- 

-+(/}- /?)’+(/?- /i)’ + ( /!- 

112. Note that the given expression turns into zero for b = c,c — a and a — b. 
Therefore, according to Bezout’s theorem, it is divisible by the differences a — b, 
a—c and b—c. Arranging the summands in descending powers of the letter a 
and performing the division by a —6, we receive 

a 3 (b 2 —c 2 ) + a 2 (c 3 — b 3 ) + Pc 2 — c 3 6 2 = (a — b) [a 2 {b 2 — c 2 ) + ac 2 (c — b) + be 2 (c — b) 1. 

Taking the factor (b — c) outside the square brackets and dividing the remaining 
polynomial by a —c, we obtain 

a 3 (b 2 — c 2 )~\-b 3 (c 2 — a^ + c 3 (a 2 — b 2 ) = — (b — a) ( c — b) ( c — a) [ac-\-bc-\- ab\. 

Since, by the hypothesis, a < b < c and a, b and c are of the same sign, the 
expression on the right-hand side is negative. 

113. We have 

l-2V7- k + a k = (l-VT k ) 2 ^0, 

whence 

1 ~\~ a k ^ 2 a fc. 

Writing these inequalities for k=\, 2, ... and multiplying them termwise we 
receive 


(l+fli)(l+«») ••• (l + 0 n )^2« V r a x a 2 ...a n = 2« 
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114 . It is sufficient to consider the case when a and b are of the same sign 
(i.e. positive), since otherwise one of the numbers is greater than unity and the 
inequality becomes obvious. We have 

a 2 + b 2 — (a 4- b) 2 — 2ab = 1 — 2ab t 
a 4 -f b 4 — (1 — 2ab) 2 — 2a 2 b 2 . 

I 

But if a-f6=l, then since 



(see formula (3) on page 20). 

Consequently, 

115. Consider the following three cases: 

(1) then x 9 — x b -\-x 2 —jc-f-1 >0 because the first four summands are 
non-negative. 

(2) 0 < x < 1; transform the polynomial to the form 

x?-\-{x 2 —x 5 ) + (l — x) — x 9 -\-x 2 (1 —* 3 ) + (1 — x). 

Here all the summands are obviously positive and, consequently, the polynomial 
is greater than zero. 

(3) x^sl; write the polynomial in the form 

X 5 ( X 3 — 1)-f- AT (x— l)-f- 1. 

The first two summands being non-negative, we also have in this case 

x 9 — x 6 -\-x 2 — x+ 1 >0. 

116. We have 

(1 + *) n + U —Jc) n = 2 (l -^-CnX^-^CnX* + ...), (1) 

the last term of the sum in the brackets being equal to x n for even n and to 
nx n ~ l for odd n. By the hypothesis, we have —1 < x < 1, whence it follows 
that C 2 nX 2k < for all integral k. Therefore, 

(l+*)" + (l—*)* < A n , 

where A n is the value of polynomial (1) for * = ±1, i.e. A n = 2 n . 

117. The inequality to be proved is equivalent to the inequality 

e 2 (o? -f- -f ... + On) + 4 ( *i 4~ x 2 ~b • • • + x n) zb 4e (x x -b x 2 a 2 -f- • • • ~b x n a n ) ^ 0* 
which holds true because the left-hand side is equal to 

(ea t ± 2x l ) 2 + (za 2 ± 2x 2 ) 2 +. . , + (ea n ± 2x n ) 2 . 

118. The radicand must be^O, and therefore 

(» 

For nonzero values* of x satisfying condition (1) we have Y 1 — 4a: 2 < 1. There¬ 
fore, if — 0, the inequality indicated in the problem is fulfilled, because 

its left-hand side is negative. 
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. But. if 0 < . then rationalizing the numerator of the left-hand side we 

obtain " 

\—V 1—4* 8 _ 4x 2 _ 4x 

* (1 + yrr^2) x ~ 1 + Y 1 —4a; 2 ‘ 

It is readily seen that the numerator of the fraction on the right-hand side does 
not exceed 2 for 0 < x , and the denominator is not less than unity. The¬ 
refore, 

l-VCT. 

X 

Thus, the inequality in question is true for the values x ?= 0 satisfying condi¬ 
tion (1). For x = 0 and [ a: | > the left member of the inequality makes no 
sense. 

119. for definiteness, let x^y. Then putting -j-= a1 we get an equiva¬ 
lent Inequality: 

’1 -j- a' 71 ^ \/1-\- <x n - (1) 


Raising both members of (1) to the power mn we obtain the inequality 

(l+a OT )"$Ml+ct")' 71 , 

It is easily seen that this inequality holds true because 0 <; <x <; 1 and n^m. 
12°. Put _______ 

x n =Y r a + Va+ ...+ V"a. (1) 

n radicals 

It is obvious that x n ^Y a ^r x n-\ (fl = 2, 3, ...), and, consequently, x\ — 
=* Furthermore, let us note that x n > x n - y because when pass ing from 

n—^-1 to n the radical Y^a is replaced by a greater number 
For this reason we have x\ < a-\- x n and, consequently, the quantities we arfe 
interested in satisfy the inequality ^ 

x 2 —x — a<0. (2 

The roots of the trinomial on the left-hand side are equal to 

.ta. J-ffn? i + ya+4^ 

•■-■■■ ■* 2 ’ * 2 


The numbers x n satisfying inequality (2), the’relation x^ < x n < x< 2 Ms fulfilled 
(see page 21). Hence, 


** < 


1 + Y l+4fl 


(« = 2, 3, ...), 


(3) 


which completes the proof. For 1 we have x x — Y a and the inequality (3) 
becomes obvious. 


121. Let us denote the expression containing k radical signs by x 

y / ~ %-rV H- + I/ 2 + v ~2 — x k . 
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Note that x k < 2. Indeed, let us replace 2 in the radical by 4. Then all 
the roots are extracted and the left member becomes equal to 2. This means 
that Xk < 2. Hence, in particular, it follows that both the numerator and deno¬ 
minator on the left-hand side of the original inequality are different from zero. 

Using then the fact that _ 

X n =V2 + J: n _ x 

we transform the left-hand side of the original inequality in the following way : 

2— V x n - t +2 _ /'^IT+2-2 .... 1 1 

2— x n-i (*n-i + 2) 4 y r jc„_ 1 -f-2 + 2 *«+2* 


Since x n < 2, we have—> -j- which is what we set out to prove. 
x n~r ^ 4 

122. As is known, for any real numbers a and b the following inequality holds 
true: 

cfi —1— b^ 

|a-6|s^—-— (see formula (1), page 20). 


Taking advantage of the fact that the absolute value of a sum does not ex¬ 
ceed the sum of the absolute values of the summands we get 

I a \b\ + + • • • + a rfin I ^ I a \bl | + I [+...+ I a n^n I ^ 

a l~\~bI , a\-\-b\ I I 0-n~\-b l n _ 

^ 2 ' 2 * " * * 2 “ 

_ g? + al + ... + <$ + 6? + 6 ? + • • • + _1 + 1 __ | 

— o o 1 » 


which completes the proof. 

123. If n= 1, then x 1 = \ and, hence, ^i^l, the assertion being (hcrefore 
true. Suppose it is true for all m such that l^m^n—1; let us prove that 
then it holds for m—.n. If all the numbers x lt x 2y ..., x n are equal to unity, 
the assertion is obviously true. If at least one of these numbers is greater than 
unity, then, by virtue of the equality x x x 2 ... *# = 1, there must be a number 
among x lf x 2 , ..., x n which is less than unity. Let the numeration of x lt x 2f .. x n 
be such that x n > 1, x n ^ 1 < 1. The induction hypothesis and the condition 


imply 


i.e. 


■* 1*2 • • • x ti -2 ( x n — i x n ) — 1 
*l + *2 + •• • + x n-2~h x n-l x n^ tl — I, 
*l + *2+ • • • -\- x n~l~\~ x n-l x n + I 


We have (x n — 1) (1 — x n - x ) >0 and therefore 


Consequently 

Thus, 

x l "f - X 2 "+ • • • "+ x n 


x n~\~X n — i x n x n — l 1 0. 

x n — l + x n ^ x n — 1 x n +1 • 

1 + x n > x l + X 2 + • • * +*„- 2 +**-l*n + l 


and the assertion has been proved. 
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4. Logarithmic and Exponential Equations, 
Identities and inequalities 


124. As is seen from the equation, it only makes sense for a > 0, a ^ 1 and 
b > 0, b ?= 1. For solving the equation let us make use of the formula for change 
of base of logarithms 


(see formula (2) on page 24). Here c is an arbitrary base {c > 0, c £ 1). The 
choice of the base c is inessential here because we only want to reduce all 
logarithms to one base. We may, for instance, take a as a common base, since 
a > 0 and a ^ 1. Then the equation takes the form 


log! 2-2 log a x log a -+ 
loga 2 b 


]2SaI log x 
I 3 /— lv Sa x > 
log a y a 


which yields after some simplifications the new equation 
(log fl 2 + 2 log a b) log a * = 31 ogl x . 

Hence, there are two solutions, one being 

log<z* = 0, i.e. *=1, 

and the other being 

loga * = y (loga 2 + 2 loga 6) = y log a 26 2 = loga f/^, 


X= 3 i /2b*. 

125. Let us pass to logarithms to the base 2; using formula (2) on page 24 
we get 

1 1 ^_ 1 _ 

log 2 * ’ log 2 *—4 log 2 *—6 * 

The latter equation is equivalent to the equation 

log** —5 log 2 *+6 = 0. 

Hence we have 

(log**)! = 2, *i = 4 

and 

0og 2 x) 2 = 3, * 2 = 8. 

126. Raising we obtain 

9 * ~ 1 + 7 = 4 ( 3 * “ 1 + 1 ). 


Whence we find 
Consequently, 


(3* - l )* — 4 (3* - l ) + 3 = 0. 


(3^- 1 ) 1 = 3, *j =2 and (3^- 1 )* = l, 


*2 = 1 . 


127. Let us pass to logarithms to the base 3. By formula (2) on page 24 
we have 


1—logs* 
l+log 3 * 


+ log 3 *=l. 
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This results in 

(1 — log 3 x) [1 — (1 + logg x) 2 \ =0 

and, hence, 

(logs *)i = l> *i = 3; 

(logs *)a = 0- * 2 = 1 ; 

(logs x) g = —2, = 

128. Let us pass in the given equation to logarithms to the base 2. By for¬ 
mula (2) on page 24, we obtain 

j^g^log^+log|*=l. 

Multiplying both members of the equation by the denominator, transposing all 
the terms to the left-hand side and factorizing we get 

(log, x — 1) (log£*+2 log, *+logt *+2 log, *+1) = 0. 

For x > 1 the second factor is obviously positive and does not vanish. Equating 
the first factor to zero we find that for x > 1 the original equation is solvable 
and has only one root x = 2 . 

129. Let us change the logarithms to bring them to the base a (here a > 0 
and a 7 = \ because if otherwise the expression log { 2x makes no sense). By 

a 

virtue of formula (2) on page 24, we get 

log g 2*_ | log a 2* 
log* a 2 Y~x log fl -l lo g a ax 

This enables us to consider the following possible cases: 

(1) log a 2x = 0 and we obtain x— which does not satisfy the original 
equation (the logarithm of a number a ^ 0 to the base 1 does not exist); 

(2) log fl ax — \og a (a 2 Y~x) which yields x = a 2 . 

Answer: x — a 2 . 

130. Applying the equality log x &=- ^J ^ we transform the original equation 
to the equivalent equation 

1 og b [x (2 log a —x)] = 2. 

Whence, after raising, we obtain 

x 2 —2 logax-}-6 2 = 0. 

Solving this equation we find 

*i f 2 = log a ± Y~ log 2 a — 6 2 . 

For a^; 10* and logo 5 * -j*(& 2 + 1) both roots are positive and unequal to unity 

and, as is readily verified, satisfy the original equation. For log a~-^(b 2 + 0 
we must only take the root x Y — b 2 . For a < 10* the equation has no roots. 
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131. Passing in the equation to logarithms to the base a we transform it to 
the form 



After some transformations we get 

+ 

Taking into consideration that the square roots are understood here in the 
arithmetic sense we see that the given equation can be rewritten in the follo¬ 
wing way: _ 

I log„*+l | + |log 0 x-*-1 |=2a y logo*. (1) 

Now consider the following two cases: 

(1) Suppose that 

logfl*>l. (2) 

Then equation (1) takes the form 

log a x = a Y log a x , 

whence we obtain 

x x = a a *. 

It can be easily seen that condition (2) is then satisfied only if a > I. 

(2) Suppose that 

0 <log fl _*<l. (3) 

Then equation (1) turns into 

2 = 2 a Y loga#» 

Hence, 

JL 

x 2 = a<P • 

It should be noted that condition (3) is only fulfilled if 1. Since we a priori 
have a ^ 1 (otherwise the original equation makes no sense), the second root 
* 2 exists only if a > 1. 

We have considered all the possibilities because it is obvious that the values 
of x for which log a *<0 cannot satisfy equation (1). Thus, for a> 1 the 

j_ 

equation under consideration has two roots, namely x 1 a° 2 and x % ^=a a% . For 
0<a< 1 the equation has no roots. 

132. We have 

log {Yx4-1 + l) = log (*—40). 

Putting Yx J r\—t and raising we get the equation 

t 2, —/ — 42 = 0, 

whose roots are t 1 — 7 and t 2 = —6. Since t ~ Y x +1 ^ 0, the root t 2 is discar¬ 
ded. The value of x corresponding to the root ti i§ equal to 48. By substitution 
we check that it satisfies the original equation. Thus, the equation has the 
unique root * = 48. 

133. Passing over in the equation to logarithms to the base a we get 

1 i lo Ba(P — *) _ 2 1ogq()P — g)— log g 4 
MogaUd-?) lo g a (x + q) 
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After performing some simplifications and taking antilogarithms we arrive at 
the quadratic equation 

The roots of this equation are 

(p—q)+VTq. 

It is easy to verify that both roots satisfy the inequality 

P> x lt2 >—q , 

and, consequently, the original equation as well. 

134. After some simple transformations based on the formula for change of 
base of logarithms we reduce the given equation to the form 

Putting lo gy—x = t we obtain, after performing some simplifications and squa¬ 
ring both sides of the equation, the new equation 

Its roots are ^ = —2 and t 2 ~ -1. The first root yields the value * = y which, 

as is readily seen, satisfies the original equation. The second root gives the 
value x=y~5 which does not satisfy the original equation. 

135. Using the fact 
equation to the form 

/2Vog 2 *+i / 2\2(iogx>-2) 

U) \&) 


that 0.4—-g- and 6.25= 


we reduce the original 


Equating the exponents we pass to the equation 

log 2 x — 6 log jc -f- 5 = 0. 

After solving it we find 

(log ^) 1 = l, — 10 and (logx ) 2 = 6 , * 2 ==103, 

136. Passing over to logarithms to the base 10 we obtain 


“ (log log n~ 


1 

Jog* • 


After simple transformations this leads to the equation 



Taking antilogarithms we obtain 


x 2 — 4x+logn = 0, 

whence 

^ 1 , 2 *= 2 ± Y~4 v*- log n- 

A simple argument now leads to the following final results; 



PROBLEMS IN ELEMENTARY MATHEMATICS 

(a) If 0 < n < 10* and n & I0 a , the equation has two different roots, namely 

= 2 -f V^4 — log n and x. 2 — 2 — f^4— log n. 

(b) If n — 10^, there is only one root x = 3 (x=l should be discarded); for 
n—10 4 we also get one root x = 2. 

(c) If n > 10 4 there are no roots. 

137. Passing to logarithms to the base 2 we obtain the equation 

.—!-! og 2 _—[-i=o. 

log 2 sin x 2 log 2 sin x 1 


log 2 sin x= — - 


The quantity on the left-hand side being strictly positive (sin* £ 1 because 
otherwise the symbol log s | nx 2 makes no sense), we have log 2 a < 0 and, con¬ 
sequently, for a > 1 the equation has no solutions at all. Supposing that 
0 < a < 1 we obtain _ 

log* sin * = ± 

The plus sign in front of the radical must be discarded because log 2 sinx < 0. 
Thus we have 


sin x = 2 




x — (— l)*arc sin 2 


/ loggfl 

2 


-\-7ik {k — 0, i 1, ...). 


It can easily be seen that all this infinite sequence of values of x satisfies the 
origin al equation. 

138. From the second equation we find 


Substituting this expression for x-\-y into the first equation we obtain 
1 — log 2 (x— y) — log 8 (x—y) = 1, 

that is 

log 2 (x—y) + log 3 (x—y) = 0 . 

Passing to logarithms to the base 3 we transform the last equation to the form 
(log 2 3 -f 1) log 3 (x — y) = 0. 

Since log 2 3+l ?= 0, it follows that log 3 (x — y) = 0 and x — y — 1. Combining 
this with equation (1) we obtain the system 

x-{-y= 2, 1 

*-y= i- f 


Solving it we get 
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Finally, we verify by substitution that the above pair of numbers is the solu¬ 
tion of the original system. 

139. Taking logarithms of the both sides of the first equation to the base 
c we obtain 

a\og c x = b\og c y. (1) 

From the second equation we find 

i i log. x 

log^-iog cy=^- y . 

Substituting k)g c y expressed from equation (1) into the latter equation we get 


log, x - y log c x = ^ , or log, * 


1 - 


T = b_ 

a 


Now, raising, we obtain 


b-a 


b * 


r a {b-a) 


From the first equation of the system we now find 


b 

rsb-a 


( 1 ) 


( 2 ) 


y =x — c 

140. Using the logarithmic identity a ] ° 8ab — b we write the system in the 
form 

Iog 5 *+i/ = 7, \ 

xy — 5 12 . I 

Taking antilogarithms in the first equation we get *5y = 5 7 whence 

x = 5 7 -y, 

Substituting x found from equation (2) into the second equation of system (1) 
we get the equation 5 12 + y 2 ~ 7 y= 1 whose roots are 

1 ^ = 4 and y 2 = 3. 

Finally, we arrive at the two solutions 

.^ = 125, y x — 4 and at 2 = 625, y 2 ~ 3. 

141. Taking logarithms of both sides of the first equation to the base y we 
get a quadratic equation with respect to Jogy* of the form 


whose roots are 


If logy* = 2, we have 


2 logy x — 5 logy AT-f- 2 = 0, 

logy x ~2, \og u x=Y* 


x — y z 


( 1 ) 


By virtue of the identity lo g a b- 


we get from the second equation the 


log b a' 

relation logy (0 — 3*) = logy 4, whence we find 

y — 3* = 4. 

Equations (2) and (1) imply a quadratic equation for y of the form 

%y 2 — 0 + 4 = 0 . 


(2) 
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problems in elementary mathematics 


This equation has no real solutions. If \og y x=-^ t we have x=]/ r y and 

y~=x z . In. this case, by virtue of (2), we get the equation 

x 2 — 3a: — 4 = 0. 

Answer: x = 4, y— 16. 

142. Taking logarithms to the base a in the first equation we find 

l° 8 a 6 = 1 + l° 6 a b- (l) 

In the second equation we pass over to logarithms to the base a. Then we 
obtain 

2 log x — y -i^ — 2 log v 

loga * _ io ga 6 \og a yj ^ 0Sa!f ’ 

which yields x—— . Substituting y = -7 into (1) we get the equation 

y x 

x 2 — *(l + Iog fl &) + log a 6 = 0, 

having the roots 

x x = \og a b and x 2 ~\. 

The final answer is 

*i=lo g a b, tj\ = logft a\ * 2 = 1 , y*=l. 

143. In tfre first equation we pass over to logarithms to the base x. Then 
the equation takes the form 

Putting here lo g x y = t we get the equation 

3t 2 —10^+ 3 = 0, 

having the roots t x — 3 and * 2 =-^-, In the first case Iog*r/ = 3, y==x 3 and, by 

virtue of the second equation of the original system, we obtain x^Sl. Since 
x > 0 and y > 0 , here we have only one solution: 

*i = 3, r/i = 27. 

Putting then log*i/=y we find one more solution 

— 27, y 2 — 3. 

144. Let us pass in both equations of the system to logarithms to the b^se 2. 
This results in the following system: 

(log 2 *+ logs y) = log 2 *, 

w v l °st( x +y) — 3 l °st x ' (1) 

ga log 2 3 ^ log a 3 i 

Since x^l (if otherwise, the left member of the first equation of the original 
system makes no sense), we have log 2 x 7 ^ 0 , and system ( 1 ) can thus be rewrit¬ 
ten in the following way: 

log 2 *+log 2 y = log 2 12 , \ 

log 2 (* + y) = 3. / 

Taking antilogarithms we get 

xy = 12, x+y — 8, 
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whence it follows that 

*1 = 6, y ! = 2 and x 2 = 2, (/ 2 = 6. 

145. Converting the logarithms in each of the given equations to the base 2 
we get 

*Iog 2 l/=(/ Vf/ (1 — tog 2 *), 1 (1) 

21og 2 x = 3log 2 y. f 

From the second equation of system (1) we find x 2 ^y 3 , whence 

_ 3 _ 

x = y 2 . (2) 

Using (2), we find from the first equation y= y/4. Hence, 


x=2 5 , y = 2 5 . 

146. Let us transform the system by passing to logarithms to the base 2 in 
the first equation, to the base 3 in the second and to the base 4 in the third. 
We obtain 

tog^+y toga y l°g 2 z = log 2 4, 
tog 3 0 +y tog 3 a+y log 3 * = log 3 9, . 

tog 4 z+ytog 4 x-\-~ log 4 y = log 4 16. 

Taking antilc$fcithms we come to the system 

x yz = 4, "I 

y 'y r xz=9, 1 (1) 

2 V~xy — 16 . J 

Multiplying the equations of system (1) termwise we find 

(xyzf = 24 2 . 

Since x > 0, y > 0, z > 0, we thus have 

xyz = 24. ( 2 ) 

Squaring the first equation of system (1) and using (2) we get 

16 2 
X 24 3 

27 32 

Analogously, we find y — -§ and z = -^ . The verification by substitution 
confirms that the three numbers thus found form a solution. 

147. Passing over to logarithms to the base 2 in the first equation and then 
raising we get 

y 2 —xy = 4. ( 1 ) 

Equation (1) and the second equation of the original system form the system 

x 2 + y 2 = 25 t | 

y 2 —~xy 5 *= 4. } ^ 
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This system has two solutions satisfying the conditions y > x, y > 0 , namely: 
Xl = -y=r, yx=yY and *2 = 3, JI, = 4. 

148. Dividing both members of the equation by 4 X we find 


■-(*)'•-ih 


V 3 — 


2^=3 VT 


This yields 


and, hence, 


149. Substituting y expressed from the second equation into the first we 
obtain 

i „ 2 

x + -2x+ — 

x * =x * . 


It follows that either jc=1 or 


*+4-=—2*+4- 


and, consequently, 


Answer: 


1 o ,— 

*i = J>i = l. X Z =-—, y 2 =l/ 9. 
V d 


150. Putting a* — u and q& = v we represent the system in the form 
u 2 + v 2 = 2b , \ 


2 = 2 b y 1 
^ = J 


These two equations imply 

{u + v) 2 — 2(b-\-c) and (u — v) 2 — 2(b—c). 

Since the sought-for values of u and v must be positive, the first equation is 
reduced to the equation 

u + v=y 2 ( 6 +c). ( 1 ) 

The second equation indicates that for the system to be solvable, it is neces¬ 
sary to require, besides the positivity of the numbers b and c., that the inequality 


should be fulfilled. We also have 


u —u= ± Y 2 (&—c) 


(3) 
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and therefore, solving the system of equations ( 1 ) and (3), we find, taking the 
plus sign, the values 

u x = w *+«+ y z—d' 

v x =^^{Vb + c—Y'b^c). 

In the second case we get 

Ut = ^Y-{VTfh- Yb-—c)t 

v 2=^~2—(Yb+c+YY^c). 


We have found two solutions of system ( 1 ), and if condition ( 2 ) is fulfilled all 
the values of the unknowns are obviously positive. The two corresponding so¬ 
lutions of the original system have the form 

*i = !og«“i. yi = logo i'll * 2 = log a u 2 , y 2 = log a w 2 » 

We now can assert that for the system to be solvable it is necessary and suf¬ 
ficient that b > 0 , c > 0 and b^c. if these conditions hold the system has two 
solutions. 

151. Multiplying the equations we get 

(*//)*+ 1 /=(X£/) 2 *. 


Since x and y are positive, it follows that either xy — 1 or xy ?= 1, and then 

x+y = 2n. ( 1 ) 

Let us first consider the second case. The first equation of the original 
system then takes the form x 2n ~y n , whence we obtain 

y = x 2 . (2) 

Substituting y~x 2 into equation (1) we receive 

x 2 ~j~x —2n = 0. 


This equation has only one positive root 


*i 


/8/i+ I — I 
2 


(3) 


Using ( 2 ) we find the corresp onding value of y: 

< /i =|(^8^+T-1) 8 . (4) 

In the second case when;n/=l we have */ = -—, and the first equation of the 
original system takes the form 

l 

— +x 

x x —x- n » 


Since x and n are positive this equality is only possible if x=l. Thus, we 
have found one more solution: x 2 — U y 2 ~ 1 . 
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152. W« transform this system in the form 

•* - f/324 = 2(3.*4-yy ! . 

From the second equation we find 

324 = 2*- y (3x + y ) 2 <* - y ) 

and* consequently, by virtue of the first equation., we bav* 

324 = 2^-^81 

which results in 2 2 = 2*”4, i.e. 

x—y = 2. 


(1) 


Combining equation (1) with the first equation of the original system we 
arrive at the two systems 


3*4^ : 


:} 


( 2 ) 


:i 3 ) 


(3) 


x—y 

3 a 4 -y 

5 3 

yx^-^Y* The solution of system (3) 

1 9 

is X 2 — —> 1/2 = —• The substitution in the original system confirms that 
both pairs of numbers satisfy it. 


The solution of system (2) is x x * 


153. Put -~ = a. If a=l, i.e. p—q , the system is satisfied by any pair 

of equal positive numbers. Let us, therefore, suppose that a ?= 1. From the 
second equation we get x~y*. Taking logarithms of both sides of the first 
equation and using the above equality we obtain vlog*/(a— y*~ l ) = 0. We 
have y > 0 and therefore either log r/ = 0 or a = y*-‘. In the first case we ob¬ 


oe 


1 

a- i 


tain x x = \, r/i = 1 and in the second case , y 2 *=& 

numbers satisfy the original system as well. 

154. Taking logarithms of both equations we get the system 
y\ogx=x\ogy, \ 
x \ogp = y log q t ) 
x _Jog q 


Both pairs of 


(1) 


which determines the ratio 


logp 

x^ay. 


a. Consequently, 




( 2 ) 
y = a 


If p=~q, the system has an infinite number of solutions of the form 
where a > 0 is an arbitrary number. If p ^ q , then, substituting x determined 
from formula (2) into the first equation of system (1) we find 


r — nP 1 * 


^<x-1 


x — ar~ m , y = cfT 

Consequently, if p # q the system has a unique solution. 

155. Taking logarithms of both members of the equality cP = &—b % we get 
2 = 1 og a (c —b) 4 - tog* (c+ b ). 

Whence we obtain 


1 




-F ■ 


l 
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and, hence, 


log *+b a + log c = 2 log,, tb a ■ log c . h a. 


156. Using the formula log„m^-:- we obtain 

log*r* 

log 2 «. k a = 2 k \og b a and log * b log a b t 
o* a* 2* 


^log^*-* a— log fl? fc bf * = ^ ( 2* !og&a-- log a < 

jfe =0 fe =0 ^ 


log? a 2 4 ft + 'QgSfr 2 i “2 2 

fe =0 /? = 0 /e =0 

(ir - 1 

a». — . 1 noH n -4- A,.... / _— .... lncr? />— 5 


4 lo £fr Q + 

T" 1 


log? 2 («+!) = 


»5-(4»+»-l)togJft+^.(4"+»-l)jjlogSfc-2(ii+l) = 

= 4-(4'»+ 1 -l)flog?a+ , 


3 \ 4 n log£ a 

logfc logb a 

157. a log ‘ fl = (o ,oga & ) logl1 l0 “ a = 6 log & Iog <- a = logi,a. 

158. We have 

C=?aja 2 .. .a n = a-aq.. .(aq n ~ l ) = a n <7 2 . 

Using the formula for changing the base of logarithms we obtain 

>„„ fc _ l °sa b _:__ 


•*2(4+1). 


l°g c b = - 


But we have 


and therefore 


I°t.c „ + «(«p!I l08 ., 


log b q ^ \og a b ^A 
lo g b a lo gqb B 9 


iu * cu ^mw(n-\)A • 

159. Taking advantage of the equality log a ^ i— we transform the gi¬ 


ven formula as follows: 


_J_ 1 lQ b_ 

lhgjy c ^ logya \og N b __ _ ° gN a * log N ^ 

logt/a _1_1_ £_ * log// a ’ 

lOgArb lOgA^C 1D8iV .h. 


The symbol 2 a k denotes the sum a Q -\-a x -\-a 2 -\- ... -fa„. 
fe = 0 
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This implies 


logA'4 = l °SA'-|-> 


]Og \r C 

because the factor ls different from zero. Taking antilogarithmsrin equa¬ 

lity ( 1 ) we get 


Thus, b is the mean proportional between a and c. Taking then logarithms of 
both sides of equality (2) to an arbitrary base N and carrying out the transfor¬ 
mations in reverse order we complete the proof of the assertion. 

160. It should be supposed that N ?= 1 because, if otherwise, the fraction 
on the right-hand side becomes indeterminate. Dividing the identity to be pro¬ 
ved by \og a N \ogb N \og c N we replace it by the equivalent relation 

log a N T log* N^ log c N log o6c JV 
Passing here to logarithms to the base N we get 

log N a -f logyvr b + logyv c = \og N abc. 

The last identity being obviously valid, the problem has thus been solved. 

161. We have 

lo k£ = log £ a 6 = log^^ 

logos* l°gjc« log* 

which is what we set out to prove. 

162. Using the logarithmic identity log& a — ■ » we transform the left 

logo ^ 

member of the given inequality in the following way: 

log 1 logs, x = l0 - 3 Y + logs * = logs * / l°gj_ 3 -f-1 \ _ 

~ lo &y \~) 


.lofcx- 108 , * =^-= 
2 log 3 4- 


Then the given inequality takes the form 

logs* 


We have 2 > 1 and > 1 , and, by property of logarithms, log 3 2 > 0 . Con- 

T 

sequently, the foregoing inequality is equivalent to the inequality 

log 3 * < — log 3 2 . 


Hence, noting that x > 0 according to the meaning of the problem, we finally 
obtain 

~ los 3 2 


0 < x < 3 
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163. Since x > 0, the given inequality is equivalent to the inequality 

x \og a x > a 2 # 

But a > 1, and therefore taking logarithms of both sides of the last inequality 
to the base a we get the equivalent inequality 

\ogl x > 2 . 

From this we deduce the final result: 

either log a x > V2 t and, consequently, x > a^ 
or log a x < — ]/T, and then 0 < x < a~ V2 . 

164. By the meaning of the problem we have x > 0 and therefore the given 
inequality is equivalent to the inequality 

log a x(x+\) < log a ( 2 * + 6 ). 

Since a > I, it follows that x(x+\) < 2* + 6 , that is 

x 2 — x —6 < 0 . 

Solving this quadratic inequality for x > 0 we get 

0 < * < 3. 

165. The inequality to be established is equivalent to 

0 < * 2 —5*+6 < 1. 

Since x 2 — 5* + 6 = (a:— 2) (x— 3), the inequality 0 < x 2 — 5x + (5 holds true for 

x <2 

and for 

x > 3. 

Solving then the inequality x 2 — 5 x + 6 < 1, we find that it is satisfied for 

5— V5 Y ^ 54- VT 
2 2 


_ 5 y 5 5 i j /"5 

Since y5> 2, we have - 1—<2 and, consequently, ' ^ ->3. 

refore, the original inequality holds true for 


5— y 5 
2 


< x<2 


and 


3 < x < 


5+V5 

2 


The- 


166. Reducing the fractions on the left-hand side to a common denomina¬ 
tor, we find 

log 2 Jtr (log 3 JC — 1) < 1 

and, hence, 

1 log 2 a: (log 2 jy— 1) Q 

l°g 2 x (loga x — 1) 

The numerator of the last expression is positive |~indeed, we have 1 + loga* — 
— log 2 x= ^log 2 x ~, the inequality is reduced to the relation 

log 2 x(log 2 x— 1) > 0, 

which is fulfilled for x > 2 and 0 < x < 1. 


iS6 PROBLEMS IN ELEMENTARY MATHEMATICS 

167. According to the meaning of the problem, we have *>0 and,.hence, 
the given inequality is equivalent to the inequality 

^3-log**-* log,* ^ 

Taking logarithms of both sides of this inequality to the base 2 and putting 
y— log 2 x, we get an equivalent inequality of the form 

y (3 — y 2 — 2y) > 0 , 

which, after the quadratic trinomial has been factorized, can be written in the 
form 

y 0 — y)@+y) > o. 

The latter inequality is fulfilled if and only if either all the three factors 
are positive or one of them is positive and the other two are negative. Accor¬ 
dingly, in the first case, i. e. when 

y> 0 , 1 —> 0 . 3 + y>0 t 

we obtain 0 < y < 1 and, hence, 

1 < x <2. (1) 

The second case reduces to three subcases among which only one leads to 
a consistent system of inequalities. Namely, when 

y < 0 , 1 —^ > 0 , 3-jry < 0 . 

We receive y < —3 and, hence, 

0 < AT < - . (2) 

Thus, the original inequality holds if and only if either 

0 <*< 1 , 

or 

I < * < 2; 

168. Putting \og 2 x = y and noting that log x 2= ^ we rewr ^ e 

given inequality in the form 

^+-*+ 2 cos a< 0 . ( 1 ) 

y 

The numbers z — y -\—— and y have the same sign, and |z|^s2 for all y (see 

(2), page 20). Therefore, if z > 0, then the inequality z^—2 cos a is fulfilled 
only if z = 2 (i.e., y= 1 ) and cosoc^— 1 or, in other words, if in the original 
inequality x — 2 and a — (2£-f l)rc (£ = 0, ±1, ±2, ...). For these .values the 
sign of equality appears. 

But if z < 0, i.e. y < 0, then 2, and inequality (1) is fulfilled for all 

a, whence it follows that the original inequality holds for 0 < x < 1 and all 
real values of, cx besides the values found above. 

169. The original inequality is equivalent to the relation 

0 < log 4 (x* —5) < 1 , 

whence we find jthat 1 < x 2 — 5 <4 or 6 < x 2 <9 or V"” 6 < | a: | < 3. 

Answer: Y 6 < x < 3 and —3 6 . 
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5, Combinatorial Analysis and Newton’s Binomial Theorem 

170. Taking the ratios of the first term of the proportion to the second and 
of the second to the third and reducing the fractions to their lowest terms 
we obtain 

(n +1)1 . (rt-}~ 1 )! _ n— m +1 

(m + 1 )! (/i — m)l ' ml (n — m + 1 )! m +1 

and 

(/i+ 1)1 . (/i+1)1 ft—m + 2 

m\(n — m+ 1 )! ‘ (m—l)!(n—m + 2 )! ra 

The conditions of the problem thus lead to the two equations 

/i — m+1 . , n—m + 2 5 

■ x t =1 and — zr —=^-- 

m +1 fit q 


Solving them as system of simultaneous equations we find m = 3 and n — 6 . 

171. We have 

(1 + a: 2 —x 3 ) 9 = 1 + Cj(* 2 —x 3 ) + Ci| (x 2 - a 3 ) 8 + Cf (x 2 — *3)8 + 

+ Cj (x 2 —x 3 ) 4 + Cl (x 2 ^* 3 ) 5 + ... + (x 3 — x 3 )». 


It is readily seen that x? enters only into the fourth and fifth terms on the 
right-hand side. Using this fact we easily find the coefficient in x? which is equal 
to 3Cl+ Cj. 

172. The summands of the given sum form a progression with common ratio 
1 +at. Therefore, 

(l+x)* + (l +«)*+*+ •••+(! +*)” = - ' y) - . (1) 


Writing the sum in the form of a polynomial 

<*o + 0 i*+ • • * +a m x m + .. .+a n x n t 


and removing brackets in the right-hand member of equality ( 1 ) we see that if 
<; k, then 

n ptn +1 ptn+l 

a m — wi+i L k t 


and if m^>k, then 


s>fn-v 1 
Gnu . 


173. From the conditions of the problem it follows that 


C i n =C 1 n + 44, or ” - + - ^ = ft + 44. 


Solving this equation for n we find n=ll. 

The general term of the expansion of the expression 

(xVx+^) 

by the binomial formula can be written in the form 
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By the hypothesis we have -y (11 —m) —4m = 0 which yields m — 3. Hence, the 

sought-for term is equal to Cu. 

0 

174. Putting * + — — u we can write 


j — (1 + ^) 10 — 1 + Cio uC\$ u 1 ... -f-CJo u 10 t 

where 

«' t =^+-|) , '=A;ft 4 -C^- 2 6 + ...+C|^-w^+ ... +^. ( 1 ) 

For every summand in expression (1) which does not contain x we have the 
condition k — 2 s — 0 . Consequently, this summand is equal to C| s - 6 *. Collecting 
all these terms we conclude that a summand not containing x in the original 
expression is equal to 

1 ~h C\o • Cl -6 + Cj 0 . C 2 -6 2 + CJo Cg -6 3 -f- Cf 0 ■ Cf • 6 4 -f- Cio • Cio*6 5 » 

175. After simplifications the inequalities T ki . x > T k and T k + l > T A + 2 take 
the form 

1 1 Vj_ 

k 101 —k ’ 100 —k k+\ ' 

Solving each of them with respect to k, we get 


101 3 . 100 Y 3—1 

- > k > - ■£= - 

Y 3+1 Y 3+1 


(1) 


Both the left and right members of inequality (l) are not integers, the diffe¬ 
rence between them being etjual to unity. Therefore there exists only one inte¬ 
ger k satisfying inequality ( 1 ). Noting that 1.72 <4^3 < 1.73 we establish, by 
direct computation, that 

64.64 > k > 63.135. 

Hence, fc = 64. 

176. The general term T k + l of the expansion is equal to C^a*. If T k = T k + l , 
then C*-» a *- l =C%a*, that is 


n\ a *- 1 




whence we obtain k= 


>+l 


k\ (n~k )l ’ 

We have thus established the required condition: 


(k— 1)1 (/z—£+ 1)1 
n + \ 


the number 1 - 1 — must be the divisor for the number n-\- 1 . 

1 a 

Furthermore, the relation T k ~ T k + { = T k +. 2 is equivalent to the equalities 


that is 


1 a _ a 2 

0 n — k+\)(n—k) ~k(n — k) ~ k(k+i) ' 


k 

n—k+ 1 


a, 


*+l 

n — k 


= a. 


From the latter relations we obtain the equality n-f-l=0 which is impossible. 
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177. The expansion will contain n terms of the form xf (t = l f 2 , n) t 
n(n — 1 ) terms of the form xfx/ (i, /—l, 2 , .... n, i ^ j ) and, finally, C® terms 
of the form where i, j and k are different numbers. Thus, the number of 

different dissimilar terms is equal to 


rz + ft (/i— 1) 


n(n— \)(n— 2 ) 
r 6 


ft (ft ~f~ 1 ) (ft + 2 ) 
6 


178. The divisors of the number q are obviously the numbers p lf p 2 » •• •» Pa 
and all their possible products. The number of these divisors is equal to 

cg+c£+...+c*=2*. 


The fact that all the divisors are different and that there are no other divisors 
is implied by the uniqueness of the representation of an integer as a product of 
prime numbers. 


179. The equality to be proved has the form 

C l />2 s>k s>n —l 

1 ~r~+-T+ • • • +*+!+''' + ~1T~ 


+ 


*+i 


2 n + l — 1 

«+l 


and is equivalent to the equality 

i + («+i)+^cA+^c’+... 


ft + 1 r k < | ft + 1 

Jfe +1 C ' I +*** + 


C n n ~ l + 1 = 2 " + 1 . 


Since 

ft+1 ^.ft_ft+l ftl _ (ft+ f)l _ fk+i 

k+\ n ~£+l Ar! (n — Ar)! (fe+ 1)! (/i—ife)l 

the left-hand side of the last equality is equal to 

1 + C«+i + Cn +1 + • ■ • + Cn+i + • • • + Cn+i + 1 = (1 + 1 )" +1 = 2 " + x , 
which is what we set out to prove. 

180. The general term on the left-hand side of the equality can be transfor¬ 
med in the following way: 

kC*x*<.\- x) n-k= k _J}L_ x k( X _ x) n- k = 

Therefore the left member of the equality can be written in the form 

nx [CJUl — x) n ~ l -\-C \—i x (1 —... -j-Crt—ix”- 1 ] = 

= nx [x+ 1 — x] n ~ 1 = nx. 

181. Any splitting of the pack indicated in the statement of the problem is 
equivalent to selecting 16 cards out of the 32 cards that are not aces and two 
aces out of the four aces. The first selection can be accomplished in C\\ ways, 
and the second in C| ways. Since every selection of the above 16 cards can be 
combined with any selection of two aces, the total number of ways in which the 
pack can be split is equal to C 32 C 4 . 

182. The sought-for number is equal to the numbeF of permutations of 10 
digits taken 5 at a time, i.e. to 10x9x8x7x6 = 30,240. 

183. Imagine that we have an ordered set of n “boxes” which can be filled 
by pairs of elements. Let us form the partitions and fill, in succession, the boxes 
by the pairs of elements. 
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A pair put into the first box can be selected in C\ n ways. After the first pair 
has been selected, we can select the second pair in Cln -2 ways, then the third 
in C\ n -i ways and so on. Finally, we obtain a set of Cf*Cf n _ 2 Cf n _ 4 ... Cf 
partitions which, however, includes all the partitions differing In the order of 
the pairs. Consequently, the number of the partitions we are interested in is 
equal to 


ClnC\n^...C\ 2n (2/i— 1) (2/1—2) (2/i—3) v . 2*1 __ 

nl ' — 2" ft! 

= (2/i— 1) (2ft — 3) ... 3-1, 

The same result can be obtained by another way of reasoning. Let k m 
(m = 1 , 2 , ...) be the number of partitions of the desired type when the number 
of elements equals 2m. Consider 2 n elements. Since the order of the pairs is 
inessential a pair containing the first element can be regarded as the first pair. 
The pairs containing the first element can be formed in 2 /i—l ways. After a 
first pair has been selected, the rest of 2(ft— 1) elements can be partitioned 
into pairs in k n ~ x ways. Therefore, k n — (2n — 1 ) k n -i. With the aid of this 
relation we easily find 

k n = (2ft — 1) (2ft — 3) ... 5 • 3 • 1. 


184. Out of the total number ft! of permutations we have to subtract the 
number of those in which the elements a and b are adjacent. To form a per¬ 
mutation in which the elements a and b are adjacent we can take one of the 
permutations [whose number is (ft — 2 )!] containing the remaining ft — 2 elements 
and add the two elements a and b to it so that they are adjacent. This can be 
obviously done in 2 (ft— l) ways (the factor 2 appears here because a and b can 
be interchanged). Thus, the number of permutations in which a and b are adjacent 
is equal to 2 (ft — 2 )! (ft— 1 ), and the number we are interested in is equal to 

ft! — 2 (ft — 1)! = (ft— 1)! (ft — 2). 


185. If among these 5 tickets there are exactly two winning tickets, then the 
remaining three are non-winning. Out of eight winning tickets, one can select 
two in C\ ways, and out of 50 — 8 = 42 non-winning tickets, three tickets can 
be chosen in Cj 2 ways. Each way of selecting two winning tickets can be com¬ 
bined with any choice of three non-winning tickets. Therefore, the total number 
of ways is equal to 


^ 2^3 8x742x41x40 

Ls ' 42 1X2 1X2X3 


326,240. 


The number of ways of selecting five tickets so that at least two of them 
are winning is equal to the sum of the, number of ways in which exactly two, 
exactly, three, exactly four and exactly five winning tickets are extracted. Hence, 
the desired number is equal to 

i r*/'* i Mri , /'S ,_8x7 v 42x41 x40 , 

C 8 W2-T C 8^42 “F ^8^42+ ^8* 1 == f^2 X 1 X 2 X3 -* 

. 8X7X6 42x41 8x7x6x5 w 42 8x7x6x5x4 

Mx2x3 X 1X2 i ~lx2x3x4 X 1 Ix2x3x4x5~" 

= 326,240 + 48,216 + 2,940 + 56 = 377,452. 

i 186. First solution . For convenience, let us think of the parallel lines as lying 
one above the other. Suppose that there are n points on the upper line, and m 
points on the lower one (Fig. 1). Let us break up the set of all joining line 
segments into the pencils of lines with fixed pbints on the lower line as vertices. 
(In Fig. 1 we see such a pencil of segments joining a point A with all the points 
on the upper line.) Evidently, the number of these pencils is equal to m, and 
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that the number of points of intersection of the segments belonging to two arbit¬ 
rary pencils is the same for any pair of pencils. If we denote this number by 
k n , then the total number of points of intersection of all the segments is equal 
to the product of k n by the number of combinations of the m pencils two at a 
time, i. e. to 


krfim — £ 


n 


m (m— 1) 
2 


To compute the number k n let us group all the segments joining the n points 
on the upper line to two points A and B on the lower line into the pairs of 
segments joining a fixed point on the upper line (for instance, C ) to the points 
A and B. The number of these pairs is equal to n, and there exists exactly one 
point of intersection of the segments belonging to two pairs (for instance, such 
is the point of intersection of the diagonals of 
the trapezoid A BCD). Therefore, 


n points 


U _^ 2 _n(n—\) 
k n — L n — ^— * 

Consequently, the total number of points of 
intersection of all the segments joining n points 
on the upper line to m points on the lower 
line is equal to 

n (n — 1) m (tn —1) 

? 2 * 



Second solution. Each point of intersection of the segments can be obtained 
by selecting two points on the first line (which can be performed in Cm ways) 
and two points on the second line (which can be performed in C% ways). Com¬ 
bining all the possible pairs of points we get the total of 


^ 2 _m (m— 1) n (n — 1) 

^>n —- ~a - 


points of intersection. 

187. Each parallelogram is specified by choosing two straight lines of the 
first family (which can be performed in C\ ways) and two lines of the second 
family (which can be performed in Cm ways). Thus, the total number of the 
parallelograms is eqpal to 

n 2 n 2 _ n(n — \)m(m—\) 

^ - • 

188. Since in the given alphabet every separate character (a dot or a dash) 
and every pair of the characters denote a letter, the number of ways in which 
a continuous line consisting of x characters can be read is independent of the 
particular form of the line and is equal to the total number of ail 1 possible 
partitions of the characters forming the line into the groups of one or two adjacent 
characters. Let us denote this number by p„. 

: Let us now divide all the possible ways of reading the given line consisting 
oi n characters-into two sets. 

Let the first set comprise the ways in which only the first character of the' 
line is read as a separate letter. The number of ways belonging to the first set 
is equal to the number of ways in which the rest of the line consisting of n—1 
characters (remaining after the first character is discarded) can be read, that is 
to.iy-i- 

w Let the second set comprise the ways in which the first two characters of the 
line are read as one letter. The number of ways belonging .to the second §et 4$ 


6 -323 
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equal to the number of ways in which the chain consisting of n — 2 characters 
(remaining after the first two characters are discarded) can be read, that is 
to pn- 2 * 

Since every way of reading the given line belongs either to the first or to the 
second set, the total number of ways is equal to the sum of ways belonging to 
the first and second sets, i. e. 

Ptt = Pn-l + Prt-2* (0 

This equality is a recurrent formula by which one can compute, in succession, 
p lf p 2 , ..., p n for any n provided p x and p 2 are known. But in the given problem 
p 1 = 1 (for a line consisting of one character there is only one way belonging to the 
first set) and p 2 = 2 (for a line consisting of two characters there are two ways 
of reading one of which belongs to the first set and the other to the second set). 

Using formula (1), we find, in succession, 

Pz — P 2 + Pi = 2 + 1 = 3, 

Pi = Ps + P 2 — 3 + 2 = 5, 

P6 — Pi + Pa = 5 + 3 = 8 

and so on. Finally, we get 

P 12 = 233. 


6. Problems in Forming Equations 


189. Let x be the smaller of the factors. Then the statement of the problem 
directly implies that 

*(*+10) — 40 = 39* + 22, 

that is 

x 2 — 29*—62 = 0 , 


whence * x =31, x 2 — —2. Discarding the negative root we find the sought-for 
factors which are 31 and 41. 


190. Before the first meeting the first cyclist covered s-\~a km and the second 
one s—a km where s is the distance between A and B. Consequently, before the 

second meeting they covered 2 s-j—and 2s —-^s km, respectively. 

But if two bodies move with constant speeds, the ratio of the speeds is equal 
to the ratio of the distances covered by the bodies, provided the times taken 
are equal. Therefore, for finding s we have the equation 


s + q 
s —a 



Hence t — 2 ak km. 

191. If two bodies move with constant speeds, then, for the same path, the 
ratio of their speeds is the reciprocal of the ratio of the times taken. Let v be 
the speed of the third car, and t the time of motion of the second car by the 
moment it was overtaken by the third car. Therefore we have 

40 t— 0.5 J 50 /+1 

—=—;— and -= 7, 


Dividing termwise the first equation by the second, we find f = y hours and 
then determine o = 60 km/hr. 
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192. Let the time period between the start and the meeting be x hours. The 
distance between the point of meeting and the point B took the cyclist x hours 
and the pedestrian x + t hours. Since, for equal distances, the times of motion 
are inversely proportional to the speeds, we can write 


x±t_ 

X 


k t 


whence we find 


x= 


t 

k-r 


193. Let x be the distance between A and B , and y be the distance between 
B and C. Then, taking into account that the time of motion is the same in all 
the cases mentioned in the statement of the problem, we obtain the system of 
equations 

3.5 r 4~3.75’ ^ 

x~hy _14 y x \ 

3.75 60^3.75”^ 4 * ; 

Solving this system we find *=14 km and y = 16 km. 

194. Let * denote the length of the horizontal path, and y be the length of 
the uphill portion. Then we can form the following system of equations: 


y . * . 11.5 — (x + y) n 9 'j 
3 ' 4 ' 5 10’ 

11.5 —(x + y) , * , y _ 0 1 
3 ' 4 ' 5 6 10 * 

Adding together the equations, we find * = 4. 


195. Let us denote the distance between tTie points A and B by /, and the 
speeds of the motorcyclists by ^ and v 2 . During the time period t the first 
motorcyclist covered the distance p-\-l—q t and the second the distance q + l —p. 
Therefore, 




On the other hand, the ratio of the speeds is equal to the ratio of the paths 
covered before the first meeting, i.e. 


vi_ l— P 
P 


Substituting and v 2 expressed by (1) into the latter relation we get an 
equation for determining l. Solving it, we find / = 3p— q. Substituting this value 
of l into formulas (1) we obtain 




4p — 2q 


Vo = 


2 P 


196. The difference between the delay times of the airplane in the first and 
second flights which is equal to hours is due to the fact that the distance 

of d km was covered by the aircraft at different speeds, namely, during the first 


6* 



164 PROBLEMS IN ELEMENTARY MATHEMATICS 


flight the speed was v krn/hr and during the second flight w km/hr (the speeds 
on the other parts of the flight were equal). Thus, we get the equation 

t \ ^2 __ 

60 v w ’ 

wherefrom we find that the initial speed of the airplane is equal to 

6 Ovd km 

70) — - -- 

60d-{-v (t 2 — t 1 ) hr ’ 

197= Let us denote the weight of each cut-off piece by x. Suppose that the 
first piece contained 100a % of copper, and the second 100a % of copper. Then the 
weight of copper contained in the first piece after its remainder has been alloyed 
with the cut-off piece of the other alloy is equal to a(m — x)-\-bx, and the 
amount of copper in the second piece after its remainder has been alloyed with 
the cut-off piece of the first alloy is equal to b(n —*) + ajt. By the hypothesis, 
we have 

a(m—x) + bx _ b (n—x) + ax 
m n 

Solving this equation and taking into account that a£b we obtain 

_ mn 
~m-f- n 


198. Let the ratio of the weights of the alloyed pieces be a.*p. Then 


«P | 

100^100 


It. follows that - 


a + P 


' 100 ' 


a;p = (/-— q):(p—r). 


The problem is solvable if either p > r > q or p < r < q. 

To find the maximum weight of the new alloy let us consider the ratios 

P . Q 


\r—q\ 

If 


and 


\ r —< 71 


I P~ r I 


If 


\r —<?l < 7F 


If, finally, 


, then the maximum weight is equal to 
p+q=Ph«p = E^ q. 

r—q p—r 

■, the maximum weight is equal to 
P 
Q 


P- r . P= P-lp . 


k—?l 


I P — r 


r—q r—q 
- , then the maximum weight is 


p—q 


p—r p- 


Q- 


199. Suppose that each worker worked for t days and A earned x roubles 
while B earned y roubles. From the conditions of the problem deduce the fol- 
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lowing system of equations: 

((- l)y = 72. 

(/ — 7)|- = 64.8, ■ 

(t-l)£-a-7)T = 32A. ^ 

From the first two equations we find 

/ — I 72 t—7 64.8 


Finally, the last equation yields 


that is 


72 ——64.8—=32.4, 
x u 


" 9 7 


From the latter equation we find y = ~x (the negative root is discarded). Now, 
dividing the second equation of system (1) by' the first one and replacing 
— by its value we find 

6 7_64.8 (— 7_3 

5 72 8 / —1~ 4 8 

whence we obtain / = 25. Consequently, 

x — 75 roubles, y ~90 roubles. 

200. Let t x be the time elapsed before the first meeting, t 2 be the time 
elapsed before the second meeting and R be the radius of the circle. During 
the time t x the first body covered the distance vt j and the second the distan¬ 
ce 2 - 

ce • The sum of these distances is equal to the circumference of the circle, 
that is 


During the time / 2 each body covered the same distance equal to the circum¬ 
ference of the circle, and hence we have 

vt 2 ~2nR and ■^ = 2 kR. 

t» a 

Eliminating t 2 from these relations we find R~ — . Substituting this vatue 

of R into (1) we arrive at a quadratic equation in i x of the form 

• • ' at\ . . 2o 2 n 

-- = 0. 

Solving this equation and discarding the negative root (according to the meaning 
of the problem, we must have t x > 0) we finally receive 
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201. Let us denote by q x and q 2 the capacities of the taps measured in 1/min 
and by v the volume of the tank. The times of filling the tank by each tap 
alone are, respectively, 

<! = — and . (1) 

<7i 

The first condition of the problem leads to the equation 

1 , , 1 , 11 


Using equalities (1) we get the quadratic equation 




+ 1 - 0 , 


whose solutions are — and - = The second condition of the problem 
q 2 3 q 2 2 * 

implies that 

v = (3-60 + 36) (<7i + q 2 ) = 216 (q x + q 2 ). 

From (1) we find the sought-for quantities: 




216 (ft + ft) . 
<h 


= 540 min (9 hours), 


/ 2 = £15_i?Li2l^ == 360 min (6 hours). 

Qz 

There is a second solution, namely 

^=360 min, / 2 = 540 min. 

202. Let y be the specific weight of water and s be the cross-section area 
of the pipe. Atmospheric pressure p a is determined by the formula 


Pa = yc. 


If p v is the pressure under the piston when it is elevated, then, by Boyle and 
Mariott’s law, for the column of air between the piston and the water level we 




have Pi (b — x)s — p a hs (see Fig. 2). The equilibrium equation for the column of 
water is of the form p a — p t = yx. This leads to the equation 


(after y has been cancelled out), i. e. to the quadratic equation 
x l — (6 + c) x -1- (b — h) c = 0. 




SOLUTIONS AND ANSWERS. ALGEBRA 


167 


Solving the equation we find 

*= J [(6+0- V(»*-c)» + 4hc] ■ 

203. Let Pi and p 2 be the air pressures under the piston in positions / and //, 
respectively (Fig. 3), and y be the specific weight of mercury. The equilibrium 
equation for the columns of mercury 12 cm and x cm high are, respectively, 

76v—P i = 12y, 1 
76y— p z =xy. ) 

Boyle and Mariott’s law applied to the column of air below the piston yields 
the equation 

Pr29-|=p,(36-*). 

Substituting the expressions of p Y and p 2 found from (1) into this equation, we 
obtain the following quadratic equation in x : 


that is 


29 ~ X 64 = (76— x) (36— x), 

x 2 —112*+832 = 0. 


Solving ihe last equation we find *=56 i >^3136—832 = 56 ± y r 2304 = 56±48, 
and hence * = 8 cm. 

204. Let the watch gain x minutes a day. Then it will show true time in 

2 1 
— days. If it were 3 minutes slow at that moment but gained *+-g- minutes 

....... 3 


more a day, it would show true time in 


■ days. Hence, 


whence 


■+-f 


x 2 + ~2 x ~~ I =0. 


Solving this equation, we find * = 0.5. 

205. If * is the original sum of money each person deposited and y is the 
interest paid by the savings bank, then 

y m , y n 

100 12 ~ P ' * + *10012 — q ' 

Multiplying the first equation by n and the second by m, and subtracting the 
latter equation from the former, we find 

_ pn — qm 


Now taking the original system and subtracting the second equation from the 
first one we get 

-i£-(m-n) = p —< 7 , 
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whence we obtain 


1200 ( P - g ) 
y qrrt — pn m 


1206. Let and v 2 be the speeds of the points, and > v 2 . The first 
condition of the problem is expensed by the equation 

2nR 2nR 
Vo v, ‘ 


The second condition means that the distance covered by the point 
the circle at a higher speed during the time T is by 2nR longer 
covered by the other point. Thus, we get another equation 

Tv 1 — Tv 2 = 2nR. 

from .the latter equation we find 


moving in 
than.that 


Substituting this expression for v 2 into the first equation we get a quadratic 
equation for v x : 

2 2nR 2 nR 2nR _ 

VI — —Vf —fT'—=°- 


Solving it we find 


and then determine 


/'+?+•) 


4 T 

‘+ T - 


207. Let v be the volume of the solution in the flask and x be the percen¬ 
tage of sodium chloride contained in the solution. 

The volume ^ of the solution is poured into the test tube and evaporate^ 

until the percentage of sodium chlori.de in the test tube is doubled. Since the 
amount of sodium chloride remains unchanged, the volume of the solution in 
the test tube becomes half as much, and hence the weight-of the evaporated 

u 

water is equal to g-. 

After the evaporated solution is poured back into the flask, the amount of 
sodium chloride in the flask becomes the same as before, i. e. v , and the 

volume of the solution is reduced by ^ . Thus, we obtain the equation 


,*±jp 

' 100 * • 


wherefrom we find 


Y — \2n —l) 0 
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208. Let the first vessel contain x litres of alcohol, then the second vessel 
contains 30 —x li'tres. After water has been added to the first vessel, one litre 

x x 

of the obtained mixture contains litres of alcohol and 1 —^ litres of water. 
After the resulting mixture is added from the first vessel to the second vessel 
the latter contains 30 — + litres of akohol and litres of water. 

One litre of the new mixture contains 




litres of alcohol. 


After 12 litres of the new mixture is poured out from the second vessel into 
the first, the first vessel contains 

12 [ 1_ +55(30—*) litres of alcohol 

and the second contains 

18 [ l “55+(i)*] Iitres of 9lcohoL 

By the hypothesis, 

18 [ , ~ i +( s ) ]+ 2s * 12 [^^+( 35 ) . 

whence we get the equation 

x 2 —30*+200 = 0 . 

This equation has the roots 

x x = 20 and x 2 = 10 . 

Hence, the first vessel originally contained either 20 litres of alcohol (and then 
the second contained 101 ) or 10 litres (and then the second vessel contained 201 ). 

209. Let x be the distance between the bank the travellers started from and 
the place where C left the motor boat. Note that A caught the boat at the 
same distance from the opposite bank. Indeed, the only distinction between the 
ways in which A and C crossed the water obstacle is that C started out -in the 
motor boat and then swam and A first swam and then took the motor boat. 
Since they swam at an equal speed v (0 7 = v x ) and the crossing took them equal 
times, the above distances should be equal. 

Taking this note into consideration, we easily set up the equation 

* + s— 2 (s— x) 

v x v ' ’ 


its left member expressing the time of motion of the boat from the start to the 
point where it meets A and its right member being equal to the time of motion 
of A from the start to that point. 

The above equation yields 


i(o-Mi) 
3o + u 


Therefore the duration of the crossing is equal to 



x ^ s P+ 3 vj 
U| ^ Dj 3u ~\- ’ 
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Note. The problem can also be solved without using the equality of the 
above mentioned distances. But then we have to introduce some new unknowns, 
and the solution becomes more complicated. 

210. Let the sought-for distance be s km and the speed of the train be 
v km/hr. During 6 hours preceding the halt caused by the snow drift the first 

train covered 6o km and the remaining distance of (s—6c;) km took it ^ ^ 

0 

hours because the speed of the train on that part of the trip was equal to -g- v. 

5 (s—6 v) 


The entire trip (including the two-hour wait) lasted 8- 


6 v 


hours which 


exceeds by one hour the interval of — hours indicated by the time-table. Thus, 
we obtain the equation 


8 - 


5 (s —6o) s 

6 v u ’ 

Reasoning analogously, we set up another equation concerning the second train: 

5 (s— 6v —150) 


i- + f._ 8+ J“ 

v 1 2 v 


6 v 


From this system of equations we find s = 600 km. 

211. Denoting the speed of the motor boat in still water by v and the speed 
of the current by w we get the following system of two equations: 

a , a zT , 


v—w 


-=r„ 


u + ro 
a—b 


v—w 
2 b 


v + w 1 v+w 

Solving this system with respect to the unknowns 
their reciprocals we find 

, % a + b A 

v+w = -= — bp- and v — w 
1 — 1 o 

It then follows that 


a + b 
v -fay * 

1 


v+w 
a(2a+b) 


and 


v—w 


and taking 


a ~'~2 


1 f 2 q + fc 


and 


[t-T, 


T{a+b) + T 0 a 
a (2a+6) 


w = — 
2 


1 [ 2a -1-6 


T (a-j-b)-j-T 0 
a (2a -f b) 




L T-T 0 T(a + b)+T 0 < 


,a 


212. Let x be the time period during which the second tap was kept open 
and v(w) be the capacity of the first (second) tap measured in m 3 /hr. We have 

o (x + 5) -f -wx — 425, 

2vx = w (x + 5), 

(v + w) 17 = 425. 

From the second and third equations we get 

ne X -f 5 50* 

0 = 25 37+5’ 
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Substituting these expressions into the first equation we find 

3 * 2 — 41 * —60 = 0 , 

whence *=15 hours (the negative root is discarded). 

213. Let the sought-for speed of the train be v km/hr and the scheduled 
speed be v x km/hr. The first half of the way took the train hours and the 

second half of the way together with the halt took it —hours in the 

t^ + 10 1 20 

first trip and hours in the second trip. But both times the train arrived 

at B on schedule and therefore 


10 10 .1 10 10 . 1 

v x + 10 ' 20 ’ v x v ' 12* 

From the first equation we can find We have 


that is 


1 1 \_ 1 100 _ 1 

v x v 1+ \0)-20' v l (v 1 + \0)~~20’ 


i>i +10^—2000 = 0, 


and the latter equation has the only one positive root o x = 40. 

From the second equation we find that u = 60 km/hr. 

214. Let the distance AB be equal to s km, and the speeds of the first and 
second airplanes be respectively equal to v x and v 2 . Then, by the conditions 
of the problem, we have the following system of three equations: 


__fL 

2v x * v x 2v 2 v 2 ’ 



3s _ s 

4u7 4v 2 


Let us put 


2 »i 


2Vc 


-=y. 


From the second and third equations we find *=yb and 
first equation yields a —1--~— ^=b. But , and 

find that , u 2 =^ and s = 8a. 


5 

y~^b, and the 
now we readily 


215. Let u be the speed of the motor boat in still water and v be the speed 
of the current. Then we have the following system: 

W + O 1 U — V 

24 __ 96 72 

v ~u-\-v'u — v ’ 
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To solve it let us put — = 2 . Multiplying 
equation by v we find 


24 = 


96 

2 + 1 


72 

2—1 


both members of the second 


Reducing the terms of this equation to a common denominator and discarding 
it we obtain the quadratic equation 

24z 2 —1682 =±= 0, 


whose roots are 2 = 0 and z-7. Since z ?= 0, we must take 2 = 7. Hence, u = 7v. 
Substituting u^7v into the first equation of the system We derive 


?§+? 6 = 14 

8t^6u ’ 


whence we find 

t> = 2km/hr, u = 14 km/hr- 

216. The distance covered by a body moving with constant acceleration a 
during t sec is determined-by the formula 

, , a * 2 

s—v 0 t- 1 — 2 " • 


To find v 0 and a for each body we must substitute the given numerical data 
into this formula. 

( 1 ) For the first body we have 

25=u 0 + y for t — \ 

and 

50 y— 2v 0 + 2a for i = 2 , 


1 1 5 t 2 ’ 

whence a=— , o 0 = 25 —— and s 1 = 24—-/-]— 
o o 00 

(2) For the second body we have - . . 

30=y o +y for t = 1 
and 

59 y= 2 u 0 + 2 a for t = 2, 

I 1 It 2 

whence a=— y, u 0 = 3Q-+y a nd s 2 = 30y/—*p. 

For the moment when the first body catches up with the second we have 
s 1 = s 2 4-20 which results in a quadratic equation for determining t of the form 

t 2 — \2>t — 48 = 0. 

Solving it *we find t= 16, the negative root being discarded. 

217. Let v denote the relative speed of the boat. Then the time of motion 
of the boat is equal to ~ 
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By the hypothesis, we have 


3< 


10 

u+l 



(1) 


It is necessary that v > 1, since otherwise the boat cannot move upstream. 
Let us pass from the system of inequalities (1) to an equivalent system of ine¬ 
qualities of the form 

3 (t/ 2 — 1) C 16u—4 ^ 4 (o 2 — 1). 


Thus, the two inequalities 
and 


3u 2 — 16u+l <0 


4v 2 — 16u ^ 0. 

must hold simultaneously. The first inequality is satisfied if 


8 — 1/61 
3 




8+K61 

3 


The second inequality is satisfied if v < 0 or v > 4. But since u > 1, we finally 
obtain 


4<o<- 


8+ y 6i 

3 


218. Let x be the volume of water in the vessel A before pouring the water 

from A into B. Then the original volume of water in the vessels B and C is 

equal to 2* and 3x respectively, and the total volume is equal to x-\-2x-\-3x = 6x. 

After the water has been poured from A into B and from B into C for the 
first time, the water level in all three vessels becomes the same, and therefore 
the volumes of water in them are in the ratio equal to that of the areas of the 

bases which is 1:4:9. Therefore, after the first pouring the volumes of water in 

the vessels A y B and C are respectively equal to 

6* _ 3 , 6* 12 

•' ■■ 1+4+9“ 7*’ l+4 + 9~T* 


and 


„ 6* 27.. 

9 * 1 +4 + 9 7 X ' 


After the second pouring from C into B these volumes assume the values 

y*, y*+ 128y and y *— 128y , 

respectively: After the third pouring from B into A the volume of water in A 
becomes equal to x —100, and in B equal to 

-i- (AT —100) -4 = 2 (at — 100J. 

Adding together the volumes of water in all the vessels we obtain the fol¬ 
lowing linear equation with respect to x: 

\X^100) + 2(X— 100)+y*-128 y =*$*,. - 

Solving this equation we find 

x = 500. 
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Thus we find the original amount of water in each vessel: 

A contains 500 litres, 

B contains 1000 litres, 

C contains 1500 litres. 


219. Let the desired number have the form xyzt where the letters x , y t z 
and t denote the digits in the corresponding decimal places. By the conditions 
of the problem, we obtain the following system of equations: 


* a + f*= 13, ' 

y* + z* = 85 f 
xyzt —1089 = tzyx. J 


(1) 


The rules of subtraction of decimal numbers imply that in the third equa¬ 
tion of the above system t is equal either to 9 or to 


(10 + /)—9 = *, 

i. e. 

x=t+\. (2) 


But from the first equation of system (1) it follows that t < 4 and therefore (2) 
takes place. Then from the first equation of system (1) we get the equation for 
determining t: 

(/+1) 2 + / 2 = 13, 


whence we find 


/ = 2 . 


From (2) it then follows that x = 3, and the third equation of system (.1) takes 
the form 

3i/z 2 —1089 = 2zy3. (3) 

Now let us note that z < 9 because if z = 9, then (3) implies that y — 0 and 
therefore the second equation of system (1) is not fulfilled. From (3) we find 

( 2 — 1 +10)—8 = t/ f 

i. e. 

z=y—\. (4) 

Finally, from the second equation of system (1) and from (4) we determine 
z = 6, i/ = 7, Thus, the sought-for number is 3762. 

220. Let us begin with finding the distance x between Hie start of motion 
and the first meeting. The equation for the times of motion of both points has 
the form 

a-\-x _ x 

v ~~w 9 


whence 


(a—vt)w 
v—w 


The time from the start of motion to the first meeting is equal to 
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Substituting the above value of x into this expression we get 

. a—wt 

-. 

v—w 

Let t be the time interval between two successive meetings. Then 

vx—wr = l, 

which results in 

l 


The successive meetings will thus occur at the moments of time t lf t x + t, 
^ + 21.The moment of the nth meeting is 

__a—wt -f -1 (n— 1) 


221. Let Yi be the specific weight of the first component of the alloy, y 2 be 
the specific weight of the second component and y be that of water. Suppose 
that the weight of the first component is x. According to the Archimedes prin¬ 
ciple, when immersed in water, the alloy loses in its weight a portion of 



P—x\ 


?2 


Y- 


Analogously, for the components the losses in weight are equal to 


P_ 

Yi 


Y 


and 


P_ 

Y 2 


Y- 


These losses are given: they are equal to B and C respectively. Consequently, 
we have 

y _ B_ _Y__ C 

y~yT“^ 


Thus, the loss of weight of the alloy is 

A =y *+tt ( p ~*)• 


Hence, 


x 


A — C 
B — C 


P . 


For the problem to be solvable it is necessary that B ^ C. Furthermore, the 

X 

fact that — is a number lying between 0 and 1 implies the inequality 


0 < 


A — C 
B — C 


< 1 . 


It follows that either B > A > C or C > A > B. Therefore, for the problem to 

be solvable it is necessary and sufficient that the number A lie between the 

numbers B and C. 

222. Let us denote the distance from the point A to the mouth of the river 

by s, the distance between the mouth of the river and the point B across the 

lake by s lf the speed of the towboat (without towing) by v and the speed of 

2s 

the current by c/j. It is necessary to determine the quantity -~ — x. 
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The conditions of the problem enable us to set up the three equations: 

s , x 


u + 2 ' 

s . x 
2 ' 


* 61 , 

=79, i 


—+at=41 1. 

Vi ^ 

From the first equation we obtain 

' o-hoj. 2 
S 122 —AT # 


from the second equation we find 

v—v 


i_ 


and from the third equation we get 


I58^i 


1 


411 — ^ 


( 1 ) 

( 2 ) 

( 3 ) 


Subtracting equality (2) from equality (1) and using equality (3) we obtain the 
following equation in x: 

1 1 1 
122—at 158 —x 411—jc* 

that is 

x 2 — 244*+ 4480 = 0. 

Solving this equation we find 

x x — 20, * a = 224. 

It is obvious that the value x 2 = 224 should be discarded because the left member 
of equation (1) cannot be negative. 

223. Let the distance AB be denoted by s, the distance BC by s ll the speed 
of the boat by v and the speed of the current by (s and Sj are supposed to 
be expressed in the same units of length and v and t/, in those units per hour). 
For the motion of the boat from A to C downstream we have 


• • ■ • -■ JL + _£i_ =6 . ■ 

For the boat going upstream from C to A we have 



Sl 

v — Vj 



( 2 ) 


If between A and B the current is the same as between B and C, then the trip 
from A to C takes 


^“ = 5.5 hours. 
*> + *>! 


( 3 ) 


Nqw we have to determine 


the ratio . 

v—v x 
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Reducing equations (1), (2) and (3) to a common denominator and, multip¬ 
lying both members of equation (3) by v & 0, we get the system 


(s + ^i) v—6v —su lf 

(s+s x ) v — 7v (o—t/iJ-fsi/i, 

(s + Si)i>*=5.5 + , 

Adding together the first two equations and using the third one we obtain 


(4) 


2 (s-f v — v (13o—t/ x ) = 1 lv (u + r'i), 

whence we find osstkj!. But from the third equation of system (4) we have 
S ~^ S -=7x5.5. Consequently, 


v — Vi 


iiii. = 7.7 hours. 
5o t 


224. Let v be the volume of the vessel, be the percentage of the acid in 
it after the first mixing, a a the percentage of the acid after the second mixing 
and so on. Wie have* 


(v — a)p+aq 
v 

(v —a) tti + aq _ 


=a lt 


-ot 2 » 


(v—a) a k - 2 + aq 




(v — a) a k ^i + aq 


Multiplying the sth equality by * ( s==1 * 2, r) and adding to* 

gether the results we obtain 

(=?)*'+iy['+ :: ? ! +(^)'+-+( i v £ )'''j- 

whence it follows that 


Consequently, 


Answer: 
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A p 

225. At the end of the first year the deposit increased by roubles and 

the depositor took out B roubles. Therefore, at the beginning of the second year 
the deposit was equal (in roubles) to 

Pl = A 

At the end of the second year the deposit was equal to 

and at the end of the third year it was 

P^Ak*-B(\+k + &) 

where 


Obviously, at the end of the nth year the deposited sum became equal to 
P n =Ak n — B( l+£ + 6 2 + 


i. e. 


n Ap —1005 f tl pY) 1008 
n ~ p v 1+ iooj + p * 


To solve the problem we must find n such that P n ^*3A. Then 
. ^ log (3 Ap- 100Z?) — log (Ap- 100 B) 

The meaning of the problem indicates that the deposited sum must increase, 
and therefore 

Ap > 100B. 

Furthermore, we have p > 0, A > 0 and B > 0 and hence the expression on the 
right-hand side of inequality (1) makes sense. 

226. The amount of wood in the forestry at the end of the first year is 
equal to 

a -~ x==za i' 

at the end of the second to 

01 (*+!&))-*=“>• 
at the end of the third year to 

and so on. Lastly, at the end of the nth year the amount of wood is equal to 


P 
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Now we can find x. Putting, for brevity, ^ we £ et * rorn last 

equation the expression x = ka n - l —aq. Expressing a n -\ from the foregoing 
equation we obtain 

x = k(ka n - 2 — x )—aq — k' 2 a n - 2 — kx — aq. 

But 


Hence, 


x~k?a n -. z — k 2 x — kx—aq. 


Proceeding in the same way, we finally express a % in terms of a x and obtain 
the following equation with respect to x : 


It follows that 


x = k n a—x(k n ~ l + k n ~ 2 + ... +k)—aq. 


x=a &rri , ' k - l)=:a 


0 +n 5 o) -1 


227. Before pouring the concentration qi (i— 1, 2, n) of alcohol was 
q x = 1 in the first vessel, 

<7 2 = -£- in the second vessel. 


<ln — ~ i i fl the nth vessel. 

After all the manipulations the concentrations became respectively equal to 
Pi. P 2 » •••» Pn- Then pi = \, and pi for i > 1 is determined from the equation 


v , v 

Vi 2+ P '~ 1 2 ?,-+p.-. 


-i-=2i±W=l (/ = 2.«). 

We obtain this equation by dividing the amount 

v , v 

9i-2+Pi-i-2 

of alcohol contained in the Xth vessel after it has been filled from the (t — l)th 
vessel, by the volume v of the vessel. 

Thus, 

<72 +Pi _ <7 s+P 2 n tf/i + Pn-l 

Pa-2— * Pa — -2— ' * • *» P» — 2 


- | Pn— 1 + Pn—l 

n _ q n + p n -i _ n ~ r 2 _<?„ <7n-i 1 _ 

rn ~ 2 2 2 * 2 2 ' 2 2 ^ n ~ 2 

9 n | 9 n-l | 1 < 7 n -2 + Pn -3 Qn \ Qn — l i 9 rt-i i Pn -3 

~ 2 2 2 ' 2 2 2 ^2 r 2 2 r 2 3 T 2 3 * 

_ Qn | Pn- 1 | | <7a i Pi _ 1 | 1 i 1^1^ 

• • • ”" o “r 92 T-'T O/I-IT 9«—l 9 bn-l T 92 — 2 1“ ■ • • T" 9^-1*. T on-1 
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For k ^ 2 the last sum is equal to 


1 1 

__ 1 k n ~ v 2"- 1 
Pn ~2k I 1 

T~2 


1 _ 2«-» — k n ~ x 
2 n ~ l (2ft) n_l (2— k) 


For k = 2 it equals 


n — 1 1 n— 1 . 2 _n+\ 

Pn~ 2 n TJm—^ ' 22" ’ 


1 

2 n "*’ 


228. The quotient is expressed by the fraction of the form w herepis 

a positive integer. The conditions of the problem are written in the form of the 
inequalities 


P + 2 ^ 1 
P*+T * 3 


and 


0 < 


P-3 
p 2 — 4 



We now transform the first inequality to the form 

3 (p + 2) > p 2 + 1, that is 0 > p 2 — 3p — 5. 
Solving the quadratic equation p 2 —3p—5 — 0 we obtain 

_ 3 ±T^29 
Pl,Z—— - K~ - 


From the inequality 0 > p 2 ^2p^~5 we get p 2 < p < p v But p 2 < 0 and p > 0, 
therefore 


0<P<Pi = 


3+|^29 

2 


• It is readily seen that p x lies between 4 and 4.5. Consequently, it follows 
from the latter inequality that p as integer can assume only one of the four 
values p=l, 2, 3, 4. Substituting these values into the second inequality 


0< 


P-3 
p 2 ^ 4 


< 


1 

TO’ 


we find that p 1, p + 2 and p $£ 3. Thus, p = 4, 


7. Miscellaneous Problems 


229. We have 

_!_|_ —1 _.+... +_I_= 

n (n + 1) T (*+ 1) (n + 2) ^ ^(n+k- 1) {n + k) 

= . 

. / 1 _l_\__: . k 

n*fk—\ n + k) n ^n + k n (n+k) 

230. Let first x ^ a. Multiplying and dividing the product in question by 
X-~~a and applying, in succession, the formula for the difference of the squares 



SOLUTIONS AND ANSWERS. ALGEBRA 


181 


of two numbers we obtain 

(* + <*) (x* + a*).. : (x 2n ~ l -fa 2 "" 1 ) ^ 

- * ■ ' x— a ' =3 

_ ( x 2 — a 2 ) (x 2J ra 2 ) (x 4 + a 4 ).. .(x 2n ~* ~{-a^ n ~ l ) 
x—a 

^_ (* 4 — a 4 ) (x 4, -}-a 4 ).. .(^ 2W ~ l -|-fl 2W ~ 1 ) _ 

_(x 8 -— 0 s ).. .(A: 2,l “ 1 -f-a 271 *' 1 ) ^ 2n — a 2 ” 


x—a 


Let now x = a. Th$n the product is equal to 


2a-2a 2 -2a 4 ... la 2 *-* ^2^a 1 + 2 + 2 * + • * * + 1 = 2% 2 ~ 1 = 2"a 2n ~K 


231. Multiply and divide the given expression by the product 
(x+a) (* 2 +a s ) (x*+a*).. .(x 3 "' 1 + d 3n ~'), 


which is different from zero for all real x?=—a. It Is readily seen that the 
result can be written as follows: 


(x 3 -fa 3 ) (x 6 + a°) (* 13 + a 12 ) • ■ • (x 3 ’ 2 "~ * + a 3 ' 2 " ~') 

(x + a) (x 3 +a*)(x* + a*)...(x 2n ~'+a 2U -') 

The numerator and denominator of this fraction are products similar to that in 
the foregoing problem. Therefore, multiplying the numerator and denominator 
by the product {x—a) (x 3 — a 3 ) we transform the expression to the form 
^3.2 n _ a 3.2n ^._ a x »« + » + a «y " +a 2 n + 1 

x 3 — a 3 *2 w _ a 2n x 2 axa' 1 

This method is inapplicable for x— ± a. But in these cases a simple compu¬ 
tation shows that for x = — a the product is equal to 3”a 2(2n "" 1J and for x**U 
it is equal to a 2 

232. It is obvious that 


(k±*2, 3, 4, ..., n) 
and 

S x = b x . 


( 1 ) 

( 2 ) 


Substituting the values of b lt b$, b n obtained from (1) and (2) into the sum 


we get 


tifii -f - a 2 b 2 +...•+■ tiffin* 


tifi 1 + a 2 b 2 -\- ... -\-a n b n — a 1 S i -{-a 2 (S 2 — Si)-\-a 3 (S 3 —S 2 )-f-’ . 

+ • • • -\~ a n ($n — Sfi~ l) ( fl l — a 2 ) + ( a 2 — a 3 ) + • • + 

$n — l fan — i a n ) -f- Q n Sn* 

233. Multiply both members of the equality by 2 and transpose its right 
member to the left. After simple transformations we get 


2 (a 2 + & 2 + c 2 — ab — ac — bc) — a 2 —2ab-\-b 2 -\~a i *—2ac-\~ . .. 

+ c 2 + b 2 —2bc+c 2 **(a-r-b) 2 -\-(a — c )* + {b—c) 2 = 0. 
Since a, b and c are real, the latter relation is only possible if a~b~c. 
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234. Let us multiply a 2 -\-b 2 -\-c 2 —bc—ca—ab by a-j-b+c. Carrying out 
simple computations we find that the product is equal to a 3 -fr& 8 +c 3 — 3abc, 
that is, according to the condition of the problem, it is equal to zero. Hence, 
the assertion stated in the problem is true. 

235. Since p £ 0 and q 7 = 0 we can write 


a i bi . a 2 b 2 | I a n b n __ 1 

P g " r P Q P q 

Adding the first two of these equalities termwise and subtracting the doubled 
third equality we find 

(t _ T‘) +{'T~t) =0, 

Taking into account that all the quantities involved are real we conclude that 


a i fri _.q a z b 2 

p q ’ p q 


———= 0 , 
P <? 


which immediately implies the assertion of the problem. 

236. Put p n — a n —a n Then the statement of the problem implies the 
formula p n — P/j-i + L showing that the numbers p n form an arithmetic prog¬ 
ression with unity as common difference. Therefore, p n = Pa + ;i —2. Now we find 

a n~( a n — a n-l)~i~( a n-l — ^71-2)+ • • • + ( a 2 — fl l) + a l = 

— P« + Pn-i + • • • +P 2 + a i = («—1 )Pa + ( rt — 2) + (rt — 3) + 

(n —2) (n — 1) 


and, finally, 


+ • •. +1 ■+" = ( n — 1) + 


<*« = («— 1) «2— (« — 2 ) «i+—— 


237. First solution . The given relation can be written in the two forms 
a n — 1 = P ( a n -1 & a n — 2 ) 


and 


Putting a n — aa n - x 
whence it follows that 


a n P^n — 1 — a ( fl n — 1 P^n- 2 )* 

u n and a n —$(!„-.!—v n we find that 
u n = P«n- 1 . v n = av n - 1 , 




or 


<*n — - 1 = P” 1 “ 12 ( a z— 

flfi — § a n -1 = a"~ 2 ( fl 2 — P*i )• 
Eliminating a n ~ 1 from these relations we finally obtain 


pn-i— a n-i 

p —a 


-ap 


pn- 2 _ a ra -2 

p —a 
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Second solution. Making n in the original relation take on consecutive values 
3, 4, ... we find 


/ . q\ o a 2 — P 2 a —P 

a 3 = (a + P) a 2 — afa =—— ~ a % — ap -—£ a t 


a—P 


’S=p u ‘ 


and 


a 4 = (« + f5) a 3 — af )a 2 = (a -f P) a - _J - a* — «P ^ a, — 


„ a—p a 3 -P 3 . a 5 — P 3 

~ g P 5- a a= —a a -«P a —g - a f 


a—P 


The general formula 


a n ~ l — P*- 1 q a «-2_A*-2 

ai: - p - «»-«p a _ p ■«* 

can now be easily proved by induction. 

238. We have jc 1 +x 2 = 3a, * 1 x a == a 2 . Therefore 

xl+xl = (x 1 +x i )' i —2x l x 2 = 7a‘ i =~ 

whence a 2 = -L. Hence, there are two possible values of a, namely <Ji=-|- and 
1 

239. We find 

Jh = (*1+* s ) 2 —2*j % = p*— 2 q, 

y2 = (x l +x i )3 — 3(x l +x 2 )x l x i = —p*+3pq. 

The coefficients of the quadratic equation y 2 +n/-f-s = 0 with roots y x and y 2 
are respectively equal to 


and 


r = — (z/i + y 2 ) = P*—p 2 — 3pq + 2 q 
S = Pi P 2 = (P 2 — 2<?) (— P* + Spq ). 


b c 

240. We have *i+x 2 =-and XiX 2 =—. With the aid of these for- 

1 a * a 


mulas we find 


1 , 1 _ (x x + * 2 ) 2 — 2x x x 2 _ b 2 — 2ac 


2 > 2 

x x x 2 


2 2 
x x x 2 


and 


*i+*? J 1+*! E =(*5+n)'--*J^ = (-S-2T) , -(T 


241. Let 


K +M) 2 + (a, + M 2 + (<*3 + M 2 = (A + Bx)\ 


(I) 


for all x where B ^ 0. Putting x— —g- we get 

(«i--6i 4) +( a2 “* a 4) +( a °- b3 i>) =s0. 

All the quantities involved being real, we thus have the three equalities 
a x = Xb Xt a 2 = Xb 2t a 3 = Xb 3t 


(2) 
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where ^ —. 

ts 


Besides, the condition 


b\-\-b\-\-b* j&Q 


(3) 


should hold because, if otherwise, all the three numbers b x , b 2 and b 3 were 
equal to zero, and then the left member of (1) were independent of x. 

Let now, conversely, conditions (2) and (3) be fulfilled. Then 


(Qi + b x x) 2 + (a 2 + b 2 x) 2 + ( a 3 + b 3 x) 2 = 

= b x (X-j-.tf) 2 -f- b\ (X -j- x) 2 -j- ^3 (X ~h x) 2 = 

= (x l/ 4 b\-\-b\-\-b\-\-}f bi + &I + £f*) 2 » 

and, consequently, the sum indicated in the problem is a square of a polyno¬ 
mial of the first degree. Thus, conditions {2) and (3) are necessary and sufficient. 


242. Let us denote the roots of the equation by x x and x 2 . Then x x -\-x 2 — — p 
and x x x 2 — q. 

If x x and x 2 are negative then, obviously, p > 0 and q > 0- But if 
* 1= :a + iP where a < 0 and P ^ 0, then x 2 — a— ip, and we see that 


p = —— x x *— x 2 p* — 2a > 0 

and 

<^^^ a =5wa 2 + P 2 > 0. 

Conversely, let it be known that p > 0 and q > 0. Then, if x x and x 2 are real, 
from the equality x x x 2 — q it follows that x x and x 2 are of the same sign, and 
the equality x x 4-x 2 = — p implies that the roots are negative. But if ^ = a + iP, 
x 2 = a—i$ and p ?= 0 , then x l -\-x 2 — — p = 2a t and, consequently, a is negative. 


243. The roots of the equation px+q = 0 being positive, the discrimi¬ 
nant D of the equation satisfies the condition 


D = p 2 — 4q ^ 0, 

• ■ (1) 

and the coefficients p and q satisfy the inequalities 


pza— X x —X % < 0 

(2) 

and 


q=*x x x 2 > 0. 

(3) 

Let tfa and y 2 be the roots of the equation 


qy 2J t~(p — 2 r< 7 ) y+\—pr--=Q. 

W 

The discriminant of this equation is equal to 


D x = 4 rfy 8 *\-p 2 — 4q 


and, by virtue of (1), it is non-negative for all r. Consequentl 
real for all 'r. Taking into account (2) and (3), and applying.\ 

y, y L and y« are 
'ieta’^. theorem we 

get, for r^O, the inequality 

to 

II 

JT 

h> 

1 

V 

o 

(5) 

and, hence, y x and y 2 are of the same sign. Furthermore, we 

have 


(6) 


and, hence, y x and y 2 are positive for 0 which is what we set out to prove. 

It is obvious that the assertion remains true if we require, that the inequar 
lities 

l — pr > 0 and p — 2rq<Q t 
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hold simultaneously., that is 


/ > 


and 


r > 


2g ’ 


( 7 ) 


<*) 


Thus, for negative r satisfying conditions (7) and ( 8 ) the roots y x apd y 2 are 
positive. If these conditions are not observed, one (or both) roots of equation (4) 
is nonpositive. 

244. Let us first suppose that p 3. For the roots of a quadratic equation 
with real coefficients to be real it is necessary and sufficient that the discnmi* 
riant D of this equation be non-negative. We have 

D = 4p 2 — 24/7 (p— 3) = 4p (18— Bp) 
and therefore the condition D&z 0 holds for 

0^/><3.6. ( 1 ) 

The real roots x x and x 2 are positive if and only if their sum and product are 
positive, i. e. 

s=t= ^ 0 » > 0 . ( 2 ) 

The system of inequalities (1), ( 2 ) is satisfied for 

3<p<3.6. 

It should also be rioted that for p — 3 the equation under consideration has 
the unique root # = 3 > 0 . Therefore* all the sought-for values are determined 
by the condition 

3^p<3.6. 

245. We shall prove the assertion by contradiction. Let us suppose that 
a 7 = 0. Then for the roots x x and x 2 we have 


*i, 


— b ± Y& — 4a{c + X) 
2 “ 2a 


Now there are two possible cases here: 

(1) Let a > 0 . Then X is chosen so that the inequality 

* ^ b 2 
x> -fS~ c 

is fulfilled. In this case we obviously have b 2 — 4a (c-j-X) < U and, hence,' the 
given equation has nonreal roots. 

( 2 ) Let a < 0. Then if X > —c t we have 

— b+ V~b 2 -4a (c+X) > 0, 

, , , —b -f- b 2 — 4a, (c -|- 

and, hence, the root — 


2a 


is negative. Thus, both assump¬ 
tions lead to a contradiction. The assertion has thus been proved. ■ 

246. The roots * 1)2 -of the. equation satisfy the equation 

L^Q as well. Therefore, x^ 2 =x\%^x\ p t 2 = 1 which implies the assertion 
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247. Substituting y expressed from the second equation into the first we get 
the equation 

2ax 2 +2(a%+ \) x-\-ak 2 ==Q t (1) 

which, by the hypothesis, has real roots for all values of X. Let us show that 
then a = 0. Suppose the contrary. Then for the discriminant D of the quadratic 
equation (1) the following inequality 

D = 4 (aX +1 ) 2 — 8a 2 X 2 ^ 0 (2) 

holds for all X. However, the left member of Inequality (2) has the form 

— 4a 2 X 2 + 8X + \ 

and is negative for all sufficiently large absolute values of X. For instance, if 
, the left member of equation (1) is equal to —321. Thus we arrive at a 
contradiction. 

248. The equation in question takes the form 

X*—(P + q +2a 2 ) x+pq + (p + q) a 2 =0 

after reducing the fractions to a common denominator and discarding it. Com¬ 
puting the discriminant D of this quadratic equation we get 

D = {p + q-\-2a 2 ) 2 — *[pq + {p + q) a 2 ] = (p — q) 2 + 4a*. 

Since D^O for all real o, p and q , the quadratic equation has real roots, and 
hence the same is true for the original equation. 

249. Consider the discriminant of the given quadratic equation: 

D = (b 2 +a 2 —c 2 ) 2 — 4 a 2 b 2 = (b 2 -j-cfi—c 2 —2 ab) (b 2 + a 2 —c 2 + 2 ab) = 

= [(a— b) 2 —c 2 ] [(a+fc) 2 -c 2 ]. 

Since a + fr > c and | a—b \ < c, we have (a-\-b) 2 > c 2 and (a—b) 2 < c 2 . Conse¬ 
quently, D < 0. 

250. By Vieta’s formulas (see page 10) we have 

*l + *2 + *3 = 2, *1*2+ *2*3+*3*1= U *1*2*3=— 1. 

Using these equalities we obtain 

</l + f/2 + </3 = *1*2 + *2*3 + *3*1 = 1» 

yi yi+y Ms + y&i =*i* 2 * 3 (*i+* 2 +* 3 )=—2, 
yi^3 = (*l*2*s) 2 =l- 
Consequently, the new equation is 

y s_y2__2y —1 = 0. 

251. On the basis of Vieta’s formulas, we have 

*l + *2 + *3=l» 

*1*2 +*2*3 + *3*1=0, 

*1*2*3= 1- 

By virtue of these equalities, we write 

yi + f/ 2 + f/s = 2 (*i +* 2 +* 3 ) = 2. 

Since «/ x = 1 — * x and y 2 — 1—* a , y z — 1—* 3 , we have 
yi t/2+ y * y 3 + y*yi = ( 1 *1) (1 — *2) 4 - (1—*2) (1 — *3) + 

+ 0 — *3) (1 — *1) = 3—2 (*, + * a + *3) + *1*2+*3*3 + *1*3 == 1, 
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and, finally, 

yiyii/ 3 =(i — *1) (i —•**) (i —*3)=—i • 

The new equation, therefore, has the form 

y*-2y*+y+l=0. 

252. Let 

*1 = p—d, x 2 = p, Xq — pd.. 

Then *i + *2 + *3 = 3p. On the other hand, by Vieta’s formulas, we have x x -\- 
-\-x 2 + x 3 = —a whence we find 3p = —a and, hence, 

a 

** = P = -3- 

Substituting this root into the equation we obtain 

(- j) 3 + a (—(~ 1) +c=0 * 

which yields 

2 , . 1 

c= -27 a +T° 6 ' 

253. Let Xi > 0, x 2 > 0 and x 3 > 0 be the roots of the given equation. Fol¬ 
lowing the hint, we consider the expression 

(*i + * 2 —*3) (*2 + *s—*1) (*3 + *i —*2)- ( 1 ) 

For the triangle with line segments of the lengths x x% x 2 , x 3 as sides to exist, 
it is necessary and sufficient as was proved in the solution of Problem 106 that 
the condition 

(*l + *2 — ^ 3)(^2 + ^3 — ^l>(^ 3 +^l— *2) > 0 ( 2 ) 

be fulfilled. 

To obtain the condition required in the problem let us express the left 
member of ( 2 ) in terms of p, <7 and r. For this purpose we make use of the 
relations 

*1 + *2 + *3 = —P. *1*2 + *1*3 + *2*3 = 

* 1 * 2*3 = —r 

connecting the roots and coefficients of the equation. Condition ( 2 ) is now writ¬ 
ten in the form 

(—P — 2 at 3 ) (—p — 2 * 1 )(—p— 2x 2 ) > 0 ; 
whence it follows that 

—p 3 — 2 p 2 (*! + * 2 + * 3 )—4p {x x x 2 + x x x z + x 2 x 3 ) — 8x x x 2 x 3 > 0 
and, hence, 

p 3 —4p<7 + 8 r > 0 . 

254. Let x 0 be a common root of the equations. Substituting x 0 into both 
equations and subtracting one equation from the other we find 


*0 = 


Qi 

Pi — P2 


* 0 . 


Let x 2 + ax+b be the quotient obtained by dividing the trinomial x 3 + p,x + qi 
by x—x 0 . Then 


x3 + Pi x + <h = (x —* 0 ) ( x 2 -j-ax-j-b). 
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Equating the coefficients in x 3 and the constant terms in this identity we find 
a — XQ and 6 = — —, whence it follows that the other two roots of the first 
equation are determined by the formula 


r (1) - 
•* 2.3 — 


- *o ± Y 


and of the second equation by the formula 

-*„± V 4 +^ 


v (2) _ 
* 2,3 — ' 


255. It can easily be verified that for X~0 the equations have no roots in 
common. Let x 0 be a common root of the equations for some X £ 0. Then we 
can write 


Xxq — Xq — Xq — {X-{- 1 )— 0 , 
Xxq — x 0 —(X -|- 1) = 0. 


Multiplying the second equality by x 0 and subtracting it from the first we find 


X ' 


( 2 > 


Thus, if there is a common root, then it is connected with X by formula (2). 

^ I i y 

It can now be readily verified that the fraction —y— in fact satisfies both equa¬ 
tions (it is obviously sufficient to establish this fact only for the second equa¬ 
tion). Thus, both equations (l) have a common root for all X ^ 0, the root 
being determined by formula ( 2 ). 

256. First solution. Let x u x % and x 3 be the roots of the polynomial P(x). 
According to Vieta’s theorem, we have 

*i + *b + *s^Q» ^ 2 + ¥s + ¥s^P ( 
whence it readily follows that 

*l + *2 + *3 + 2p = 0. 

Since x it x 2 and x 3 are real and different from zero (because q ^ 0), we have 
*i + *2 + > 0 and, hence, p < 0 . 

Second solution. It is apparent that among the three roots of the polynomial 
P (x) there are two unequal ones. Indeed, if otherwise, we must have P (x) = 
= (x — x n ) 3 which is obviously not the case. 

Now let x x and x 2 be two unequal roots of the polynomial, and let x t < x t . 
Suppose the contrary, that is p^0. Then x\ < x% and px L ^px 2 . Then it fol¬ 
lows that 


because P(x 2 ) ~ 0. We arrive at a conclusion that P (x x ) < 0 which contradicts 
the fact that x x is a root of P (x). Consequently, p < 0. 

257. Let xu *2 an( f x s be the roots of the given equation. By virtue of 
Vieta’s formulas, we: .have 

* 1 * 2 + * 1*3 +* 2 * 3 =°. (!) 

x 1 x i x 3 =b>0, (2) 
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Let us first suppose that all the three roots are real. Then from condition (2) 
it follows that at least one of them is positive. If in this case we suppose that 
two roots are positive, then formula ( 2 ) implies that the third root is also po¬ 
sitive, which contradicts condition ( 1 ). Thus, if all the roots are real, the prob¬ 
lem has been solved. 

Let now x l be a nonreal root of the equation, then, as is known, the equa¬ 
tion also has the conjugate complex root x 2 ~x l . Since in this case x l x 2 = x l x 1 > 0, 
we conclude from equality ( 2 ) that 



*i*i 


The assertion has thus been completely proved. 

258. Let a, (3 and y L be the roots of the first equation and a, p and the 
roots of the second. By virtue of Vieta’s formulas, we have 



a+P + Vi = — a, 

( 1 ) 


«PVt = —* 8 . 

( 2 ) 


os + P +Vj = 0 , 

(3) 


«PV2 = — 'I 2 - l 

(4) 

Now we obtain 



Yi-Y2 = —o 

(5) 

from equations (1) and (3) and 

Y2 2 

( 6 ) 


from equations (2) and (4). Solving (5) and (6) as simultaneous equations we 
find 

?! = —3a, y 2 = —2 a. (7) 

Thus, if for some a and b the equations have two common roots, their third 
roots are determined by formula (7). Substituting Yx = —3 a into the first equa¬ 
tion and y 2 = — 2a into the second we obtain 

—18a 3 +18 = 0 

and 

—8a3—2of>+12 = 0. 

Solving these equations we see that there can be only one p&ir of real values 
satisfying the condition of the problem, namely 

a— 1, b = 2. (8) 

Substituting these values into the equations we readily find 

x 3 + x*+ 18 = (x+3) (x 2 — 2* + 6) 

and 

x 3 + 2x + 12 = (x + 2 ) (** — 2 * + 6 ). 

Consequently, for the above values of a and b the equations have in fact two 
common roots. These roots are determined by the formula 

259. Let us denote the left-hand side of the equality by A. We have 

/4 s = 20+ 14 Y"2-\- ZY (20+14/2) 2 (/20—14)^f+ 

+ 3^ / 20+14>/'2 ^(20—14)/"2) 2 + 20—14/"2 = 

= 40 + 3^/400 — 2x 14 2 + = 40 + 6/4. 
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Thus, the left-hand side of the equality to be proved satisfies the cubic equation 

x 3 — 6*—40 = 0 . ( 1 ) 

It can be easily checked that equation (1) is satisfied by x — 4. Dividing the 
left-hand side of equation (1) by x—4 we get the equation for finding the other 
two roots 

jc 3 + 4x+ 10 = 0. 

This equation has nonreal roots because its discriminant is negative: D = —24 < 0. 
Thus, equation (1) has only one real root x — 4 , and since A is a priori a real 
number, we have 4 = 4 which is what we set out to prove. 

2 fi 0 . As is easily seen, the expression in question vanishes if any two of the 
numbers a, b and c are equal. Then, by Bezout’s theorem, it is divisible by 
each of the differences 

(b—c), (c—a) and (a—b). 

Therefore it seems natural to suppose that the given expression is the product 
of these factors. Indeed, we have 

a 2 (c— 6 ) + fr 2 (a — c) -f-c 2 ( b — a) ~a 2 c — a l b-\-b 2 a — b 2 c-]-c 2 b —c 2 a = 

= a 2 (c—b)—a (c 2 — b 2 )-\-bc (c—b) = (c — b) [a 2 — ac — ab-\-bc] = 

= (c—b) [a(a—c)—b (a—c)] = (c—b) (b—a) (c—a) ( 1 ) 

and thus the assumption turns out to be true. Since a, b and c are pairwise 
different, the assertion has been proved. 

261. Note that for x = —y the given expression turns into zero. Consequ¬ 
ently, by Bezout’s theorem, it is divisible by x + y. To perform the division 
let us represent x-\-y-\-z in the form of a sum of two summands: (x + y) and z. 
Cubing the sum, we get 

l(x + y) + z]*-x?-y*-z* = 

= (x + yr + S(x+y) 2 z + 3(x + y) z 2 -x*-y* = 

= 3 (x + y) [z* + z(x+y)+xy]. 

The quadratic trinomial with respect to z in the square brackets on the right- 
hand side is readily factorized because its roots are obviously —x and — y. 
Hence, we obtain 

(x+y + z) 3 —x 3 —y 3 —z 3 = 3 (x + y) (z + x) (z + y). 

262. Multiplying both members of the given equality by abc (a-\-b-\-c) we 
transform it to the form 

(ab+bc-\-ac) (a+^+c)—afc = 0 . 

Removing the brackets we get 

a 2 b +2 abc -f a 2 c + ab 2 + b 2 c + be 2 + ac 2 = 0 . 

The left member of this equality is readily factorized: 
a 2 (b + c) + ab (c-f b) + ac (b+c) -f be (6+c) = 

= (b+c) ( a 2 + ab + ae+bc) = (b+c) (a + b) (a + c). 

Since the last product is equal to zero, we conclude that at least one of the 
factors is equal to zero which implies the desired assertion. 

263. Let a and P be the roots of the quadratic trinomial x 2 + px+q. If the 
binomial x 4 —1 is divisible by this trinomial, then a and P are the roots of 
the binomial as well. It is easily seen, that the converse is also true: if a and p 
are the roots of the binomial x 4 — 1 , then it is divisible by * 2 + px-\-q*. 

* If, in this argument, a = P, the number a must be a multiple root of the 
dividend as well. 



SOLUTIONS AND ANSWERS. ALGEBRA 


191 


The binomial x 4 —I has the roots 1, —1, i and — i and therefore we can 
write the factorization 

(x 4_ 1) = (a: _ 1)<a:+1)(x __ 0(a . + 0 . (l) 

What was said above implies that the trinomials we are interested in may 
only be products of two of the factors on the right-hand side of (i). 

Forming all possible permutations we find Cj = 6 trinomials: 
(*-l)(*+l)=*3-l, 

(x— 1) (at — i) = x 2 —(1 + i)x + i, 

(x—\)(x + i) = x 2 —(\—i)x—i t 
(x+l)(x—i) = x 2 + (l — i)x — i, 

(x+\)(x + i)^x* + (\+i)x + i, 

{x — i) (x + i) = x 2 -f 1. 

These obviously are all the sought-for trinomials. 

264. Representing the given polynomial in the form x n — 1— ax(x n ~ 2 — 1) 
we divide it by the difference (x — 1 ) using the formula 

x k +1 _ 1 

- x _ - { -~l+x+...+x*. (1)* 

Performing the division we see that the quotient is the polynomial 
x n ~ 1 + x n - 2 -{- ... + * + 1— ax (x n ~ s +x n ~*-{-... +*+ 1). 

For the latter polynomial to be divisible by x —1, it is necessary and sufficient 
that (according to Bezout’s theorem) the following equality be fulfilled: 

n—a(n — 2) = 0. 

Therefore, the polynomial given in the problem is divisible by ( x —l ) 2 for any 

natural n > 2 and a= —^r. 

n —2 

265. The conditions of the problem imply that 

P(«) = 4, ' 

P (*)=*. (1) 

P ( c ) =C. , 

Dividing the polynomial p{x) by (x—a) (x—b) {x—c) we represent it in the 
form 

p (x) = (x—a) (x—b) (x c) <j (x) -f- r (x). (2) 

ft is obvious that r(x ) is a polynomial of degree not higher than the second. 
Writing it in the form 

r (x) = lx 2 + mx+ti t (3) 

we substitute, in succession, the values x = a , x = b and x = c into identity ( 2 ). 
By virtue of equality (1), we arrive at the following system of equations for 
defining the coefficients /, m and n of polynomial (3): 

/a 2 + mn + /z = A, } 

lb 2 + mb-{-n =B, | (4) 

Ic 1 + me + n = C. ) 

* Formula (1) can be easily verified by division but it should be noted 
that it simply coincides with the formula for the sum of k terms of a geometric 
progression with common ratio x. 
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Solving this system we find 

{A -B)(b-c)-(B~C)(a-b) 

(a— 6 ) ( 6 —c) (a—c) * 

(A — B) (d 2 —c 2 )—(ig —C) &*) 

m ~ -m -) t n , 

a 2 (£c— Cb) -f- a (Cb 2 — Be 2 ) -f >1 (Be 2 — Cb 2 ) 
n (a— 6 )( 6 —c)(c—a) ‘ 

Note. For x~a, x — b and x—c the sought-for polynomial r(x) takes on the 
values A, B and C, respectively. It can easily be verified that the polynomial 
(of degree not higher than the second) given below is one possessing this pro¬ 
perty: 

, (x—ft)(s—c) . (x —a)(x— c) r (x—a)(x—b) 

(a—b)(a—c)' (b—a)(b—cy (c—a) (c~~b \* ■ 


System (4) having only one solution, there exists only one polynomial possessing 
the above property. Consequently, r (x) coincides with polynomial (5). 

266. The formula is obviously true for n=l. Let us suppose that it is true 
for a certain n and prove that then it is true for n+1 as well. Denoting the 
sum standing on the left-hand side of the formula to be proved by S„ t we can 
write 


c , («+l.)(n + 2 ) (*+l)(/i + 2)(n-f3) 

•\*+i-*i* +-2- ==E “-6- 

_ (*+l)[(s + l)4»l]Kft + l)-f21 
6 


Thus, it follows by induction that the formula is valid for any natural n. 

267. Let S n be the sum on the left-hand side of the formula. For n=* 1 both 
sides of the formula coincide. Let us show that if the formula holds for some n, 
then it is also true for n+1. We have 

S n+ x = .$ n + (/t+l)^ n( ” + 1 ) 6 ( 2 /l ^ 1 ) +(n+l ) 2 = 

(n + 1) (2n 2 + 7n + 6 ) (n + 1) [2n (re + 2)+3 (n -f 2)] 

~ 6 — 6 — 

_(« + l) [(n+ 1 )+ 1 ] (2 (n+ 0 + 1 ] 
~ 6 

Consequently, the formula holds for any natural n. 

268. the validity of the assertion is readily established for n= 1 . Suppose 
that the formula be true for some n^sl. Let S n be the sum on the left-hand 
side of the formula. We have 

c ,o , 1 _ .”(* + 3) . 1 __ 

rt+1 ° ft ' r (n+l)(« + 2)(« + 3) 4(/j + l)(« + 2)T(„+.i)(B + 2)(ni-3)-. 


It follows that 

_ /i 3 + 6* 2 + 9« + 4 _ (rt + 1 ) (« 2 + 5/i + 4) 

" + 1 ~4(/i+l)(* + 2) (n + 3)~‘4(rt-j-lHn + 2) (n + 3)- 

( n l)-[(^ 4~ 1 ) ~i~ 31 
4 [(n +1) 4-11 {(d +1) -j~ i\ 

Hence, the formula is true for any natural n. 
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269. The formula is obviously true for n=== 1. Suppose that it is true for 
some n ^ 1, i. e. 

(cos <p-f i Sin <p) n == cos nqp-f- i sin n<p. (1) 

To prove that the formula holds for n-f-1 let us multiply both members of H) 
by cos (p~H sin <p. According to the rule for multiplying complex numbers we 
Obtain 


(cos qp-f i sin qp)"* 1 — (cos mp + i sin nqp) (cos <p-j-i sin <p) = 

= (cos nqp cos qp^-sin nqp sin <p) + f (cos nqp sin qp-f sin n qp cos qp) = 

= cos (n -f 1) qp + f sin ( n + 1) <P- 
Consequently, the formula is true for any natural n. 

270. Apparently, a-\-b—\ and ab = —1. Using this, we can write 




a 12 + 1 — ab n -\-a n b — b n + 1 a n + 1 — b n + 1 a n ~ 1 — b n ~ 1 


Y 5 


Yh 


Y5 


that is = + i — which implies 


a n+ 1— a n~\~ a n~l- 

It follows that if for some n the numbers a ri ~ l and a n are positive integers, 
then ct n + x is also a positive integer. Consequently, by induction, a n 4 . 2 , 
etc. are also positive integers. But we have a x — 1 and a 2 = 1, and hence all a n 
are positive integers for n > 2 . 

271. For n = 1 the inequality is true. Let us suppose that it is true for 
some n. Multiplying both members by \~V a n + \ > 0 we find 

(1-f-fli) (1+n 2 ) ... (l + a n)(l+ fl n + l)^(l+ a l + a 2+---+flrt)(l+a/2 + i)~ 

= 1 + fl l + a 2 + • • • ^ a n^ a n + \ J r a l a n + l J r < *'i a n + \-\- • ■ • + a n a n + l. 

We have x + a 2 q„ + 1 -f- ... ‘j-a n a n + l > 0 and therefore the inequality is true 
for n-f 1 as well. 

272. Let us first of all verify that the formula holds for n=l. Indeed, 
for n=l it takes the form 

{a -f b) x = Cj (a ) 0 ( 6 ) x -f C} (a) x ( b ) 0 . (1) 

If now we use the definition for the generalized nth power of a number, it 
becomes evident that both members of formula ( 1 ) are equal to a~\-b and, 
consequently, the equality is in fact true. 

Now suppose that the formula is true for some n and prove that it is then 
true for n-f 1 as well. The definition of the generalized nth power implies that 

(a+ 6 ) n+I = (a + b) n (a + b-n) = [cj (a), (b) n + Cj (a), (&)„_ ,.+ ■■■ 

• • • + C k n (a)* (b) n _ k + ... + C n n (a)„ ( 6 ),] (a + b - «). 

Removing the square brackets, we transform each of the n-f-1 summands accord¬ 
ing to the formula 

<a+0^«) = C* (a)* (*)„-* ((a—*)+(*—«+*>! = 

= C n (a)h (a ft) (&)„_£-)-Cn (a)^ (ft),,-* (6 — a + ft) = 

= CS(a) A+ 1 (ft)„_ A + C*(a)*(e .) n _ A+1 (ft = 0,1, .... a). 

This results in 

(0+ b)n-n=C° n (a)! <&)„ + C% (a ) 0 (b) n+1 + C£ (a), (b) n . l + 

+ Cn (®)i (*)n+ • ■ • + Cn («)* + i + 

+ Cn (a)* (&)„-*+1 + ... + Gg (a)„+! (&)„+ C a n (a) n ( 6 ),. 


7 — 323 
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Collecting like terms, we obtain 

(« + fr) a+1 = CS(a)„(6) n+1 + (cS+Ci) (a), (b) n + 

■+ (Cn+Cjj) (a )2 (b) n -1 + • • • + (Cn + Cn +1 ) (a)^+i ... + 

+ (Cr l + C,",) (a)„ (b h + C n n (a)„ +l (b) 0 . 

Furthermore, using then the fact that 

r'O _/~0 _ I ofl_/i/l+l I 

U/j — Cfl+i— 1, L , n —<->n+1— 

and the identity 

r k , r k+i _ n k+\ 

^ni-Cn —^nti> 

which is easily verified, we obtain 

( a + ^)n + i — CrUi ( fl )n {b) n + i-\~ Cn+1 (^)i (b) n + 

+ C«+i (a) 2 (b)/*-i + • •. + £*+1 {a)k + i (b) n „ k -j- • • • 

■ • • +C„" +1 (fl)„ W, +CJJ1 (fl) B + 1 (£>)*. 

Hence, we have proved that if the given formula is true for some n, then it is 
true for rc-j- 1 as well. But it holds for ti— 1, and consequently, we conclude, by 
induction, that it holds for all natural n . 

273. Let r (t) be the distance between the trains at the moment t. Then 
r 2 (t) = (a—v 1 t) 2 + (b — v 2 t) 2 = (^f+ vl) t 2 — 2 (au, + bv 2 ) t + a 2 + 6 2 . 


Note that if r 2 (t) attains its least value for / = / 0 , then r(t) also attains the 
least value for t = t 0 > the converse also being true. The problem is thus reduced 
to finding the least value of the quadratic trinomial 
r 2 (t). 

According to formula (4), page 43, the least value 
of r 2 (t) (and, hence, of r (t)) is attained at the mo¬ 
ment 

av l -f bo 2 



t n = 


vlA-vt 


Now using formula (3) we find the least distance bet¬ 
ween the trains: 


r(t o) : 


~\f 4 ( q2 + b 8 ) ( v i + vp — 4 (av l + bv 2 ) 2 

V 4 (vl + vl) 


1 av 2 — bvi j 
V vl + v\ 


t the car is at a distance of 
A, and the motorcycle at a 


FIG. 4 


274. At the moment 
40/ km from the point 
32 

distance of -j / 2 + 9 km from that point. Consequently, 

the distance between them is equal to the absolute 
value of the expression 16/ 2 + 9— 40/. Denoting this 
distance by y(t), we can plot the graph of the 
quadratic trinomial y(t) (See Fig. 4). The graph is a parabola intersecting the 

/-axis at the points ti—-£ and t 2 — 2 ~. The graph clearly shows that if 

the greatest in its absolute value ordinate y corresponds to the vertex 
of the parabola. The latter lies on the axis of symmetry which intersects the 
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t-ax\s at the point 

l o-— 2~—T* 

Thus, the distance attains its greatest value in an hour and a quarter after the 
start of the motion and is equal to 16 km. 

275. Denote the expression in question by y and transform it in the follo¬ 
wing way: 

y= log£*+ 12 log 2 x(log 2 8 —log 2 x) = logl x (log 2 x — 12 log 2 x + 36 ) = 

= log 2 x(6 — log* x) 2 . 

Let us put log 2 x = z, then 0s^2<;6. The problem is thus reduced to finding 
the greatest value of the variable 

y = z 2 (6-2) 2 . 

It is sufficient to find the greatest value of 2(6 — z) for 0^2 because 
the greater a positive number, the greater its square. The quadratic trinomial 
2(6—2) — — (2 — 3 ) 2 + 9 attains its greatest value for z== 3 . Thus, the sought-for 
greatest value is attained for 2 = 3 and is equal to 81 . 

276. First solution . It is obviously sufficient to consider only positive values 
of x. According to the well-known inequality ( 3 ), page 20, we have 

a -^±^r^b=xY^. (i) 


Consequently, for all x > 0, 


y=- 


( 2 ) 


ax* + b " 2 * V ab 2 V ab ' 

Relation (1) turns into an equality when ax 2 = b, and consequently for 
x 0 = we have 

(3) 


00 =- 


2 YTb ' 


By virtue of (2), this is just the greatest value of the function. 
Second solution. Solving the equation 


for x we obtain 


^ ax 2 + 6 

1 + V" 1 —toby* 
2 ay 


(4) 


( 5 ) 


Formula (5) implies that the inequality 1 — 4aby 2 ^0 must be fulfilled for all 
real x. Hence 

( 6 ) 


2 )fab 


Function (4) attains the value y 0 = —for a real value of x — x 0 ^from (5) 
-Yf) , and therefore, by virtue of (6), this value is the 


we find that x 0 
greatest. 

7* 
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277. Performing some simple transformations we get 


x 2 4-l 


~-x-\ 


-2 + 


*+i 1 *-M 

By virtue of inequality (3), page 20, we have 


*+i- 


It]' 


and the sign of equality in (1) only appears if 

2 — 

I-®- *o~V 2—1. 

Thus, for all a' 0 .^0 we have 

2 + 2 ^ 2 , ( 2 ) 

and the sign of equality in the latter formula takes place for 

x^V2—l. 

278. Let us take a number scale and mark on it the points A, B, C and D 
corresponding to the numbers a, b , c and d. Let M. denote a point with variable 
abscissa x (Fig. 5). There can be the following five cases here: 


M A 8 

x a F 


C B 

c d 


FIG. 5 


( 1 ) If x*^a, then we have 

(p(x) = MA + MB-\- MC+MP=AB + 2MB + 2BC+CD, 

which clearly shows that cp (x) attains the least value when the point M coin¬ 
cides with the point A and that this value is equal to 

3AB + 2BC + CD. 

(2) If a^x^b, then 

y(x) = AM + MB + MC + MD = AB + mB + 2BC+CD. 

In this case the least value is attained by the function tp (x) when the point M 
coincides with the point £, this value being equal to 

AB + 2BC + CD. 

(3) If b*^x^c, then for these values of x the function <p(*) Is constant and 
is equal to 

AB + 2BC + CD- 

(4) If c^x < d, then the least value of the function q>(x) is attained at the 
point x^c y and it is also equal to 

AB + 2BC + CD. 

(5) If d, then the least value of the function (p (x) Is equal to 

AB + 2BC + 3CD. 
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Comparing the results thus obtained we see that the least value of the func¬ 
tion <p(*) is equal to AB + 2 BC + CD, that is to 

b—a + 2 (c— b) + d—c = d~\-c—b—a. 

This value the function <p (x) takes on provided 

b^x^c. 

279. Let r be the modulus and <p the argument of the complex number 
e(r^ 0 , 0 *^(p < 2 ji). Then z==r (co_$. sin cp) .and the given equation takes 
the form 

r 2 (cos 2 qp + i sin 2 <p) -f- r = 0 . 

it follows that either and = 0 or ./ cos 2 <p + 1 + ir sin 2 qp = 0 , and, 

consequently, 

sin 2 (p = 0 , 1 
r cos 2 <£rp 1 — 0 - j 

The first equation is satisfied by the values qp = 0, n, and since by 

JT 

virtue of the second equation we have cos 2 qp < 0 , only the values cp —~ and 
must be taken. In both cases we find from the second equation the*value 

*+ i~ . - 

/• = !, which yields two more solutions: 


**==1 (^cosy + i* sin -g-J ==/, z 3 = 1 (^cos y + Z sin 


280. Let us represent z in the form 2 = *-f y Then the equation | 7 g | 1 

takes the form 

(x-4) 2 + y 2 =*(x-8) 2 + y 2 . 

It follows that and, hence, z — 6 +Z*/. Substitute this value into the equa- 
z—r\2 5 

tion * T ^ en 3 ^ er sim P^ cation ^e e 9 ua tion takes the form 

25y+136 = 0. 

This yields 

25 ± y 625 — 4 X 136 25 ± V 625—544 25 ±"9- 

y 1<t — ■■■■ g 05 2 2 ’ 

i. e. y v — 17 and y % = 8. 

Answer: z r «?64-17Z; 2 a = 6 + 8L 


281. For brevity, put 


= z. The product 


(1+z)(l+**)(l+«**).. . 0 +Z*") 

has the same form as the product in Problem 230. Let us denote this product 
by P. 

Proceeding as in Problem 230, we find 

n l-* S " +l 
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Now we must substitute —T—■ for z into the above formula. We have 

1 _ 1 = 2 __ 2(1 + 0 , , ■ 

1-z i I±i l — —0(1+0 

2 


Furthermore, we find 




Note that for n^z 2 we have t 2 ” = (i 4 ) 2 "~ 2 = 1. Hence, by virtue of (1), for 
n^2 we have 1 — 2 r 2 " 1 = 1-i— and P~( \ +0 (1-— \ . 

2 2 V 2 2 ” J 


For n = 1 we obtain 


Answer: 


l-?2 n+I = l_f-LY s 


/ > = (l + i)|- 

282. As is known, the addition and subtraction of complex numbers can be 
performed geometrically according to the well-known parallelogram law. Therefore 

the modulus of a difference of two com¬ 
plex numbers \z' — z n \ is equal to the 
distance between the corresponding points 

-^ of the complex z-plane. Consequently, the 

S' condition | e—25t | < 15 is satisfied by 

/ \ the points of the complex plane lying 

/ \ / inside and on the circumference of the 

I \ / circle of radius 15 with centre at the 

I z o V I / point z 0 = 25i (Fig. 6). As is seen from 

\ j/ the figure, the number with the least argu- 

\ ment is represented by the point z l which 

\ i t j s t ^ e po j n ^ 0 { tangency of the tangent 

| line drawn from the point 0 to that 

^7T / i circle. From the right triangle OziZ Q we 

y* / i find x 1 = 12 and ^ = 16. The sought-for 

/ ; number is z x = 12+16L 

- j -283. Let us prove that for a complex 

u 3Sy number a + bi to be representable in the 

form 


FIG. 6 


bi —t 


it is necessary and sufficient that |a+6t| = l and a-\-bi f —1. 
Necessity. Let equality (1) be fulfilled. Then 

. _ , t_ •. 1 1 — ix\ 

|a + fa i—tr+teT - ’ 

since 11 — ix | = 11 + ix | = ]/* 1 + x 2 . Furthermore, 


1 + ix ^ ’ 

because, if otherwise, we have 1 — ix = —1— ix, i. e. 2 = 0. 
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Sufficiency. Let \a-{-bi\~ 1 and a-\-bi ^ — 1. Put arg (a-{-bi) = a where 
—ji < a < tl. Note that a ?= n by virtue of the condition a-\-bi ^ —I. Now 
we have 

a-j-bi — | a-\-bi | (cos a + / sin a) = cosa + i sin a. (2) 

But 


cos a= 


1 —tan 2 y 
l + tansf 


sina = - 


2tan l 

1 + tan 2 y 


Substituting these expressions into the right-hand side of formula (2) we get 


a-\-bi = - 


(l+t tany)' 


J + i tan y 


1- 


where x — — tan 


1 -f- i tan — ) ( l - 


2 ‘ 


. . a 
-t tan y 


1 —i tan - 


' 1 + i x ' 


284. Let z = r (cos <p + *’ sin (p). Then 

|z 2 -fl | = V(r 2 cos 2(p+ l) 2 + (^ 2 sin 2qp) 2 = Y'r* + 2r 2 cos 2(p + 1, 


‘+7 


|Z 2 +1 


= 1 , 


and 


r 4 + r 2 (2 cos 2<p—1)+1=0. 

Put r 2 = /. The modulus \ z\ takes on the greatest value when t attains its 
greatest value. We have 

1— 2cos2<p± V (1—2cos2<p) 2 —4 
2 

Since we are interested in the greatest value of t , we take the plus sign in front 
of the radical. It is readily seen that the greatest value of t is attained Wti&i 

cos 2<p = —1, i. e. for <p=-^—| -kn. This greatest 

s+VJ 


value is equal to 
value of | z | is equal to 


Hence, the greatest 




3+ V 5 1 + V5 


285. The angle between two neighbouring rays is 
2k 

equal to —. Let d lt d 2 , ... be the distances from 

A and the feet of the perpendiculars which are 
dropped, in succession, on the rays intersecting 
at the point A (Fig. 7). We obviously have 


A ( 2jl Y 
k = «t^cos-J 



(*=1. 2, ...). 


FIG. 7 


The length of the £-th perpendicular is 

r , . 2je 




2ji\*-* 
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The total length of the polygonal line consisting of m segments is equal to 


1 + COS- \-[ COS -... + cos 


■in- 


The length L of the whole polygonal line which sweeps out an infinite number 
of circuits is obtained when m is made to tend to infinity and is expressed as 

the sum of terms of the geometric progression with common ratio q =--cos — 


(| q | < 1 ) and first term d sin • 


When n is increased the length L also increases and approaches infinity as n 
tends to infinity. 


286. First solution. Let 1 abode be the desired number (where the letters a, 
b, c t d and e denote the digits in the corresponding decimal places). Obviously, 
e = 7, since \abcdex3~abode 1. After 7 has been multiplied by 3, the digit 2 is 
carried .to .the next (to the left) decimal place and therefore the product dx 3 
has 5 in the unit’s place. 

Hence, d== 5. We thus have Iabc57x3 = abc571. By a similar argument, we 
find that c = 8 , b — 2 and, finally, a = 4. The sought-for number is 142 857. 

Second solution . Let again 1 abode be the number in question. Put abode ^x t 
then the number is equal to lQ5-j-x\ By the hypothesis, we have 

and hence x — 42 857. Consequently, the required number Is 142 857. 

287 . p being divisible by $7, "we can write 


p — 100a + 10b+ c = 37ft, 
an integer. .It then becomes evident that 

q - 1006 + 10c + a . = 1 Op — 999u = 370ft — 37 X 27o. 

Consequently, q is also divisible by 37. 

^ shfilar reasoning is also applicable to the number r. 

|Uye A — n 3 -f (n+l) 3 4-(n+2) 3 .==3n 3 4-9/i 2 4-15/i4-9. It is obvi¬ 
ously show that £.= 3/i 3 -j- I5n=*3/i (n 2 -\-b) is divisible by 9. If 

Ai^^whw^^^nanteger,'then Is divisible by 9. For n = 3ft+ 1 we have 
^454 = 9ft 3 4 6^4 6 lor n — 3ft 4 2 we have n 2 4 5 — 9ft 2 4 12ft -f 9. In both 
cases & Hence, B is. divisible by 9 in all cases. 

^*%fi$7~First solution. The sum S n can be represented in the following form: 
4- 3 (n 2 4 - 2n 4-1) — n = {n — 1 ) n (n + 1 )-j- 3 {n + l) 3 . 

The flrsp'su mmand is divisible by 3 because it is the product of three eonse- 
cutiye^integers, one of them necessarily being a multiple of three. Hence, *$>, 
is also divisible by 3. 

Second solution. We shall prove the assertion by induction. For n= 1 the 
number = 12 is divisible by 3. 

Suppose that for some n the sum S n is divisible by 3. We then have . . 

Sn + i — ( n 4 t) 3 3 {n 4 l) 2 4-5( ri 4 1J4 - 3 = S n -{- 3 (n 2 -f*3/14 - 3). 
Consequently, S n + 1 Is a\%o divisible by 3. '* 
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290. At the base of the pyramid the balls are put In t|he form of an equi¬ 
lateral triangle. Let the side of this triangle contain ni balls. Then, at the 

base of the pyramid there are n ». JVf-|-f-2+ 1 = — 71 * ■ 

balls. The second layer of the pyramid contains ( n —l)-f ; (/z— 2)-f ...-f- 3-j- 

-J- 2-h 1 =——balls. The third layer contains —]) b a u s an( j 

so on. The topmost layer contains only one ball. The total number of balls in 
the pyramid is equal to 120. Hence, 


120= nOHi!) + (rt: 


-1) n (n —2) (n- 
2 2 


3x4 . 2x3 , 1 X2 
2 ' 2 ■ 2 


-The right-hand side of the equality is equal to - ^ ~ (see Problem 266, 

page 192); hence, for defining n we get the equation 

n (n + 1) (/i+ 2) = 720. (1) 

This equation has an obvious solution n = 8. To find the other solutions we 
transpose 720 to the left-hand side and divide the polynomial thus obtained 
by n — 8. The quotient is equal to /z 2 -f-1 lrc-j-90- Since the roots of this latter 
polynomial are nonreal, equation (1) has no other integral solutions except 

n = 8/ Thus, the base layer consists of - ~1 ? =36 balls. 


291. The number of filled boxes being equal to m, we conclude that the 
number of the inserted boxes is equal to mk. It follows that the total number 
of the boxes (including the first box) is equal to mk-\- 1. Hence, the number 
of empty boxes is equal to mk-{- 1 —m = m(k~~ 1) + I. 



GEOMETRY 

A. PLANE GEOMETRY 


1. Computation Problems 

292. Draw the bisector of the angle A (see Fig. 8). It intersects the side EC 
at a point D and divides it into parts proportional to b and c. Note then that 



FIG. 8 FIG 9 


A ACD is similar to A ABC since they have a common angle C, and ilie angle 
CAD is equal to the angle B. Hence, 

AC _ BC . b a 

CD~~AC' l- e ' abj{b+c) = T 1 

Consequently, 

a^-fW+bc- 

293. Let AD be the bisector of the right angle A in A ABC, and DE J_ AC 
(Fig. 9). Since 

/ DAE=~, we have AE = DE ^ 

4 y 2 

where x=AD is the sought-for length. We obviously have 


Hence, 


ED CE . Y 2 _ Y 2 
AB~CA’ e ' c — 6 


“6+r 


294. In the triangle AEC (Fig. 10) the medians AD and BE Intersect at 
a point 0 , /1C = 6 and BC — a. Let us find = 

Let OD — x and OE = y. Taking advantage of the property of medians we 
find from the triangles AOB , BOD and AO£ that 

b 2 


4x 2 + 4y 2 = c 2 , 4* 2 -f 16y 2 = a 2 . 
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Eliminating x and y we obtain 


The conditions for existence of a triangle with sides a, b and c take the 
form 

5 (a-\-b) 2 > a 2 H-6 3 , 5 (a—b) 2 < a 2 -j-&' 2 - 

The first inequality is obviously fulfilled for any a and b, and the second 
one is transformed into the following relation: 

a 2 -|-a6-f < 0. 

Solving this inequality with respect to we finally obtain 

1 < - < 2 . 

2 




FIG. 10 


FIG. 11 


295. Let ^ A CD = £ DCE= £ ECB = a and CE = x, CD = y ( Fig. II). For 
the area of the triangle ABC we can write the following three expressions: 

+ ty sin a +4" ay Sin 2a ’ 

[ 1 

•$AC£ + S£C&-=- 2 bx sin 2a +y ax Sin a 

and 

+ + by sin a+y xy sin a +~ ax sin a. 

Equating the left members of these equalities and taking into consideration 
the condition of the problem we arrive at a system of three equations of the 
form 

2 a cos a = je + a — , 

y 

2b cos a = y + b~ , 

* x 


Solving the system we obtain 

_ (ft 2 — m 2 ) ab _ (ft 2 —m 2 ) ab 

ft (bm — an) ’ y m(bm — aft) 


m 
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296. Let S be the area of the given triangle ABC (Fig. 12), and put 

Then the area of A ADE is equal to x^S, and that of A ABE to xS. By the 
hypothesis, we get the equation 

xS—x*S = &. 

Solving this equation we find 




The problem is solvable if 4fc 2 . It has two or one solution depending 
on whether 5 > 4fc 2 or S — 4k 2 , respectively. 




FIG. 12 


FIG. 13 


29J. Let S be the area of the given triangle ABC. The constructed triangles 
with areas S lt S 2 and S 3 are similar to A ABC (Fig. 13). Therefore, their areas 
are in the ratio of the squares of the corresponding sides, whence 

/sT ad ,/sT ec -/sT DE 
7 S=AC’ V s ~‘ac < 

Adding these equalities termwise we find: 

298. Denote by x the third side of the triangle which is equal to the alti¬ 
tude drawn to it. Using two expressions for the area of the given triangle, we 
get the equation 

\ , f b-\-c-\~x c~\~x—b x -'.-b—c b + c—x 

2 * ~ V 2 2 2 ' 2 ‘ 

Solving it, we find: 

(P + c* ± 2 y^c*——c 4 ). (I) 

The necessary condition for solvability of the problem is 

+ ( 2 ) 

If it is fulfilled, then both values of x 2 in (1) are positive. It can easily be 

verified that if (2) is fulfilled, the inequalities b-\-c > x^\b—c\ are also ful¬ 
filled, the sign of equality appearing only in the case when x — 0. The latter 
takes place if in (1) we take a minus in front of the radical for b — c. Hence, 
if b^c t the problem has a unique solution, namely 
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For b & c 
respect to 


the triangle exists only if inequality (2) is fulfilled. Solving it with 
-£■, we find that it is equivalent to the two inequalities 


2 

i+i?*' 


i +y r 5 


(3) 


Consequently, for b ?= c there exist two triangles if both inequalities (3) are 
fulfilled with sign <, and only one triangle if at least one of the relations (3) 
turns in an equality. 



FIG. 14 


FIG. 15 


299. First suppose that A ABC is acute (Fig, 14). Then 

SaBC — S AiBiCi — $BxACx + Sex BAx + SAiCB x - (1) 

We have 

Sfl i/4C i =-i- AB X AC^ sin A — y AB cos A AC cos A sin A = 

AB-AC sin A cos 2 A = S,ibc cos 2 A 

and, similarly, 

SCxBAi = SABC COS 2 B , SaxCBi = s abc cos 2 C. 

Substituting these expressions into (1), after some simple transformations we 
obtain 

l — cos 2 A cos 2 B — cos 2 C. (2) 

C *ABC 

If A ABC is obtuse (Fig. 15), then, instead of (1), we have 
SaBC+SAxBxCx — SBiACx + SCxBAx + SAxCBi 
and, accordingly, instead of (2), 

p 

^‘ BlCl r=cosM + cos a fi+cos 8 C—1. (3) 

•^BC 

Finally, if A ABC is right, then 5^ lfilCt =:0 which, as is readily seen, also 
follows from formulas (2) or (3). 

300. (1) Let BO and CO be the bisectors of the interior angles of A ABC 
(Fig. 16). As is readilv seen, the triangles BOM and CON are isosceles. Hence, 
MN — BM + CN. 

(2) The relationship MNBM-^CN also holds in the case of the bisectors 
of exterior angles. 
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(3) If one of the bisectors divides an interior angle and the other an exte¬ 
rior angle (Fig. 17), then from the interior triangles BMC and CNO we find 
that MN^-CN—BM when CN > BM, and MN = BM — CN when CN < BM. 
Thus, in this case 

MN = \CN—BM\. 

The points M and N coincide only in the case (3) if A ABC is isosceles 
(AB = AC). 



FIG. 16 FIG. 17 


301. Draw through the point P three straight lines parallel to the sides of 
the triangle (Fig. 18). The three triangles thus formed (they are shaded in the 
figure) are also equilateral, and the sum of their sides is equal to the side AB = a 



FIG. 18 


FIG. 19 


of the triangle ABC. Consequently, the sum of their altitudes is equal to the 
altitude of A ABC and hence 

PD+PE + PF= ^X^ . 

The sum BD + CE AF is equal to the sum of the sides of the shaded 
triangles added to the sum of the halves of these sides and thus, 

BD + CE + AF=Y a - 

Consequently, 

PD + PE-\-PF 1 
BD-{-CE^At~ y~ 3" * 

302. Let 0 be the point of intersection of the medians in A ABC (Fig. 19). 
On the extension of the median BE lay off ED = OE. By the property of me- 
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dlans the sides of A CDO are ~ the corresponding sides of the triangle formed 

o 

by the medians. Denoting the area of the latter triangle by S lf we have 

= $CDO' 

On the other hand, A CDO is made up of two, and A ABC of six triangles 
whose areas are equal to that of A CEO, Therefore, *Sc£o~y ^#0 Oonsequ* 

303. Let ABC be the given triangle (Fig. 20). The area of A COB is equal 
to y ar, and the area of A CO A to y&r. Adding these quantities and expres¬ 
sing the area of A ABC by Heron’s formula, we obtain 


Vp (p— a)(p— b) (p—c), 


where p = y(a+6-(^c). 




FIG. 20 


FIG. 21 


304. Let R be the radius of the circumscribed circle and r the radius of the 
inscribed one. Then (Fig. 21) AB = 2R, and also 

AB = r cot y —r cot 


a p 2 R 

cot y-+COty = — = 5. 

Furthermore, y+y = y and cot e - 

c°t ycot y- 1 
cot y -j cot y 


, a . p c 

cot - 7 T- col 


whence 


20 8 
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Consequently, cot-5- and cot y are equal to the roots of the quadratic equation 

* 2 —5x-f 6«*0. 

Finally we obtain 

a = 2arctan-y, (5 = 2 arc tan-j- . 


305. Let us denote by a and b the sides of the given rectangle and by <p the 
angle between the sides of the circumscribed and the given rectangles (Fig. 22). 
Then the sides of the circumscribed rectangle are equal to 

a cos cp + b sin <p and a sin (p-f-b cos q>. 


By the hypothesis, we have 

(a cos cp + b sin <p) (a sin <p + 6 cos cp) = m 2 , 

whence we find 


sin 2qp 


2 (m 2 — ab) 
a*+b*' • 


The condition for solvability of the problem is of the form (Xsin2tp«£l 
which is equivalent to the following two inequalities: 

V 2 

306. if ^ AED=£ DEC (Fig. 23), then also ^CDE^ £ DEC which im¬ 
plies CE = CD. Consequently, E is the point of intersection of the side AB with 




the circle of radius CD with centre at C. The problem is solvable if AB^BC y 
and it has two solutions when AB > BC , and only one when AB = BC . (The 
point £, in Fig. 23 corresponds to the second solution). 

307. Consider one of the nonparallel sides. It is seen from the opposite vertex 
lying on the lower base at an angle y (Fig. 24), and the midline is equal to 
the line segment joining this vertex to the foot of the altitude drawn from the 
opposite vertex, i.e. to h cot y. Hence, the area of the trapezoid is 

S = h' 1 cot ~. 
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308. The midpoints of the diagonals E and F of the trapezoid lie on its 
midline MN (Fig. 25). But ME^FN^y , and consequently 


EF = 



b—a 

~1T" ‘ 


309. The parallelogram is made up of eight triangles of area equal to that 
of the triangle AOE. The figure (an octagon) obtained by the construction is made 



up of eight triangles, whose areas are equal to that of A POQ (Fig. 26).* Since 
1 1 

OP =-=- OA (by the property of the medians in A DAE), and OQ=-^- 0£, we 

O C 

have 


SpOQ = ~§ 


Hence, the sought-for ratio is equal to ~. 




310* It is obvious that KLMN is a parallelogram (Fig. 27), and KL — ^- AQ. 

u 

Consequently, 

c 2 Q 2 1, 1 2 

;f>A= = z ^ a • 

311. To the two given chords of length 2« and 2 b there correspond central 
angles 2a and 2(5 where 


sin a = 


/?’ 
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An arc equal to 2 (a ± p) is subtended by the chord 2c where 

c=R\ sin (a ± P)|= ^R 2 —b 2 ± V R 2 — a 2 . 

312. The sought-for area is equal to the sum of the areas of two sectors with 
central angles 2a and 2P (Fig. 28) minus twice the area of the triangle with 
sides R t r t d: 

S — R 2 a-\-r 2 $~Rds\na. 



FIG. 28 FIG. 29 


For determining the angles a and P we have two equations 

R sin a = r sin P 


Solving them we find: 


R cos a + r cos P = d, 

d 2 + R 2 —r 2 
C0Sa ~ 2 Rd 

d i + r 2^ R a 

cosp= -27 d -• 


Hence, 

5= R 2 arc cos 




-] -r l arc cos —-■ 


d 2 + r' 2 -R* 


313. Let K be the point of tangency of two circles having radii r and r u 
and P be the foot of the perpendicular dropped from the centre 0 2 of the third 
circle on 00 l (Fig. 29). Putting KP = x t we can write 

AB = 2 Y R 2 —x 2 . ( 1 ) 

The quantity x is determined from the equation 

(* + r) 2 ~(r + x) 2 = (R + r x ) » - (r x - *)* 


and is equal to —- R. Substituting this value in (1) we obtain 

r nr r i 



SOLUTIONS AND ANSWERS. PLANE GEOMETRY 


211 


314. Let 0 X and 0 2 be, respectively, the centres of the circles of radii R and 
r and 0 3 be the centre of the third circle. Denote by x the radius of the third 
circle and by P the point of tangency of this circle and the diameter 0 L 0 2 
(see Fig. 30). Applying the Pythagorean theorem to the triangles 0 2 0 3 P and 
OjO 3 P we obtain the equality _ 

o 2 ol=o,PHm +Ko t o5-o,p» ) 2 . 

Substituting the values 0 2 0 3 = r-{-x, 0 3 P-=x, 0 2 0 l ^=R — r and 0 l 0 3 = R—x 
into this equality we obtain an equation with x as unknown: 

(r + jc ) 2 — — r- f Y(R — x ) 2 —x 2 ) 1 . 

Solving this equation we find 



FIG. 30 FIG. 31 

315. Let 0 lt 0 2 and 0 3 be the centres of the three equal circles and 0 be 
the centre of the circle of radius r (Fig. 31). Let us denote by S 0i020a the area 
of A O l 0 2 0 3 and by S AOiB the area of the sector A0 2 B. Then the sought-for 
area is equal to 

5 = j(S 0 , 0> o 3 - 3 ^o I fl-^- (>) 

If R is the common radius of the three circles, then 

whence we obtain . 

*- 2 -^Fr'= (3+2 ^" 3)r - 

Then we find 

50,0.0, = y MR V'3 = ViR 2 = 3 (12 + 7 / 3) r« 
and 

5^o,s = y^ 2 = y( 7 + 4 Vi) r*. 

Finally, using formula (1) we obtain 

-5= 12 + 7^ 3— (y+2 ^"3^ nj r». 
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316* Let 0 3 D J_0,0 2 (see Fig. 32). We have 

OOl ** Oj 0\ H- OjO* — 20 x 0‘ O y D a* 0 2 o£ + OOl - 200* -W*, (1) 

where 0,O 3 =:tf-LA, 0 2 O s ^64-r, 0,0 = (a4~6) — a^=b and 00^ —-6=i=a. 
Putting O^D — x we rewrite the second equality (I) In the form 

(a 4 - r) 1 + b * — 2 bit (b 4 - 1)' 1 4 - a 2 — 2a (a H- b —*)» 

whence we find 

. n— b 

x^=a-\~^—rr. 

a-^h 

The first equality (1) now takes the form of an equation in one unknown t\ 

(a+b —/•)* = (a+r) s 4-6 s —26 . 

Solving this equation we finally obtain 

ab{a-\-b) 
a 1 -\-cb f b l 

317. Let us denote by a and b the distances between the given point A an b 
the given straight lines ^ and/ 2 , respectively, and by* and y thelengths of the legs 



two equations 


a 2 b 2 

_—L__ — 1 


and 


l 


xy = kK 


Transforming these equations we arrive at the system 

xy = 2k 2 t \ 
b 2 x 2 -\-a 2 y 2 = 4k*, f 

Solving it, we receive 

x=~ \ yw+ab ± Yk l —ab\. 


»=-j \ Y^+ab =F Vk*—ab\. 

The problem is solvable for kr^ab, and has two solutions for k 2 > ab and one 
solution for k 2 — ab. 

318. Joining the centres of the circles we obtain a polygon similar to the 
given one. The centre of the polygon thus constructed coincides with the centre 
of the given one, and its sides are respectively parallel to the sides of the given 
polygon (Fig. 34). 
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Let r be the common radius of the circles under consideration. Then the Side 
of the newly constructed polygon is equal to 2r i and its area is 

a— nr 2 cot — . 

n 

Furthermore, let (5— ^ ^ be the interior angle of the polygon. For the de¬ 
sired area S of the star-shaped figure we obtain the expression 

S =s cr n ^r- P a* nr 1 cot — — h P- 
2 n 2 


o 



FIG. 35 FIG. 36 



The figure DEGF is an inscribed quadrilateral if and only if ^ CGF= £ CDB, 
i.e. if Xc = BC. 

320. Let 0 be the vertex of the acute angle a, and 0* the centre of the kth 
circle (Fig. 36). Then 

rk = 0°k sin j, r k+x = (O0 k -r k ~ r* + l ) sin-i 
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and 


+ i ^ sin rfr+i sin ■ • 


Hence, 


r k + * 


1 — sin 


r k 


, . . a 

1 + sm y 


j. e. the radii of the circles form a geometric progression with common ratio 


. a 
-sm Y 


... a 
1 -f sin — 


321. Let the least angle between the reflected rays and the plane P be equal 
to a (Fig. 37). Such an angle is formed by the ray passing through the edge C 
of the mirror after one reflection from the point B. By the hypothesis, we have 



CF\\DA, and hence, £OCB~ £OBC = a. From the reflection condition at the 
point B it follows that £OBF = a. Therefore, for the triangle DBF we have 

£ BOF=.2 a, </ OFB — 180°—2a—a= 180°—3a. 

Let us dencio by h the distance between the mirror and the plane, and by r 
the radius AD of the illuminated circle. Since the radius of the mirror is equal 
to 1, we have 

—^-j-=tan a. (1) 


Applying the law of sines to the triangle OBF we find 


OF = 


sin a 
sin 3a* 


By similarity of the triangles CBF and DBA , their altitudes are proportional 
to the sides, and thus 

AD _ h 4- sin 2a 
FC ~~ sin 2a ' 

that, is 

r __ ft + sin2« . 

i i s * n a sin 2a * ' 


sin 3a 
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Solving together (1) and (2) as simultaneous equations we find 

_2 cos 2a 

r 2.cos 2a— 1' 

Substituting the given value a = 15° into the latter formula we obtain 


Y 3 3-f -Y 3 


Furthermore, we have 


. sm 2a 2 1 0 ,r -s- 

tan a=—- —= --= =- -—=2— V 3, 

1 +cos 2a lA 3 2+>^3 

" r “ 

and therefore relation (1) yields 

0 + V" 3 ~) ( 2 - V~5)= 

322. We must consider all the different possible cases depending on the 

value of the ratio —. 

a 



FIG. 38 FIG. 39 


(1) Let — ^ Y 2. The circles do not intersect the square and S = a 2 . 

|/T _ 

(2) Let i—<-< Y 2. As is obvious, in this case 5 — a 2 — 8a where a 
is the area of the shaded curvilinear triangle (Fig. 38). We have 

o=Y a V^x— Y r ' i( P- 

X 

where <jp = arGsin—. To find x we note that 

* |/* 2 + Y r L — a 2 — a 

which implies 
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1 f - r ——I , . a — yr' 1 — a 2 

o=-—a(a~ y r* — a?) — -z r r l arc sin- r ~— -. 

2 2 rY 2 


1 r V 5 

(3) Let - —. Here S = 8 <j where a is the area of the shaded 

Y 2 a 2 

curvilinear triangle (Fig. 39). We have 


where 


Noting that 


we find 


Consequently, 


1 > la 


op— ar sin—. 

r 

Y ri ~ (!)=!+* ^ 

]/* 4r* — a 2 — a 

x= - — -, 

2 y 2 


1 . y 4r' 2 — a 1 —a a(Y4r' 2 — a*—a) 

— r l arc sin - 


2 y ~2 / 


8 


(4) Let ~ ^ —U r. The required area is equal to zero. 



FIG. 40 


323. We have (see Fig. 40) 

S^Si+Sg + Sj + S^. (i) 

Furthermore, 

^3_ Si _ AO 

sy~S 4 ~~ OC 1 

whence S 3 S 4 = S 1 S a . But we obviously have 

£ 3 ~f~ — S 4 

which implies S 3 = S 4 and S 3 = S 4 ~ }/"S|S a . 

Hence, from (1) we obtain 

■s=s,+s*+2 y r sA=(Vs;+y r s;) 3 . 
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324. Let us denote by a , b , c and d the lengths of the sides and by m and n 
the lengths of the diagonals of the quadrilateral (Fig* 41). By the Jaw of cosines 
we have 

tt 2 — a* -f- d 2 — 2ad cos <p 
and 


n 2 -- £ 2 -j- fi 2bc cos qp. 


which yield 

(be+ad)n 2 = ( a 2 + d 2 ) be + ( b 2 + c 2 ) <zd = (a& '+ cd) (ac + M). 

Hence, 


n 2 


ab-\-cd 

bc-\-ad 


(ac-\-bd). 


Analogously, we find 


m 2 


ad + be 
ab-\-cd 


(ac-\-bd). 


Multiplying these equalities we obtain Ptolemy’s theorem: 

mn — ac-\-bd. 


2. Construction Problems 

325. Let O x and 0$ be the centres of the given circles. Draw the straight 
line O x A, and another straight line parallel to O x A passing through the centre 
0 2 of the second circle. This line intersects the second circle at points Af andA r 




(Fig. 42). The straight line MA intersects the second circle at a point P v The 
straight line 0 2 P X intersects 0**4 at a point C x . The similarity of the triangles 
MO z P x and AC X P X implies 

C X A — C X P x . 

Hence, the circle of radius C X A with centre at C x is the required one. A second 
solution is obtained with the aid, of the point N in just the same way as the 
first solution with the aid of the' point M. If one of the straight lines M A or NA 
is tangent to the second circle, then only one solution remains while the second 
solution yields this tangent line (which can be interpreted as a circle with 
centre lying at infinity). The latter case takes place if and only if the point A 
coincides with the point 6f tarrgertcy of one of the four common tangents to the 
given circles. 

\ 326* Let 0 be the centre of the given circle, and AB the given line (Fig. 43). 

The problem is solved by analogy with the preceding one. In the general case 
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it has two solutions. There are three singular cases here: (1) The given line 
intersects the circle, and the given point A coincides with one of the points of 
intersection. Then there are no solutions. (2) The given line is tangent to the 
circle, and the point A does not coincide with the point of tangency. In this 
case there is one solution. (3) The given line is tangent to the circle, and the 
point A coincides with the point of tangency. In this case there is an infinitude 
of solutions. 




327. Through the centre 0 of the given circle draw a straight line, perpen¬ 
dicular to the given line l and intersecting the circle at points M and N 
(Fig. 44). The straight line MA intersects / at a point P x . C x is the point of 
intersection of the perpendicular erected to / at the point P x with the straight 
line OA. The similarity of the triangles AOM and AC X P X implies that C X A — C X P X . 
Consequently, the circle of radius C X A with centre at C x is* the required one. 
Another solution is obtained with the aid of the point N in just the same way 
as the first solution with the aid of the point M. If the straight line l does 
not pass through one of the points A, A4 and N, and the point A does not 
coincide with M or A r , the problem always has two solutions. 

Suppose that A does not coincide with M or N. If / passes through M or A r , 
the problem has one solution (the second circle coincides with the given one). 
But if l passes through A, the problem has no solutions. 

Let A coincide with Af; if / does, not pass through M or N t the problem 
has one solution (the second degenerates into a straight line coinciding with /). 
If / passes through N the given circle is the solution, and if / passes through M t 
the problem has an infinite number of solutions. 

328. On the given hypotenuse AB = c as on diameter construct a circle with 
centre at the point 0 (Fig. 45). Draw OE AB and lay of£ OF = h on OE. The 
straight line parallel to AB and passsing through F intersects the circle at the 

£ 

sought-for point C. The problem is solvable if The lengths of the legs a 

and b are found from the system of equations 

a 2 + fc 2 = c 2 , \ 
ab~hc. f 

Solving this system we obtain 

a=j (yc 2 + 2/sc+ V c J — Wc), b=Y (} r c 2 + 2hc~ Y c 2 —2ft;). 

329. Let us take the line segment AB , and on its extension lay off a seg¬ 
ment AE — AD in the direction from A to B (Fig. 46). Construct A BCE on BE 
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as base with sides BC and £C = CD. On AC as base construct A ACD with 
sides AD and CD. The quadrilateral ABCD is the required one because it has 
the given sides and ^ DAC = CAE (the triangles ACD and ACE are cong¬ 
ruent by construction). 


£ 




330. Let //, 5 and M be, respectively, the points of intersection of the 
altitude, bisector and median with the circumscribed circle K whose centre is 
at the point 0 (Fig. 47). Draw the straight line SO, and through H another 
straight line parallel to SO whose second point of intersection with K is the 
point A. Draw the straight line AM intersecting SO at a point P. Through the 
point P draw a straight line perpendicular to SO which intersects the circle at 
points B and C. The triangle ABC is the required one, since AH J_BC, 
BS — SC and BP=PC. The problem is solvable if and only if H , 5 and M do 
not lie in a straight line, the tangent line to K at the point H is not parallel 
to SO and the points H and M lie on opposite sides from the straight line, SO 
but not on a diameter of the circle K. 




331. A. Exterior tangency. From the point 0 of intersection of the bisectors 
of the interior angles of the triangle ABC drop the perpendiculars OM, ON 
and OP on the sides of the triangle (Fig. 48). Then AP~ AN> BP — BM and 
CM = CN. Consequently, the circles of radii AP> BM and CN with centres at 
A, B and C are tangent to one another at the points P, M, N . 

B. Interior tangency. From the point 0 of intersection of the bisector of 
angle C and bisectors of the exterior angles A and B draw the perpendiculars 
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QM, ON and OP to the sides of the triangle ABC or to their extensions 

(Fig; 49). Then 

AP^AN, BP*=BM, . CM^CN, 

Consequently, the circles of radii AP , BM and CN with centres at A, B and C 
are tangent to one another at the points P, At, N. 

Taking the bisectors of the interior angle A and exterior angles B and C, 
or the interior angle B and exterior angles A and Q r We obtain two more 
solutions. 



FIG. 49 FIG. 50 


332. The solution is based on the following property; if the altitudes Ha 
and tip of the inscribed triangle ABC intersect the circle at points A t and B x , 
then the vertex C bisects the arc A x By (Fig. 50). This is implied by the equa^ 

lity of ^ A t AC and ^ B X BC % each of which is equal to ACB. 

Construction . Through ’ A draw a straight line in the given direction to 
intersect the circle at a point A x . Let B x be the point of intersection of the 
altitude hp and the circle. Find the midpoint C of the arc and draw AC. 

Then draw B X B j AC. The tiiangle ABC is the sought-for. 

Taking the midpoint C f of the second of the two arcs A L B Lv we obtain ano¬ 
ther solution, namely the triangle A B'C'. 


C D 



FIG. 51 


333. Join the midpoint E of the base AB to the vertex C and find the 
point Q of intersection of the straight lines EC and AP (Fig, 51). The straight 
line PQMN parallel to AB is the required one. Indeed, 

PQ _AB_. 

QM^EB * 

which results in PQ — QM, Furthermore. 

MN_PQ 

CD~ZD' 
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whence MN=zPQ. A second solution is obtained with the aid of the midpoint 
E' of the base CD like the first solution with the aid of E, 

334. Let B be the given vertex an<3 E, F the given points (Fig. 52). Sup¬ 
pose that the square A BCD has been, constructed/ The vertex D must lie on 
the circle constructed on EF as on diameter. Let BD intersect this circle at a 
point K, Then since l ADB*, l B0C. 

Construction . On EF as on diameter construct a circle and at its centre 
erect a perpendicular to EF to intersect the circle at points K and K'. Join B 
to K and extend BK to intersect the circle at a point D. Draw the straight 
lines DE and DF and through the point B the straight lines BA and BC per¬ 
pendicular to them. ABCD is the required square. Using the point K' we 
Obtain another solution. The problem always has two solutions except the case 
when the point B lies on the circle with diameter EF . In this latter case the 
problem has no solutions if the point B does not coincide with one of the 
points K and K' 



FIG. 52 FIG. 53 


3^5 . .First solution. Draw AD\\ MB to intersect the extension of BC at a 
point D (Fig. 53). On the line segment CD find a point N such that 

™=k 

CN 

The straight.line MN is the desired one since the area Sjfjw is equal to 
the area &QfiM and hence Sahc^Sdmc* a nd by construction we have 
Sdmc^^nmc- 

Second solution is obtained by using a point such that 


This yields 


Taking into consideration the possibility of an analogous construction based 
on the vertex C (instead of A), we can easily verify that for k =F 2 the problem 
always has two solutions and for k = 2 only one. 

336. To make the construction it is sufficient to determine the altitude 
h = KL of the rectangle. 
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Let KLMN be the required rectangle, and KN lie on AC (Fig. 54), If the 
vertex B is made to move in a straight line parallel to the base AC while the 
altitude h remains unchanged, the lengths of the base and of the diagonals of 
the rectangle also remain unchanged (because LM and AC are in the ratio of 
BH — h to BH ). Consequently, for determining h the given triangle ABC can be 
replaced by any other triangle having the same base AC and the same alti- 

tude BH. It is most convenient to take a triangle 

--X with right base angle. Hence, we perform the fol- 

X \ | lowing construction. Through B draw a straight 

/ JV' i line parallel to AC , and through C a straight 

/ L s'' \ i line perpendicular to AC. Using a compass 

/ /. -X -I with opening equal to the length d of the given 

\ | diagonal, lay off on the hypotenuse AB { a 

XX line segment AL V from the vertex of the right 

—1- 1 ^ angle C. Through the point L x draw a straight 

A K line parallel to AC; the points L and M at which 

FIG. 54 it intersects the sides AB and BC are the ver¬ 


tices of the required rectangle. Depending on 
whether the altitude of the triangle AB V C drawn from C is less than, equal to 
or greater than the given value of d, the problem has two, one or no solutions. 


337. Inscribe the given circle in the given angle. Lay off on the sides of the 
angle line segments AC = BD of length equal to that of the given side of the triangle 
from the points of tangency A and B in the direction from the vertex S (Fig. 55). 

Inscribe in the given angle another circle so that it is tangent to the sides 
of the angle at points C and D. Draw a common tangent EF to the constructed 
circles. We shall prove that A SEF thus obtained is the required triangle. For 



FIG. 55 FIG. 56 


this purpose it is sufficient to prove that AC = FE. It is easily seen that the 
perimeter of the triangle SEF is equal to 2 SC. On the other hand, it is obviously 
equal to 2(SA-\-EL-\-LF). Thus, we have 

SC = SA + EL + LF, SA + AC = SA + EF, i. e. AC = EF, 

which is what we set out to prove. 

It is clear, that the problem has two solutions if the circles do not intersect, 
and only one if they are tangent. The problem has no solution if the circles 
intersect. Let a be the given angle, r and R the radii of the circles and a the 
given side of the triangle. The distance between the centres of the circles is 

equal to —-—. For the problem to be solvable it is necessary that 

cos f 
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But we have 


R^r + a tan -y 


and, consequently, there must be 

2r -f a tan ^ , 

' 2 a 

cos Y 

that is 


2r 


a 

T 



338. Describe a circle with centre at the point B tangent to the straight 
line CD (Fig. 56). From the point A (if A and B lie on different sides from CD) 
or from the point A' which is the reflection of A through CD (if A and B are 
on one side of CD) draw the tangent line AK or A'K to the constructed circle. 
The point M of intersection of AK (or A'K) and CD is the sought-for point. 
Indeed, we have 

£ AMC = ^ KMD = 2 ^ BMD. 


3. Proof Problems 


339. Let BO be a median in the triangle ABC. Construct the parallelogram 
ABCD (Fig. 57). From the triangle BCD we have 2B0 < BC-\-CD, and since 
CD=AB % we can write 


AB + BC 
2 



B 



Prom A AOB and A BOC we have 


B0 + 4£ > AB 


BO + ^j-> BC. 


and 
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Adding together these inequalities we obtain 

bo >**+*£-*£. 

340. Let D be the point of intersection of the altitudes (the orthocentre), 
0 be the centre of the circumscribed circle, £ and F the midpoints of the sides BC 
and AC (Fig. 58). The triangles ADB and EOF are similar because / ABD = 
= £ OFE and £BAD= OEf (as angles with parallel sides). Hence, 

OE EF 1 
AD~~ AB~~ 2 * 

341. See the solution of Problem 301. 


342. Let a, b and c be the lengths of the sides of the triangle opposite the 
angles A t B and C, respectively. We shall prove that the length of the bisector 
erf the angle A is expressed by the formula 

A A 

2bc cos-a* 2 cos-3- 

lA= s+r~T-r- 

b + c 

Indeed, the area of the triangle A BC is 

1 \ A \ A 

$ABC = i 2 <>c sin A =-^el A sin -^-^~bt A sin , 


which results in formula (1). Similarly, for the bisector Iq of the angle B we 
obtain the formula 



2c °s| 

■ 1+1 

a 1 c 


( 2 ) 


Let a > b\ then £ A > £B, and since we have 0 < ~ < y and 0 < y < y 
A B 

this implies cosy<cosy. Thus, the numerator of fraction (1) is less than 
that of fraction (2). Furthermore, the denominator of fraction (1) is 


greater than the denominator-—|—-of fraction (2) because 
l A < ‘ ' 


P 


> y. Consequently, 


343. Let £CPQ = a and £PQC — p (Fig. 59). By the law of sines we have 

RB BP PC CQ AQ AR 

sin a~~sin (oc +P) ’ sing - sin a’ sin (a-fp)~sin p * 

Multiplying these equalities termwise we obtain 
RBPCQA = PBQCRA. 
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344. Let </ AKBf=a t £ AFB=*$ and £ACB = y (Fig. 60). We havec*^—, 
md since tan p = y , f an 7 = y we can write 

1 . i 


tan (£ + 7) = 


2"+y 

i_l.l 
2 3 


= 1 . 


t follows that P -f- 7 = y and a 4 -P + Y=y+y = -y • 




345. We shall use the converse of the Pythagorean theorem: if the sum of 
he squares of two sides of a triangle is equal to the square of the third side 
his triaqgle is right. 

In our case the relationship 

(a + b^ + h^ic + h) 2 

s fulfilled because it is equivalent to the obvious equality ab = ch. 

346. First solution . Draw AF so that £ MAC = 20° and BD AE ^Fig. 61). 
>ince A CAE is similar to A ABC, we have 

C£_ o_ 
a b 

yhich yields CE ==y and &E b —y ? 

On the other hand, ^ BAD = 60° and therefore 

" b t AD • 

Jut AE=a and hence It Mows that . 

B£ _ / (f,*)*+^. 

Consequently., 
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Squaring both members and simplifying the obtained equality, we find that 
this relationship is equivalent to the one to be proved. 

Second solution. We have a = 2b sin 10°, and therefore the relationship to be 
proved is equivalent to 

1 -j- 8 sin 3 10° = 6 sin 10°, 

that is 

sin 30° = 3 sin 10°— 4 sin 3 10°. 

The latter equality holds by virtue of the general formula 


sin 3a = 3 sin a—4 sin 3 a. 

8 



FIG. 61 FIG. 62 


347. In any triangle, the greater angle is opposite the greater side. There¬ 
fore, if 

AC < 2BM, 

in A ABC (Fig. 62) which is equivalent to the two inequalities 
AM<BM, MC <BM, 

then 

Z ABM < Z BAM, Z MBC < Z BCM . 

Adding these inequalities we obtain 

Z ABC < Z. BAM+ £ BCM = n— £ ABC, 


whence 2 Z ABC < Jt or Z ABC < y-. 

The cases AC^2BM are considered analogously. 

348. First solution. Let QQ'|| AC and N be the point of intersection of AQ f 
and QC (Fig. 63). The angles whose values are implied by the conditions of 
the problem are indicated in the figure by continuous arcs. 

Let us show that 

QP±AQ\ (1) 

Indeed, we have NC — AC-, but AC—PC since ACP is an isosceles triangle. 
Therefore, NC = PC and, consequently, NCP is also an isosceles triangle and 
hence 


ZCNP=ZWPC = S0°. 



N¥-.- 




SOLUTIONS AND ANSWERS. PLANE GEOMETRY 227 

Now it readily follows that l Q'NP= 180°—60°—80° = 40°, and since £ NQ’P = 
= 40°, the triangles QQ'P and QNP are congruent which implies (1). Now it 
is clear that £Q'PQ = 50° and, consequently, £QPA — 180°—50°—50° = 80°. 

Second solution (see Fig. 64). It is easily seen that the angle P is equal to 
80° if and only if £±ABP is similar to A PCQ (the angles whose values are 
directly implied by the conditions of the problem are indicated in the figure 


B 



B 



by continuous arcs). Let us prove that these triangles are in fact similar. The 
angles A BP and PCQ being equal, it is sufficient to establish the relation 


AB___PB_ 

CQ~~ CP' 

Put AB~l\ then from the isosceles triangle CQB we find 

C<2= 2 cos 20° • 


( 1 ) 


On the other hand, since PC = AC t we have 

PC=2/sinlO°, and, besides, BP = l — 21 sin 10°. 

Substituting these expressions into (1) we get the equivalent equality 
4 sin 10° cos 20°= 1 — 2 sin 10°. 

The validity of (2) is readily revealed by noting that 

sin (10°+20°) + sin (10°—20°) __ 1 


( 2 ) 


sin 10° cos 20° 


■ sin 10°. 


8 * 


2 


2 m 
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M9. Let & A8C be given (Fig. 65). Uy ©ff AD=±tth the mmim # 
the side v4€. From the equality d*=±b**\-bc it follows that 

a _^ b+c 
b~~ a ' 

which means that the triangles CAB and CBD are similar, and ^ A = </ CBD. 
Furthermore, </ B = £ BDA — / DBA. Consequently, £ A~ £ B-\r £ DBA = 
= 2 Z.B. 



350. Let OC be a median in & OAB v Let a point D lie on the extension 
of OC so that OC~ CD (see Fig. 66). We shall shoW that &AOD = AOA l B. 
Indeed, AO — OAi by construction. Furthermore, siribe AOB t D is .a parallelogram, 
we have AD = OB l — OB> Lastly, </ OAD— £ AiOB because the sides of these 
angles are mutually perpendicular: AO _L OA x and OB x J__ OB by construction, 
and AD\\OB v Consequently, A AOD= AOAjB, And twO sides of one of them 
are respectively perpendicular to two sides of the Other. Therefore their third 
sides are also perpendicular, i. e. OD A_A x B. 


A 




351. Let ABC be an acute triangle, and AD, BE and CF be its altitudes 
which intersect at a point 0 (Fig. 67). Each of the quadrilaterals BDQF, CEOD 
and AFOE is inscribed in a circle. According to the theorem on the product of 
a secant of a circle by its outer portion. We have 

'AD<AQ** AB , AF^AC- AE; :BE-BO*±BC- BDmBA-BF> 

CFCO = CACE = CBCD. 

Adding together these equalities we obtain 

2 (AD AO + BE BO + CF CO) = AB AF + BC BD-\-CA CB-\-AC’AB + 
-\-BA,BF+CB-CD=:AB(AF+BF) + BC(BD+CD) + CA (CE + AE) = 

~(AB)*+(BCf + (CA)\ 
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which is what we set out to prove. In the case of an obtuse triangle the product 
corresponding to the obtuse angle should be taken with the minus sign. 

352. By the hypothesis, b—a = c—b, i.e. a.-\~c — 2b. To compute the product 
Rr let us use the formulas expressing the area S of a triangle in terms of the 

radii of its circumscribed or inscribed circle and its side. As is known, S~^-bc 
sin A, and according to the law of sines we have sin A =^5 which implies 


__ a ^ c 
~~Tr' 


d _l _j_ q 

On the other hand, S — rp , where p = —- — . Equating both expressions we 

obtain 



(1) 


Under the conditions of the problem we have 


cl -f~ b “-J- c 3 
P= 2 ~~2 


Substituting this value in (1) we obtain 

6rR = ac. 

353. Let z be the length of the bisector, and m and n the lengths of the 
line segments into which the base of the triangle is divided by the bisector 


D 




(Fig. 68 ). By the law of cosines we have 


and 


a 2 = a 3 -f- m 2 — 2 mz cos a 


b 2 = z 2 n 2 2 nz cos a. 


Multiplying the first equality by n and the second one by m, and adding them, 
we obtain 

na 2 + mb*«=z(m + n) (a 2 + mn). (1; 
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By virtue of the relation — = —, we have 
m n 

no 1 -f- mb 2 = na^--\-mb (m + n). 

Substituting this expression into (1) we obtain the required equation ab = z 2 -\-mti. 

If a — b and m = n } the equality thus proved expresses the Pythagorean 
theorem: fl 2 = z 2 + m 2 . 

354. By the hypothesis, BD = EC (Fig. 69). If M is the point of intersection 
of BC and DE t then for the triangles BDM and ECM we obtain 


BD _ 

DM 

EC ME 

sin <p~ 

"sin B* 

sin cp sin C 9 

whence it follows that 

DM 

sin B 


ME~ 

sin C * 

But in A ABC we have 

sin B 

AC 


sinC' 

~AB' 

Consequently, 

DM 

AC 


ME ~ 

'AB ’ 


355. Let BD, BE and BF be, respectively, an altitude, bisector and median 
in A ABC. Suppose that AB < BC. Then 

Z A > Z C, Z CBD > Z ABD , 

which implies 

Z CBD > ±(£ ABD+ Z CBD)=i- Z B, 

i. e. Z CBD > L CBE. Consequently, the bisector BE passes inside </ CBD , 
and the point E lies between D and C. 

AE AB 

Furthermore, we have < 1 and AE < EC whence 

tL d C 

AE <±.(AE + EC)=±-AC, 

i. e. AE < AF. Hence, the point F lies between E and C. Thus, the point E 
lies between D and F which is what we set out to prove. 

356. Consider a triangle ABC. Let BD be a bisector, BM a median and BN 
the straight line which is the reflection of BM through BD (Fig. 70). If 5^^ 
and Smbc are the areas of the corresponding triangles, then 

2SABw=xh B = nc sin Z ABN 
and 

2Smbc = l l B = ma sin Z MBC, 

where h B is the altitude dropped from the vertex B onto AC. Since Z ABN = 
= Z MBC f this implies 



Similarly, 

and 
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2 Snbc~ yhB — na sin </ NBC 


2S AB m = ^y^ h B = me sin ^ ABMm 

Since </ NBC=£ ABM, it follows that 

_ x+y na 
y 2 ~mc' 


(V 


Dividing (1) by (2) termwise we obtain the required proportion 

x _c 2 

y~~ a 2 ' 

357. The straight lines AP, BQ and CR divide the triangle ABC into six 
triangles: A AOR, A ROB, A BOP, &P0C, A COQ and A QOA (Fig. 71). 




Applying the law of sines to them we obtain 


AR 

AO 

AO 

AQ 

sin <p 

’ sin y ’ 

sin 

sin 

BO _ 

BR 

BP _ 

BO 

sin y~ 

'sin (<p+t|>)’ 

sin o|5 - 

"sin a 

CQ 

CO 

CO _ 

CP 

sin (tp-ft) 

" sin P * 

sin a~ 

~sin q> 


Multiplying all these equalities termwise we find 
AR-BP-CQ = BR-AQ-CP. 

358. Let K and 0 be, respectively, the centres of the circumscribed and 
inscribed circles of the triangle ABC, and D the midpoint of the arc AC (see 
Fig. 72). Each of the angles OAD and AOD is equal to half the sum of the 
vertex angles at A and B of the triangle ABC. It follows that OD=AD. 

By the theorem on chords intersecting inside a circle, we have 

MOON = BOOD. 

Furthermore, if OE J_ AB and FD is a diameter, the triangles BOE and FDA 
are similar and therefore BO:OE = FD:AD which implies BO-AD = OE-FD, 
i.e. BO OD = OE FD because AD = OD. Hence, 

MO-ON = OEFD. 
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Substituting MO = R + l, ON = R—l , 0£ = r and FD — 2R in the above 
equality we arrive at the required result 

R 2 — l 2 = 2Rr. 

359. First solution. Let ABC be the given triangle, Ki the inscribed circle 
of radius r and K 2 the circumscribed circle of radius R. Let us construct an 
auxiliary triangle A^B^^ so that its sides are parallel to the sides of A ABC 

and pass through its vertices (Fig. 73). Draw tangent lines to the circle K 2 

parallel to the sides of A A 1 B l C 1 , applying the following rule: the tangent line 
A 2 B 2 parallel to the side A 1 B l is tangent to K 2 at a point belonging to the 

same arc AB on which the vertex C lies and so on. The segments of these 

tangents form a triangle A t 8ip z . 



FIG. 72 


FIG. 73 


Then, A A 1 BiC x lies inside A A 2 B 2 C 2t and the two triangles are similar. 
Therefore the radius R' of the inscribed circle of A is not greater than 

the radius R of the inscribed circle K 2 of A A 2 B 2 C 2 , i. e. R' *^R. On the other 
hand, the radii of the inscribed circles of the similar triangles /MhCi and ABC 

A B 

are in the ratio of the corresponding sides of these triangles, i.e. = 2 . 

Thus, R' = 2r. Comparing this equality with the inequality R'^R we finally 
obtain 

2 


Second solution Let r and R be the radii of the inscribed and circumscribed 
circles, S be the area of the given triangle and p = where a, b and c 

are the sides. Then 

r S _ 1 ab sin C_ 2R sin A sin B sin C 

~R~~pR~ 2 pR ~~R (sin A + sin 5 + sinC)' 

But . 

At ■ n i i - A~\~B A-^B , n , A-\~B A-\-B 

sin A + sin B + sin C «= 2 sin —L— cos —4-2 sin —— cos —L— = 

, . A + B A B . A B C 
= 4sin —g— cos y cos y = 4 cos ~2 cos ~2 cos ~2 * 

and, consequently, 

r . A . B , C 
^ = 48in T sin T sin^. 
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The problem is thus reduced to proving the inequality 

. A . B . C 1 

*i n T 8 i ”T s,n T<T 


(see Problem 644). 

Third solution. From the formula l 2 = R 2 — 2 Rr proved in the foregoing 
problem it follows that R 2 — 2Rr^0 whence we obtain R^2r. 

360. Let a and b be the lengths of the legs and c the lefigth of the hypote¬ 
nuse. Comparing two expressions for the area of a triangle, we get 

S ~~2 ( a ~\~b -\-c) r = — he, 


which implies 


r _ c 

h ci -(- b -f- c 


(1) 


Since a-\-b >c we have 



c 

c + c 


=0.5. 


Furthermore, by virtue of the relationship c 2 = a 2 -\-b 2 , the inequality d 2 -j-b 2 ^2ab 
is equivalent to the inequality 2c 2 ^(a + b) 2 , i.e. a-^-b^c]^ 2. Therefore, 



1 

V"2+l 


= y 2— 1 > 0.4. 


361. Let A, B and C be the angles of an acute triangle, and a , b and c be 
the sides opposite them. Put jP^ a + fc + c. The required relationship follows 
from the equalities 

ak u + bk b + ck c = Pr, (1) 

and 

0 -f - c ) ka "h ( c "f" a) kfj -f- (a -f- b) k c = PR ( 2 ) 

because, adding them together, we obtain 

k a H" kb ~i~ — r R • 


Equality ( 1 ) holds because its left and right members are equal to the doubled 
area of the triangle. To prove (2) let us note that 

k a — RcosA t kb = R cos B t k c = RcosC f (3) 

and that 

b cos C + c cos B = a, 
c cos A-\-a cos C = b, 
a cos B + b cos A = c, 


whence, by termwise addition, we obtain the equality 

(b -f c) cos A -f (c+ a) cos B -f (a -j- b) cos C = P. 

Multiplying the latter relation by R and making use of (3) we obtain the result 
coinciding with (2); 

362. Let A 2 B 2 , B 2 C 2 and C 2 A 2 be the midlines in A ABC and A 3 , and C 3 
the midpoints of the segments AA lt BB U CC X (Fig. 74). The points A 3 , B 3 and 
C 9 are on the midjines of A ABC but not at their endpoints because, if other- 
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wise, at least one of the points A lt B x and C t coincides with a vertex of A ABC. 
Since any straight line not passing through the vertices of the triangle A 2 B 2 C 2 
does not intersect all its sides simultaneously, the points A 9 , B 3 and C 3 are not 
in a straight line. 


B 



FIG. 74 FIG. 75 


363. If h t is the altitude of A DON, hp the altitude of A ABC , and 5^ oC 
and Sabc are the areas of the corresponding triangles, then (see Fig. 75) we 
have 

Saqc = __ 0 £ AF 

Sabc hB AB AB 9 

and, similarly, 

Saob __BE Scqb _CN 

$abc DC* S AB c CA' 

Adding together these equalities we obtain 

AF . BE . + + _ $abc _. 

AB^BC^CA S ABC S abc 

364. (1) Consider the inscribed circle K' of the square. Let its radius be r'. 
Draw the tangent lines A'B'\\AB and B'C' \\BC to the circle K' (Fig. 76). 

B B* 



FIG. 76 FIG. 77 


It is clear that A A'B'C’ lies inside A ABC, and therefore A'C' < AC, Since 

r' A'C' 

the triangles A'B'C' and ABC are similar, we have < 1 which imp¬ 


lies x — 2r' < 2r. 

(2) Consider the circumscribed circle K" of the square. Let its radius be r ". 
Draw the tangent lines A"B n \\ AB, B”C"\\BC and A"C"\\AC to the circle K" 
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(Fig. 77). As is clear, A ABC lies inside A A”B m C"^ and therefore A"C* > AC. 

Since A A"B"C" is similar to ABC we have —==—> 1, whence it follows 

r /lu 


x= V 2 r" > Y2r. 


365. Let the point M be the point of intersection of the altitudes AA X , 
BB X and CC X in A ABC , P be the centre of the circumscribed circle of radius 
P, C 2 , A 2 and B 2 the midpoints of the sides AB, BC and AC , OM = OP, 
ONJ^AC and A 3 , B 3 and C 3 the midpoints of AM , BM and CM (Fig. 78). Let 


B 




us prove that the point 0 is equidistant from A/, B{ and Q where i'=l, 2, 3. 
Since ON is the midline of the trapezoid MB x B 2 P t we have OB x = OB 2 . From 
the similarity of the triangles AMB and PA 2 B 2 we conclude that BM — 2PB 2 , 
and therefore B 3 M = PB 2 . From the parallelogram MB 3 PB 2 we have OB 3 ~OB 2 . 
But for OB 3 as midline of the triangle PMB we have 

ob 3 =4- S p=4 


and, hence, 

0* 3 = 0B a =0^ = 1-. 

We then prove in just the same way that 

OA ! = 0A Z = OA 3 = 0C X = 0C t = 0C 3 - ■—. 

366. In A ABC let AA X , BB X and CC X be the altitudes whose point of in¬ 
tersection is 0, C X M || B^^BC, ^PHCjQlAC and B X R || A^^AB (Fig. 79). 

( 1 ) Let us prove that SM || AC. The triangles BA Y A and BC X C are similar 
as right triangles with a common acute angle ABC. Therefore, 

BA V _BA 
BC X BC * 

Hence, A A X BC X is similar to A ABC and £ BA X C X — £ BAC. In A A X BC X 
the line segments A X S and C X M are altitudes. Therefore, repeating the above 
argument we can assert that £ BSM = £ BA X C X . Consequently, BSM = / BAC 
and SM || AC. We then similarly prove that PN\\ AB and RQ || BC. 

(2) To prove that the vertices of the hexagon MNPQRS lie in a circle it is 
sufficient to show that any four consecutive vertices of the hexagon are in a 
circle. This follows from the fact that through three points not in a straight 
line it is possible to draw only one circle. The sets of four consecutive vertices 
of the hexagon can be classified into the following two types: those in which 
the intermediate points are on different sides of A ABC (i.e. RSMN, MNPQ 
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and PQRS) and those in which the intermediate points are on one side of A ABC 
(i.e. NPQR, QRSM and SMNP). 

Consider the quadruples RSMN and NPQR (which belong to different types). 
From the obvious proportion 

QC l _ BO _BA 1 
BR ^BB X ~~ BN 

it follows that NR |j 4iCi- Therefore, 

CNlNR^l BA X C X =£ BAC^BSM, 

which means that </ MNR + £ MSR — n and, consequently, the points R, S, 
M and N lie in one circle. Furthermore, PNR-\- £ PQR~n —(</PJVC + 
+ </ BNR)+n — £ AQR = 2n—(£ ABC + £ BAC+ L ACB)=n, whence it 
follows that the points TV, P, Q and R also lie in a circle. The proof for the 
rest of the quadruples is carried out in a similar way. 

367. Let A x , B x and C\ be the points of tangepcy of the inscribed circle 
and the sides of A ABC, and D the centre of the inscribed circle (Fig. 80). 
The segments of the tangent tines drawn from one point to a circle being equal, 
we have 

CA X = CB X , BA 1 = BC lf AB X ~AC X . 

Furthermore, 

DB 1 = CA 1 , ^0=^0. 

Consequently, 

AC + BC= CA X + A X B + CB 1 + B l A*=B i D+A l D+ BC X + AC X «2r + 2R, 
where r and R are the radii of the inscribed and circumscribed circles. 



FIG. 80 


FIG. 81 


368. Let in A ABC the angle ABC be right, BD be the altitude, BE the 
bisector and BF the median (Fig. 81). Since BF^FC, we have CBF=& £ ACB. 
But 


£ ABD=^- BAD= £ ACB. 


Hence, £ ABD— £ CBF and Z DBE= l ABE-£ ABD= £ CBE — ^ CBF = 
= FBE, which is what we set out to prove. 

369. The symmetry of ABC and A x BiC x about the centre 0 of the inscribed 
circle implies that the corresponding points of A ABC and A AiBiC 1 lie on a 
straight line passing through 0 and are equidistant from this point (Fig. 82). 
In particular, OC — OC Xi OB = QB X and BCB X C X is a parallelogram; hence, 
BC — B X C X . Analogously, AC=A X C X , AB^A X B X and A ABC = A A X B X C X . Con¬ 
sidering the parallelograms ABA x B lt BDB X D X , ACA X C X and ECE X C X we conclude 
that AD = A l P x , AE-e=A x E x , and, since Z A~ £ A x , we see that A ADE== 
— A A x DiEi- Similarly, A B X EK X = A BE X K and A DC X K — A D X CK X , 

Let us denote bv S the area of A ABC, by S x the area of A APE, by S 2 
the area of A^Qa, by S 9 the area of A KBE X . Put AB~c, BC=*a and AC = b, 
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and Jet Ha* kg and h € be the altitudes drawn from the vertices A, B and C, 
respectively. Then we have 

c nr ^A^Jhn ch c 

s =P r ~-T~-T^-T’ 

Let AM (AN) be the altitude in A ADE (in A ABC). Th?n 

p DE-AM 
Si— 2 

The similarity of the triangles ABC and ADE implies that - 

DE _o(h A —2r) * 

ItA 

Hence, 

„ f2P' o.V 


Analogously, 


a (h A -2r) 2 _ 

" n A 
r2(p _ c) 2 


r 2 (p —a)® 


r 2 (p — b) 2 


Using Heron’s formula we obtain 


S' l StSiS 


i„i r 12 (p-a)* (p — b)* (p-c)* 5 2 , S* 


fit __"T* . 



V 





FIG. 82 


FIG. 83 


370. From Fig. 83 we see that 

MA 2 MQ 2 + AO 2 ^-2MQ-AO cos a 
mi 

MC 2 * M O 2 + CO 2 -f 2M0 .■ CO cos 
We have AO —CO, and therefore adding these equalities we get 

MA 2 + MC 2 = 2Af0 2 + 2,40 2 . (1) 

Similarly, 

MB 2 + MD 2 ^2M0 2 +2B0 2 . 

Consequently, the difference 

{MA 2 + MC 2 ) ^ (MB 2 + MD 2 ) »= 2 (40 2 —BO 2 ) 
is independent of the position of point M. 

371. Let 0 be the point of intersection of the straight lines A A x and CC X 
(see Fig, 84). The problem reduces to proving that 

£AOB+l AQB l — 180°. 


(1) 
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Note that A C X BC = A ABA X because C X B = AB, BC = BA l and Z C l flC = 60°+ 
+ A ABC— A ABA l . Therefore Z 0^5 = A 0i45, and 0ACj5 is an inscribed 
quadrilateral of a circle. Hence, Z 405—120°. We then analogously show that 
BOC— 120°. But this implies that £AOC— 120°, and it follows that AOCB x 
is an inscribed quadrilateral of a circle. Hence it follows that Z AOB x = Z ACBi= 
= 60°. Therefore equality (1) holds. 



FIG. 84 FIG. 85 


372. From Fig. 85 we have 

Z PBR = / ABC 
l 

P5_57? 

AB~~ BC' 


Therefore A PBR is similar to A ABC and, analogously, A QRC is similar 
to A ABC. Hence we obtain 


and thus, 


Z APR = Z APB—£ BPR = Z APB-£BAC t 
Z 4P/? + Z P4Q = Z ^^+2 Z PAB = n , 


that is PR || AQ. We similarly prove that QR || AP. 


373. Let fig, h c and Hq be respectively, the distances from the vertices 5 
C and D of the parallelogram to the straight line AO (Fig. 86). Then the fol- 



FIG. 86 


lowing property takes place: the greatest of the 
three distances is equal to the sum of the other 
two. For instance, if AO intersects the side BC 
(as in Fig. 86), then, drawing 5E||A0 and 
CEJ_AO we conclude, by the congruence of 
the triangles 5EC and AD'D t that 

ho = hg + h c - 

Analogously, if AO intersects the side CD, then 
hg = h c -\-fiD and if AO does not intersect the 
sides BC and CD, then hc = hg-j-hp. From this 
property, for the case shown in Fig. 86, we 
immediately receive the equality of the areas of 
the triangles: 


Saoc=Saod—Saob- 

Generally, it is obvious, that we can write the formula 
s aoc = \Saod ± 
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where the plus sign is taken if the points B and D lie on one side of AO and 
the minus sign if these points are on opposite sides of the line. 

The same argument can be repeated for the straight line CO which leads to 
the formula 

Saoc— I Scod ± Scob l » 

where the rule of choosing the sign is obtained from the above by replacing the 
straight fine AO by CO. 



- y - a - j j 

FIG. 87 FIG. 88 


374. Extend the sides AB and CD of the trapezoid ABCD to obtain the 
triangle AMB and join M with the midpoint F of the base AD (Fig. 87). Then 


Consequently, 


AD—BC 


375. Let ABCD be the given trapezoid with bases AD and BC and let BE\AD 
CF±AD (Fig. 88 ). We have 

AC* — AF*^CD 2 — FD\ 

BD*—ED* — AB*— AE*. 


Adding these equalities we get 

AC* + B D* = A B* + CD* + AF*—FD* + ED 2 — A E* = 

= AB* + CD 2 + AD (AF—FD + ED— AE) = 

= AB*+CD* + AD-2EF = AB 2 + CD 2 + 2ADBC . 

376. Let ABCD be the given trapezoid with parallel sides AD and BC, E 
being the midpoint of BC and F the midpoint of AD. Denote by 0 the point 



FIG. 89 


FIG. 90 


of intersection of the diagonals (Fig. 89). The triangles AOF and COE are si¬ 
milar (this is implied by the sirhilarity of the triangles AOD and COB). There¬ 
fore £ A0F= £COE, i.e. EOF is a straight line. 

377 . Let ABCD be the given quadrilateral, M and N being the midpoints 
of the sides AB and CD, respectively (see Fig. 90). Turn the quadrilateral 
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AMND through 180° in its plane about the vertex N. Then the vertex D 
coincides with G arid the vertices M and A occupy the positions M f and A\ 
respectively. Furthermore, the points M, N and M' lie in a straight line and, 
besides, M’A' || MB and M'A' = M8. Therefore MBA'M' is a parallelogram, 
and A'B — M'M — 2MN. By the hypothesis we have BC-\- AD = 2MN, and 
therefore BC-\-CA' = A'B. Consequently, the point C lies on the line segment 
A'B because, if otherwise, BC + CA' > A'B in the A BCA'. It follows that 
BC || MN || AD , i.e. ABCD is a trapezoid. 

378. Let us express the atea of a quadrilateral in terms of the diagonals 
and the angle between them. Let 0 be the point of intersection of the diago¬ 
nals of a quadrilateral ABCD shown in Fig. 91, and £BOA=*=<x. Then 

Sabcd — Saob ~h^coD Saq& ~{~Sboc — 

=--i- AO -OB • sin oc-fy OC • QD • sin a-f -BO OC • sin a-fi AO OD- sin a= 

BD* AC sin a. 


This formula implies validity Of the assertion to be proved. 
B 


FIG. 91 


379, Let M be ah interior point of a convex polygon, and AB its side 
whose distance from M is the least. We shall prove that the foot P of the 
perpendicular drawn from M to AB lies on AB but not on its extension 
(Fig. 92). Indeed, if P lies 6n the extension of AB , then MP intersects a side 
/ of the polygon at a point Q, and, since the polygon is convex, MQ < MP. 
But the distance UM from M to l is less than MQ, and, Consequently, less 
than MP which contradicts the choice of the side AB. 

380. ; Let AA it BB lf CCi and DD X be the bisectors of the interior arigles of 
a parallelogram ABCD , and let PQkS be the quadrilateral formed their 
intersection (Fig. 93). Obviously, BB X |) DD X and AA X || CC X . Furthermore, 

£ APB=n-(£ BAP + £ ABP) = n(£BAD+ £ ABCy=n-—n=-jn, 

which means that PQRS is & rectangle. The triangles BAB X and CDC X ar4 
isosceles because the bisectors of their vertex angles are perpendicular to their 
bases. Therefore BP = PB 1 and D X R = RD, and henCe PR || AD. Thus, PRDB X 
is a parallelogram, and we have 

PR B X D ** AD—AB X ** AD^ AB. 



FIG. 92 
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381.' Let Ox* 0 2 , 0 3 ancK 0 4 be the centres of the squares constructed on the 
Sides of a parallelogram ABCD (Fig. 94). We have A 0 t B0 2 =** A O 3 C0 2 since 


0 1 B = 0 3 C, B0 2 = C0 2 and Z 0 1 B0 i = £ MBA r -f--y= Z OCfl-)-^-= ,/ 0 3 C0 2 . 


Hence, 0j0 2 = 0 3 0 2 and £ 0 I O 2 O 3 = 

= Z 0,0 2 S + z ao 2 c - Z 0 3 0 2 C = 
= £B0 2 C=^. 




We similarly prove that 0 2 0 3 = =* Ofi x and 

^ d 2 0 8 (9 4 = ^ 0^0 4 0 r = ^ ^4^02 — "g" • 


Consequently, 0 X 0 2 0 Z 0 A is a square. 

382. Let AP , £Q, C/? and £$ b£ the bisectors of the interior angles of the 
quadrilateral ABCD (Fig. 95), Let A, B , C and D be the magnitudes of these 
angles, then c 


ASD a=ji-y 
ZflQC=«—ifl-t-C. 




Adding together these equalities we obtain 

£ ASDAr/L flQC = 2rt —A 23+ (? + /?) = 2 ji— g-2ji = rt. 

Hence, the points P, Q> R and S lie in a circle. 

383. Let A and B be the points of tangency, M an arbitrary point of the 
circle, and MN \^AB, MD\_AC, ME XBC (see Fig, 96). Let us prove that 
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the triangles DMN and NME are similar. To this end we note that about the 
quadrilaterals ADMN and NMEB it is possible to circumscribe circles because 

Z MNA + £ ADM =y-l-j=n 

and 

Z MEB + Z BMW =y4-2-=ji. 

Therefore, £MND=£MAD and £MEN=£MBN. But £MAD = 
= Z MBN t because each of these angles is measured by half the arc AM. 
Thus, ^ MND — £ MEN. We similarly establish the equality ^ NDM = ^ ENM. 

The similarity of the triangles DMN and NME implies the required rela¬ 
tionship 

DM__MJV 
MN ~~ ME ' 

384. Let ABC be an inscribed triangle of a circle. Denote by D an arbitrary 
point of the circle, and by L, M and N the feet of the perpendiculars 
(Fig. 97). Join the point M to N and the point N to L. We shall prove that 
the angles ANM and LNC are equal. 

First note that 

£ANM=£ADM, (1) 

because about the quadrilateral MAND it is possible to circumscribe a circle. 

By the same reason, 

£ LNC = ^ LDC. (2) 

On the other hand, we have 

</ADC=£MDL. (3) 

Indeed, £ ADC+ £ B= 180° because the sum of these angles can be thought 

of as an angle inscribed in the circle subtended by the whole circumference of 
the circle. At the same time £, MDL +B — 180° because about the quadrila¬ 
teral MBLD it is possible to circumscribe a circle. Consequently, equality (3) 
holds true. As is clear from the figure, in this case we have 

z LDC = £ ADM, 

and then (1) and (2) imply the validity of the required equality </ ANM = ^ LNC. 




385. Let us prove that every two of the three line segments O x A lf 0 2 A 2 and 
O d A 3 shown in Fig. 98 intersect at their midpoints. This will imply that all 
the three line segments intersect in one point. For example, we shall prove 
that the line segments O l A 1 and 0 2 A 2 are bisected by the point B of their 
intersection. Since the circles are equal, we conclude that 0 2 A 1 0 3 0 and 
Oi^OgO are rhombuses. It follows that the line segments 0 2 A lt 00 3 and O x A z 
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are parallel and equal. Therefore, O l A i A l O % is a parallelogram and its diago¬ 
nals OxA, and 0 2 A 2 are bisected at the point of intersection. 

386. Let 0 be the centre of the smaller circle (Fig. 99). Then AK II OC 
since AK _l_BK, and OC J_£/C. Furthermore, OA = OC. Hence, 

£KAC=£ ACO=^CAO. 



FIG. 9S 


FIG. 100 


387. As is clear from Fig. 100, 

R-r _R 
r a * 

which is equivalent to the equality 

1 = 1 + 1 . 

r R ' a 

388. There are three possible cases here. They are shown in Fig. 101, 

JE 

a, b and c. In the first case the fixed tangents are parallel, COD = a + P — Tf 

and therefore CEED = OE 2 , i.e. AC • BD — r 2 where r is radius of the circle. 
In the second and third cases, using the notation indicated in the figure, we 

find that a + P ± » i-e. a ± Y=^r“"P» whence it follows that A AOC is 

similar to A BDO and therefore 

AC __05 
AO~~BD‘ 

Consequently, 

ACBD = A0 2 = r 2 . 

389. Let M be the point of intersection of mutually perpendicular chords 
AB and CD (Fig. 102). Draw A/C || CD, then BK is a diameter, A/C < CD and 

BK 2 — AB 2 -\- AK 2 < AB 2 -fCD 2 . 

Furthermore, KD=AC and hence 

KB 2 = £D 2 +/CD 2 = BM 2 -\- DM 2 -{- AM 2 -f- CM 2 . 

390. Let AC = CD — DB (Fig. 103). Draw OE AB. Then OE is an altitu¬ 
de and OC is a median in A AOD. The bisector of ^ AOD lying between the 
median and altitude (see Problem 355), we have 

£ AOC < l COD. 
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FIQ, 101 

By the property of Intersecting chords, we can write 

AE-ED = BE-EC. 




Therefore 

AE -A D = AC 2 + EC' 2 + BE - EC = A C 2 + EC ■ BC = AC* + (BC—BE) BC 
= AC*+BC*-BE-BC 
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and thus, finally, 

AG>AD+BE-BC = A8*. 

392. Let A and B be the given points, 0 be the centre of the given circle, 
R its radius and r the common radius of the inscribed circles with centres at 



O l and 0 2 (Fig. }05), Then 



R_ OA __ OB 
t ~O t A ~0 2 B * 

Taking the proportion derived from the above by inversion and addition we 
obtain 

OA _ OB 
00 ^ 00 , 9 

Consequently, 0 t 0 2 |] AB. 

393. Let r 2 and r 2 be the radii of the semicircles inscribed in a given se¬ 
micircle of radius R shown in Fig. 106. Since R = r 1 + f' 2 , the shaded area is 
expressed as 

S== T nR - 2 -\* r i^ii nr l=\ n [(''i+'s) 2 —'■* — '■*] 


But 

and, consequently, 


h 2 — 2r l ‘2r 2 = 4r l r 2 



A 




394. If the straight line joining the points A and B (Fig. 107) does not 
intersect the gjven circle, then the tangent lines AC and BD can be drawn so 
that the point M of their intersection lies on the line segments AC and BD. 
In A AMB we have 

AM + BM > AB > 1 AM—BM [, 
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and, since 
we obtain 


AC > AM, BD > BM, MC = MD, 
AC+BD > AB > | AC—BD |. 


If the straight line AB does intersect the circle, then there are two possible 
cases, namely: (a) the chord cut off by the circle on the straight line AB lies 
on the line segment AB\ (b) the chord is not on AB. 

In the case (a) shown in Fig. 108 we have 

AB > AE + BF > AC + BD, 


because the hypotenuses AE and BF in the right triangles AEC and BFD are 
greater than the legs AC and BD. 


A 




In the case (b) the line segment AB lies inside the angle CAC f (Fig. 109). 
Draw through B a circle concentric with the given one. Let it intersect AC 
and AC' at points E and E'. Then EC = BD and AE > AB. Hence, 

AB < AE==AC—EC = AC — BD. 


395. Let us introduce the following notation (see Fig. 110): 

Z PCM = Z QCW = a, Z NML = Z NKL = v. L LCP = Z QCK = p, 

QC^x, PC = y, AC — CB = a. 




FIG. Ill 


By the theorem on intersecting chords of a circle, we have 


NQQK = AQ'QB = a 2 —* 2 . 


Applying the law of sines to the triangles NQC and QCK we get 

xsina x sin 8 


NQ. 


sin (a + P +v) * 


QK-- 


sin v 
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Hence, 


NQQK-- 


x 2 sin a-sin {3 


"sin y sin (a + P-j-y)" 


-a 2 — x 2 . 


which results in 


a 2 sin y sin (a-fp-j-y) 
sin a sin |3 -j- sin y sin (a + (3 -f V) ’ 


We similarly find 


Thus, x = y. 


a 2 sin y sin (a + P + ?) 
sin a sin p + sin y sin (a + P + y) ’ 


396. Let B lt B 2 , B s and B 4 be the midpoints of the arcs A 1 A 2 , A 2 A 3 , 
A 3 A 4 and A 4 A X (Fig. 111). Let a; be the central angle corresponding to the 
arc A(Bi (i— 1, 2, 3, 4). Denote by <p the angle formed by the line segments 
B X B Z and B 2 B 4 . Then 

at + o^ + ga+o^ 

T 2 


But we have 

and therefore <jp = y. 


2<x x + 2a 2 + 2a 3 + 2a 4 = 2 jx, 


397. Consider a closed polygonal line without self-intersection and take two 
points A and B on it in such a way that the perimeter is divided into two 
equal parts. Let 0 be the midpoint of the line segment AB. Draw a circle of 

radius ~ with centre at 0 where p is the perimeter of the whole polygonal line. 



D 

FIG. 112 



We shall prove that this circle is a required one. Indeed, if otherwise, then 
there exists a point M belonging to the polygonal line and lying outside this 
circle. The length of the portion of the polygonal line containing the point M 

is not less than + and hence, AM -\-BM . But at the same time 

AM + BM^z 2M0. Indeed, from the parallelogram AMBD (Fig. 112) we have 
DM = 2MO < BM + BD = AM + BM. 

Since MO it follows from the inequality AM + BM ^ 2AfO that AM + 

+ BM > y . Thus we arrive at a contradiction. 

398. Through the vertex A of a given A ABC draw a straight line AD parallel 
to one of the given straight lines x and y and not intersecting the triangle. 
Drop the perpendiculars BP and CQ to ,4D from the points B and C (Fig. 113). 
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Suppose that the distances from the vertices of the triangle ABC to the straight 
lines x and u are expressed by integers. Then the lengths of the line segments 
AP, AQ, BP and CQ are also expressed by integers, ft follows that 


BP 

tan £BAP^tLL 


and 


tan ^CAQ=^ 


are rational numbers, and, hence, the number 


, , n An tari £BAP-~t an £CAQ 

tan l BAC = 


BP 

AP' 


CQ 

AQ 


i + tan £ BAP tm £CAQ~ 


'l , BPCQ 
AP AQ 


is also rational. therefore, it is Impossible that £ BAC — 60° because tan 60° === ^3 
is an irrational number. Consequently, ABC is not an equilateral triangle. 

399. Let the straight lines A X B ana AB± intersect at a point 0, and OD \ AB 
(Fig. 114). Since A ABA X is similar to &DBO, and A BAB X to A OAO t we 
have 

OD BD OD AD 


a AB' b AB' 


which yields 


Hence, the distance 


OD 


/II \_AD+BD 
\ a ' 6 AB 


OD — 


ab 

a-\-b 


is independent of the positions of the points A and B (provided the distances 
a and b remain unchanged). 


A 




400. If K is the point of tahgency of the line segment MN with the circle 
(Fig. 115), then BM=*MK and KN — NC and consequently 

MN=*BM + CN< (1) 

But MN < AM-{-AN. Therefore 

2MN < BM + AM + CN+AN=AB+AC, 
whence it follows that 

AJt IkT AB-{-AC 

MN < . 

On the other hand, MN > AN and MN > AM because MN Is the hypotenuse 
in the triangle AMN t Therefore, 2AfiV > AN + AM and, by virtue of (1), 
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3MN > AN + NC+AM + MB = AB+AC. Hence, 

. 401. Let .ABC be the given triangle (see Fig. 116), AB = BC, BO |J AC and 
0 be the centre of a circle tangent to AC. Denote by D and £ the points ot 
intersection of this circle with AB and BC* Extend AB to intersect the circle 
a second time at a point F. Let us prove that FE J_ BO. Note that £0BF — 
— £_QBE, since these angles are equal to the base angles A and C in the 
triangle ABC. Furthermore, BF — BE. Indeed, if BF > BE, then laying off on 
BF the line segment BE' = BE we obtain the congruent triangles OBE and 
0BE' t and 0E' = 0E which is impossible because the point E' lies inside the 


8 



FIG. 116 FIG. 117 

circle of radius OE. It is similarly proved that the inequality BF < BE is also 
impossible. Hence, BO is the bisector of the vertex angle in the isosceles triangle 
FBE and therefore it is the altitude to its base which implies that FE J_ BO. 

Therefore, / DFB^y l* ^BC is of the position of the point 0 

bn the straight line BO. Consequently, the magnitude of the arc DE subtending 
the inscribed angle DFE (whpse measure is half the arc DE) remains constant 
as the circle rolls upon AC . 

402. Using the notation introduced in the solution of Problem 324 we find 

ni= trS (ac+bd) ' 

Dividing these inequalities termwise we get 

n _ ab-\~cd 

403. Let ABC be an equilateral triangle with side a. Denote by r 1# r 2 and r 3 

the distances frqm a point (A oil the circumscribed circle to the vertices of the 
triangle (Fig. 1)7). Note firjst that for the position of the point M indicated in 
Fig. 117 we h@Ve __ 

r i = r 2-f r 3‘ 

Indeed, laying off DM — r 2 we obtain m equilateral triangle BMD and hence 
it follows that £ABD=£CBM which implies that A ABD = &CBM, and 
AD**r 9 . tow, applying the law of cosines to A BMC we obtain 

o a = fs+ir*— l2P°~fl+r» + r 2 r 3 . 
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Consequently, 

/ ‘l + / ‘2 + / ’ 3 = = (/’ 2 + /, 3) 2 + / ’2 + r 3 = 2 ( /" 2+^3 +V 3 ) — 2 a 3 . 

404. Let the side AB of a quadrilateral ABCD intersect a circle, and the 
sides BC y CD and DA be tangent to it at points £, F and G (Fig. 118). Since 
CE — CF and DF — DG , the inequality 

AB + CD > BC+DA 
is equivalent to the inequality 

AE > BE-\-AG t 

which was proved in Problem 394. 




405. Let the side AD of a quadrilateral ABCD not intersect a circle, and 
the sides BC , CD and BA be tangent to it at points F , £, G (Fig. 119). The 
inequality 

AD + CB < DC+BA 
is equivalent to the inequality 

AD < DE+AG , 

which was proved in Problem 394. 

406. Let R be the radius of the given semicircles. If r lt r 2 , r n are the 
radii of the inscribed circles and d ly d 2t ..., d n , are their diameters (Fig. 120), 



then it is clear that the sum £^ 4 -^ 2 +...+d„ tends to R when n increases 
unlimitedly, i. e. 

<*i + <*2+...+4+. (1) 
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Besides, we have 


(K + 'i)* = 2r i = d i=T72 


and 


Let d n 


(R+ri)* = R*+(R-di-ri)* 


2r o — rfa — 


R 

2x3* 


-n(n+\y 


Let us prove that 


«» + i : 


We have 
But 

* 


(«+l)(n + 2) 


Gi + l) 2 


..+4 


'«=■*?( 


l 


1 


1 


1X2 1 2X3 


=/? (‘“T + 2 

Substituting this expression into (2) we find 


n(n+ 1 ) 
1 1 


■)- 




+-L_L, 

n+1 


=R 


( 2 ) 


n+1* 


a n +1 


= 2r„ +1 — 


/? 


(n+ i) (fl+ 2) 


Putting #=1 in equality (1) we get 
1X2 ' 2x3 ' 


1 


. = 1 . 


« n(n + 1) 

407. Let 0 be the centre of the billiards. Denote by B the first point of 
reflection and by C the second point of reflection. Let us prove that if 
£ ABC i=. 0, then A ABC is isosceles (Fig. 121). Indeed, A BOC is isosceles 
and, hence, £OBC— £OCB. According to the 
law of reflection, the angle of incidence is equal to 
the angle of reflection and therefore £ OBC — £OBA 
and 2.0CB=£OCA. Consequently, £ABC — 

= </ ACB. It follows that the centre 0 lies on the 
altitude AD drawn to the side BC , The position of 
the point B to which the ball should be directed 
so that it passes through the point A after it has 
been reflected at B and C, can be specified by the 
magnitude of the angle ^ BOD = a. We have 

QD~R cos a, BD- 


BA- 


- R cos a, 
BD 


cos 2 


(*-«) 


= R sin a, 
BD 

cos 2a # 



FIG. 121 


Since BO is the bisector of the angle B in A ABD f it follows that 

BD OP 
BA OA * 


This implies 


—cos 2a == 


R cos a 


252 


PROBLEMS IN ELEMENTARY MATHEMATICS 


whence we obtain the equation 

d j 

cos 2 a+S-cbs a ^- 7r ±s:0. 

' 2 a 2 

Finding cos a from this equation we obtain 

cosa= _« + y (|) 2 +t- 

The second root is discarded since, by virtue of the inequality /? > <4, it gives 
a value of cos a less than —1. 

If now we suppose that £ ABC— 0, then a second solution of the problem 
appears in which the points B and C are the two extremities of the diameter 
passing through the point A. 

408. Let S be the vertex of the given angle a, A x the first point of reflection 
of the ray, SB X the side of the angle on which the point A x lies, and SB 0 its 
other side- We shall denote the consecutive points of reflection of the ray from 
the sides of the angle by A. 2 , Ag, the path of the ray inside the angle 
being the polygonal line AA x A 2 A 3 ... (Fig. 122). 



Let us construct, in succession, tho angles BiSB*, B 2 SB 3t ..., equal to the 
angle a — £ B 0 SB X setting them f off in the difectioii of rotation frotti SB 0 to 
SB X , Lay off the line segment SA* m —SA mt m = 2, 3, 4, . (the points A £ and 
A* are coincident) on the side SB We shall prove that the points A'u A*, ... 
lie on a straight line U To this end* it is sufficient to prove that every three 
consecutive points A' m% A^ +1 and A^+a (here we put m=i 0* l> 2, ...) are in a 
straight line. For this purpose, we note that A A^SAm+i = A A m SA^ +Xt which 
implies 

AmAm+iS = £ A m A m + x S . 

Analogously, A A^+nSA^+2 = A A m +iSA m+2 and, consequently, 

Z SA m+ iA m+2 fc ^ £ SAft + x A m + 2 

But, according to the law of reflection, the angle of incidence is equal to the 
angle of reflection, and hence 

£ ^A m + 1 A OT +2= ^ A m A m +iB. 

Therefore, 

Z A^A^-f jS-}- </ SA m+ iA m -i 2 = L A m A m+x S-\- £ A m A m ^ 1 B = rc. 
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We see that the path of the ray, that is the polygonal line AA X A$ ..., is 
thus developed on the straight line /. Since this straight line can intersect 
only a finite number of sides SB mi we conclude that the number of reflections 
of the ray is finite. 

It is deaf thdt if SB n is the last of the sides intersected by f, then na < p 
and (tf-f 1) oc^fc [3. Thus, the number of reflections is equal to an integer n such 
that the inequalities 

/i+1 
OS 

are satisfied. 

To find out the conditions for the ray returning to the point A after it has 
been reflected several times let us construct a sequence of points C lf C^, ... 
so that the point Cj is the reflection of the point A through SBi , the point 
C 2 is the reflection of the point C x through SB % , etc. (generally, the point C m 
is the reflection of the point C m ^ l through S#m). It Is clear that the condition 
that the fay again passes through the point A is equivalent to the condition 
that the Straight line / passes through one of the points C m (m— 1,2, 

To formulate this condition analytically* let us introduce the angle 
Y=Z /Iand consider the following two possible cases: 

(a) if C k is the point through which the straight line l passes, then k rs an 
even number; 

(b) the point C k corresponds to an odd number k. 

In the case (a) (which is shown in Pig. 122 for 6 = 6) we have </ ASC^ = 
& kd. A is isosceles and therefore 




ka 

IT' 


On the other hand, ^ SAC^ rs equal to y + tt—P> and consequently 


ji 

T 


ka 


= y-\-n— p, 


which yields 

k =Jkz2l=±. 

a 


( 1 ) 


In the case (b) wo have 


l ASC k = (k +l)a-2v 
and, as above, we come to the relationship 

whence 

fe-^l ~• (2) 

Reversing the argument we can easily show that if one of the relationships 
(1) or (2) is fulfilled for an integer 6, the straight line l passes through tne 
point Consequently, the ray passes through the point A once again if and 
only if one of the numbers (1) or (2) is an even integer. 
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4. Loci of Points 

409. The required locus of points consists of two circular arcs: the arc BE 
with centre at the midpoint C of the arc AB of the given circle and the arc BF 
with centre at the midpoint of the second arc AB of the circle, EAF being the 

tangent line to the given circle at the point A (Fig. 
123). 

Proof . Let N be a point of the sought-for locus 
obtained with the aid of a point M on the lower arc 
AB. By the construction, the triangle NMB is isosce¬ 
les, and thus 

L BNA =-t / ^ BCA. 

Consequently, the point N lies on the circle with 
centre at C passing through the points A and B. Fur¬ 
thermore, the point N must be inside £ BAE t i.e. it 
lies on the arc BE of the circle with centre at the 
point C. Conversely, if N lies on this arc, then 

Z BNA = 1-1 BCA=— Z BMA, 

whence it follows that £ BNA = £NBM and A NMB is isosceles. Hence, the 
point N is obtained by the above construction. When the point M is on the 
upper arc AB, the proof is carried out in an analogous way. 

410. The desired locus of points consists of two straight lines l and k sym¬ 
metric with respect to the perpendicular BB' to the given parallel lines drawn 
through the point 0. The straight line / passes through the point C perpendi¬ 
cularly to 0C, and B'C = OB (Fig. 124). 



Proof. Let M and N be two points constructed with the aid of a secant AA\ 
We shall only carry out the proof for the point M (for N it is quite analogous). 
Let MPJ_B'C then the angles OAB and A'MP are equal as angles with per¬ 
pendicular sides. Therefore, the right triangles OAB and A'MP with equal 
hypotenuses OA and A'M are congruent. Hence, A'P = OB = B'C. It follows 
that if E is the midpoint of OM, then the points M, A\ C and 0 lie in 
a circle with centre at E and, consequently, A4C_L0C, i.e. the point M lies 
on the straight line l. Conversely, if Af is a point on the straight l and the angle MA'O 
is right, then A'P = B'C — 0B which implies the congruence of the triangles 
OAB and A'MP, and, finally, the equality OA—A'M, Consequently, the 
point M is obtained by the above construction. 
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411. In the case of intersecting straight lines the required locus of points 
consists of four line segments forming a rectangle ABCD whose two vertices 
are on the given straight lines / and m and the other two vertices are at the 
given distance a from them (Fig. 125). 

Proof. Let M be a point such that MK J_l, ML _j_m and MK-\-ML — a 
where a is the length of the given line segment. Through M draw a straight 
line AB so that CM — OB and MN \\OB. Let 
AP J^OB and Q be the point of intersection of 
AP and MN. The equality AN — MN shows 
that MK = AQ and, hence, 

AP==AQ + QP = MK + ML = a. 

Consequently, the point A is a vertex of 
the above rectangle. The same is true for the 
point B, and hence the point M lies on a side FIG. 125 

of this rectangle. Conversely, if M lies on a 
side of this rectangle, then reversing the argument we see that 

MK + ML = AP = a. 

If the given straight lines l and m are parallel and the distance between 
them is equal to h y then the desired locus of points exists only if a^h and 
is a pair of straight lines parallel to the given ones for a > h or the whole 
strip contained between / and m for a — h. 

412. In the case of intersecting straight lines the required locus consists of 
eight half-lines which are the extensions of the sides of the rectangle ABCD 
indicated in the solution of Problem 411 (Fig. 126). The proof is then analo¬ 
gous to the one given there. 

If the given lines l and m are parallel and the distance between them is 
equal to A, then the sought-for locus exists only if a^h and is a pair of 
straight lines parallel to the given ones for a < h or the portion of the plane 
which is the exterior of the strip contained between l and m for a = h. 


FIG. 126 FIG. 127 

413. If the line segment AB lies on /, and CD on m, then the desired locus 
of points consists of four line segments forming a parallelogram PQRS in 
which l and m are the diagonals and the positions of the vertices P and Q is 
determined by the relation 

h P CD = a 2 , hqAB = a 2 , (1) 

where hp and hq are the distances from the points P and Q to the straight 
lines m and / (Fig. 127). 

Proof . Note that for fixed l and m the required locus of points is completely 
specified by the lengths of the given line segments AB and CD and the con¬ 
stant a and is independent of the position of these line segments on the straight 
lines / and m. Indeed, if this position is varied, the areas of the triangles AMB 
and CMD remain constant. Therefore it is sufficient to consider the particular 
case when the line segments AB and CD have a common endpoint coincident 







266 


PROBLEMS IN ELEMENTARY MATHEMATICS 


with the point of intersection of the straight lines l and m. In this case the 
segments AB and CD are two sides of a triangle whose third side lies in one 
of the four angles formed by the intersecting lines l and m. For example, in 
Fig. 127 the endpoints A and C are made to coincide, BD being the third side. 

Let M be a point pf the required locus lying inside the angle BAD. Then 
the area of A BMD is equal to 

Sbmd= I Samb+Sgm&—Sabd I = 1 a2 —Sabd I - 

It follows that the distance between the point M and the straight line BD 
is independent of its position on the straight line PQ }\ BD. For the points P 
and Q relationships (1) are fulfilled. 

Conversely, let M be a point on the straight line PQ with the points P 
andI Q constructed according to (1). From the relation 

AP __S A pd __ d 2 CQ Scqb__ g 2 

AB Sabd s abd * C® Scdb Sabp 

it follows that 

AP CQ 
AB^CD' 

Le. PQ || BD. Therefore 

Samb+S cmd = $abd + Sbmd ^ Sabd + Sbpd $apd 

Consequently, the point M belongs to the required locus. The other sides 
of the parallelogram PQRS are obtained analogously by making the other end¬ 
points of the line segments coincide, namely QR is obtained when B coincides 
with C, RS when B coincides with D and SP when A coincides with D. 

4 H. The required locus is a circle which is the 
reflection of the given circle K through the given 
chord AB (Fig. 128). 

Proof. Construct a chord AD J_ AB in the circle K. 
Let A ABC be inscribed in K, and M be the point of 
intersection of its altitudes (i.e. its orthocentre). As 
is easily seen, AMCD is a parallelogram because DA 
and CM are parallel as perpendiculars to AB, and DC 
and AM are parallel as perpendiculars to fiC (DC J _BC 
because BD is a diameter in /(). Therefore, the point 
M lies on the circle K' obtained from K by shifting 
the latter by the distance AD in the direction of the 
chord DA. It is clear that K' is the reflection of K 
through AB. Conversely, let M ;be a, point on K\ 
and MC±AB. Since MC=AD , the figure AMCD 
is a parallelogram, and therefore AM |] DC. $ut 
DC I PC because 4PCD is inscribed in K and the 
angle BAD is right. Therefore AM _L MG t and M is the 
FIG. 128 point of intersection of the altitudes in A ABC* 

Consequently, M belongs to the required locus. 

415. Let 0 be the centre and R the radius of the given circle (Fig, 129), 
The required locus of points is a straight line l perpendicular to the straight 
line OA and intersecting it at a point B such that 

08 = m- (1) 

Proof. Through the point M draw a straight line l _1_ OA to intersect the 
straight line OA at the point B. Let C be the point of intersection of the line 






SOLUTIONS AND ANSWERS. PLANE GEOMETRY 


257 


segment PM and the chord KL. The similarity of the triangles OAC and OMB 
implies that 

OB _OM 
O C OA ' 


whence 


OB =*= 


OMOC 

OA 


( 2 ) 


By the construction, KC is an altitude in the right triangle OKM , and hence 

OMOC = R 2 . 

Substituting this expression in (2) we obtain the equality (1). 

Conversely, let M be a point on the straight line l perpendicular to OA and 
such that OB is determined by equality (1). Draw the tangent line MK and 




KG 2_0M. Let KC intersect the straight line OA at a point A '. Then, repeating the 
first part of the proof, we conclude that OB is determined by formula (1) 
with OA replaced by OA'. Hence, OA' = OA , that is the point A' coincides 
with A, and this means that the point M belongs to the sought-for locus. 

416. Let 


Draw the bisectors MP and MQ of the two adjacent angles with vertex M 
and sides MA and MB (Fig. 130). Then, by the property of bisectors, we have 

BP~~ q 


, AQ p 
and ^ = 
BQ q 


( 1 ) 


It follows that the position of the points P and Q is independent of the posi- 

3T 

tion of the point M. Besides, £ PMQ — -^- and therefore the point M lies on 

the circle K with diameter PQ. Conversely, let the points P and Q be con¬ 
structed according to (1), and K be a circle with diameter PQ. If a point M 


lies on this circle, then ^ PMQ =-^-. Through the point B draw RS \ 


AM_ AQ 
BR ~ BQ 


AM AP p 
BS “ BP~ q 


AM, then 


m 


whence BR — B$ and hence BM is a median in A RMS. Since £RMS is 
right, we have BM — BR, and, by virtue of (2), 

AM p 
BM ~ q * 

Therefore, the point M belongs to the locus in question* 


9 —323 
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To express the diameter PQ in terms of the length a of the line segment AB 
we find from the relations 

PB = AB—AP = a —— PB 


the expressions 


and, hence, 


BQ^= AQ-AB = — BQ — a 


PB — a —2— and BQ — a —-— 

P + Q P~q 


P__i_ 
q p 

If p — q, the required locus is obviously the perpendicular to the line seg¬ 
ment AB drawn through its midpoint. 


417. The sought-for locus of points is the perpendicular to the line seg¬ 
ment AB drawn through its midpoint E with the point E deleted. 

Proof. The triangle ADB is isosceles since £CAD— £CBD because these 
angles are subtended on equal arcs CD of two congruent circles (Fig. 131). There¬ 
fore, the point D lies on the perpendicular to the line segment AB drawn 
through its midpoint E, and vice versa, if we take an arbitrary point D on 
this perpendicular which does not coincide with the point E, then the circles 
passing through the points A, C and D and through B, C and D are congruent. 
Indeed, for instance, this can be deduced from the equalities 



FIG. 131 


FIG. 132 




418. The required locus of points is the straight line drawn through two 
different positions of the last vertex. 

Proof. Let, for example, A l B l C l D 1 E 1 and A 2 B 2 C 2 D 2 E 2 be two different con¬ 
figurations of the deformed polygon, the vertices A, E, C and D sliding, 
respectively, along straight lines /^, Ip, lc and Ip (Fig. 132). Consider the 
straight line l passing through the positions E x and E a of the last vertex. Let 
now the vertex on the line l a occupy the position A % and on ip the correspon¬ 
ding position D. The side parallel to A 2 E 2 intersects / at a point E', and the 
side parallel to D 2 E 2 at a point E". 
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By the construction, we have 

J E'E 2 aa 2 bb 2 cc 2 dd 2 e ,, e 2 

E 2 E x ~ A 2 A 1 ~£ 2 D 1 ~C 2 C 1 “D a D 1 — £ , 2 £ , 1 , 


which shows that 

E'E 2 = E"E 2 , 


i.e. the points E ' and E" coincide. This means that the last vertex E lies on 
the line l at the point E ' coincident with E n . 

The converse is obvious because the configuration of the deformed polygon 
can be reconstructed beginning with any point E on /. 


419. The required locus is a circle passing through the endpoints of the 
chord AB and a point M x obtained by the indicated construction. 

Proof. Let us introduce the necessary notation. There is one and only one posi¬ 
tion C X D X of the chord CD parallel to AB and such that on the given circle K 

it is possible to choose a direction v of 
describing K such that when the chord 
CD moves in this direction starting 
from the position C X D X the endpoints of 
the chords AB and CD coincide, in suc¬ 
cession, at the points A , B , C x and D x 
(such a direction v may only become 
indeterminate when AC and BD are paral¬ 




lel). Let us denote by a the arc AB of the given circle K to which the points 
C x and D x belong, and by p the other arc AB. Let y be the arc C X D X which 
does not contain the points A and B. Furthermore, let M x be the point of 
intersection of the straight lines AC X and BD lt The point M x lies inside K. 
Consider the circumscribed circle K x of A ABM X (Fig. 133). We shall prove 
that for any position of the chord CD other than C X D X the point of intersec¬ 
tion of AC and BD remains on K x . 

As long as both points C and D lie on the arc a, the point M is inside K, 
and then 

Z4MB = i(p+ T ). (1) 

But if at least one of these points is on the arc P, the point Af lies outside K » 
and then 

Z AMB=^{a— Y)- (2) 

In the former case Af lies on the arc AM X B of the circle K x because according 
to (1), the angle AtAB is independent of the position of CD, and, hence, is 
equal to ^ AM X B. In the latter case, since the sum of the right-hand mem¬ 
bers of (1) and (2) is equal to y(a+p) = -^- • 2 ji = ji, the point Af is on the 

arc AB of the circle K x lying outside K . 

9* 
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It is obvious that the converse is also true, i.e. any point M of the circle 
Ki can be obtained by the above construction for an appropriate choice of the 
position of the chord CD. 

420. Let us designate the given circle by 0 and the given straight line by L 
(Fig. 134). Denote by M the second point of intersection of PQ and 0. fake 
any circle 0 1 passing through the points P and Q and intersecting the circle 
0 for the second time at a point R and the straignt line L at a point 5. Let 
N be the second point of intersection of the line RS with the circle 0. 

We shall prove that MN || L. To this end, let us take advantage of the 
following well-known theorem proved in plane geometry: given a circle and 
a point A , then for any straight line passing through A and intersecting this 
circle at points A x and A 2 the product of the line segments AA X and AA 2 is 
a constant independent of the choice of the straight line. 

Denote by A the point of the intersection of the straight lines PQ and RS. 
We first apply the above theorem to the circle 0, the point A and the straight 
lines AP and AR. Since AP intersects the circle 0 for the second time at the 
point M, and AR at the point N t we have 

AM>AP = AN-AR. (1) 

Now we apply this theorem to the circle 0 lt the point A and the same 
straight lines. Since AP intersects O t for the second time at the point Q, and 
AR at the point S> we can write 

■ AQ-AP = AS'AR. (2) 


From (1) and (2) we derive the equality 


AM _ AQ 
AN “ AS * 


(3) 


Equality (3), by virtue of the converse of the theorem on proportionality of 
line segments cut off by parallel straight lines on the sides of an angle, implies 
that MW || QS which is what we set out to prove. 

Thus, for any circle of the type CL, the point N can be specified as the 
second point of intersection of the straight line passing through M and parallel 
to L with the circle 0. This construction uniquely determines the point N 
irrespective of the choice of the circle O t . Consequently, all the possible straight 
lines RS obtained for various circles 0 1 intersect the circle 0 at the point N. 

The singular cases in which (1) and (2) do not imply (3), namely, when the 
points R and P or Q and 5 coincide, or when PQ || RS, may be considered as 
limiting cases. For these cases the validity of the above argument can be 
established on the basis of the continuity properties. 


5. The Greatest and Least Values 

421. If A is the vertex of the right angle in A ABC * and C and B lie on 
the given parallel lines l x and l 2 (Fig. 135), then 

,45 = -^—, AC=—^—. 

sin cp cos 9 

Hence, the area Of the triangle ABC is equal to 

Sabc=1-ABAC=:-?^-. 

2 sin 2<p 

JT 

It follows that S ABC attains the least value (equal to ab) for <p — 
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422. If R and r are the radii of the circumscribed and inscribed circles 
(Fig. 136), then 

2/? = ' c otf+' CO t (-?-!)• 




Noting that 


we obtain 


a . f jt a \ , f n a \ . a 

cos T sin lT-^-j+ cos lT-Tj sin 2- 

sin f sm (^“T) 

2sin T 2 

cos (a— —cos-2. |/"2 cos ^ce — 

R _ 1 _ 

r V2~ cos (a — 1 


The ratio -y-attains the least value when cos (oc—y-^ = l, i.e. when a = -^- 


because we consider the interval 


Jt R 

0 < a < -tt . In this case — ~ - -= 

2 r Y 2—1 


= Y2 +1. 

423. Let a right triangle with vertex C and legs a x and b x be cut off from 
a rectangle ABCD with sides a arid b. Consider the pentagon ABEFD thus 
obtained (Fig. 137). It is clear, that one of the 
vertices (say C x ) of the sought-for rectangle 
AB 1 C 1 D 1 must lie on the line segment EF. the 
problem is thus reduced to finding the position 
of this vertex. 

To find the point C x extend the sides AB 
and AD of the rectangle to intersect the exten¬ 
sion of the line segment EF. This results in a 
triangle AMN. Let 

AM = m. AN — ti 



and 


FIG. 137 


BjCj — AD X — x. 

The similarity of the triangles AMN and D X C X N implies that 

CjDi n—x 


m 
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whence we find 

C,Di = •£-(«-*). 

Hence, for the area S of the rectangle AB X C 1 D 1 which is equal to AD x C l D l 
we get the expression 

S — — (n — x) x . 

Transforming this expression to the form 



ti 

we conclude that the greatest value of S is attained when *=0» i.e. for 
x . Let C 0 be the position of the vertex C x corresponding to x = 

Noting that expression (l) for 5 decreases when ~—x| increases, i.e. when 

the point C x moves from the point C 0 to the vertex M or F, we find that 
there are three possible cases here, namely: 

(1) The point C 0 lies on the line segment EF; then the vertex C x of the 
required rectangle coincides with C 0 . 

(2) The point C 0 lies on the line segment ME; then Cj must coincide with E. 

(3) The point C 0 lies on the line segment FN; then C x must coincide with F . 
We now must establish a criterion for distinguishing between these cases 

with the aid of the magnitudes of the quantities a, a lf b and b t given in the 
formulation of the problem. 

Let us first find the quantity n. The similarity of the triangles ECF and 
NDF implies that 

n—b b x 

a — 

whence we find 

n=b+^-(a- ai ). (2) 


Now note that the point C 0 is within the line segment EF if the inequalities 

b—b x < x < b 

are fulfilled. 

Substituting x=~ with the known value of n into the above we obtain 

b~h < ~+^-{a~a l )<b. 

The latter inequalities are readily transformed to the form 


—1 




(3) 


If the inequality —1 < -j^-is violated, the point C 0 falls on the line seg- 

a x h 

ment ME, and if the inequality -— < 1 does not hold, C 0 falls on FN -. 

Thus, we arrive at the following final results: if for given a, b y a x and b x 
both inequalities (3) are fulfilled, then the vertex C x of the rectangle of the 
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greatest area lies within the line segment EF , and the side x of this rectangle 
is computed by the formula 


b . b , 

*= 2 + 2 ^ (a - a ‘ ); 


if the left inequality in (3) does not hold true, the vertex C x coincides with 
the point £, and if the right inequality is not fulfilled, then C 2 coincides with F. 

424. Draw a circle passing through the points A and B and tangent to the 
other side of the angle (Fig. 138). The point of tangency is then the required 
point, since for any point C' on that side the angle AC'B is measured by half 
the difference between the arcs AB and A 1 B lt whereas ^ ACB is measured by 
half the arc AB. 

Furthermore, we have (OC) 2 = OB -CM. Consequently, the problem is reduced 
to the well-known construction of the geometric mean of the lengths of two 
given line segments (OA and OB). 




425. Consider the following three possible configurations of the line segment 
AB and the straight line 1. 

(a) AB || /. For any point M of the straight line / we have | AM — BM | ^0, 
and there exists a point Af 0 for which | AM^BM 0 | =0. This point is the 
foot of the perpendicular dropped from the midpoint of AB onto /. There is no 
point M for which the quantity jAM — BMI attains the greatest value. This 
is implied by the inequality | AM — BM | AB in which the sign of equality 
only appears when A , B and M lie in a straight line. 

(b) ABJ^I. Since | AM — BM | C AB } the quantity \AM — BM\ for the 
point of intersection of the straight lines l and AB takes on the greatest value 
equal to the length of AB. There is no point M for which the quantity 
I AM — BM | attains the least value. 

(c) The straight line AB is neither parallel nor perpendicular to /. It is 
clear that \AM — BM [ attains the least value if M is the point of intersec¬ 
tion of l and the perpendicular to the line segment AB erected at its midpoint. 
The greatest value is attained by | AM — BM | when the point M is the point 
of intersection of AB with L 

426. Let MN be a position of the secant, AP\\ON and AQ || OM (Fig. 139) 

Let us introduce the following notation: 

*=the area of A APM t 
y — the area of A AQN , 

<r=the area of A APQ , 

5 = the area of A OMN t 

a= AM t 

b=AN. 


We have: 


5 = 2a ~[~ x -f- y . 
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It is clear that 

Consequently, 



s -«( 2 +1+t 


—4o-j- a 


(a—6) 2 
ab 


The least value S = 4a is attained for a = b which is what we set out to 
prove. 


427. Let a+b = q (Fig. 140). By the law of cosines, we have 
c 2 — a 2 -\-b 2 — 2abcos (p^=a 2 -\-(q —a) 2 — 2a (q — a)cos<p = 

= < 7 2 + 2a 2 (l + cos <p)— 2aq (1 -f-cos <p) = 

= i? 2 l-co ij p + 2 ( 1 +? o S(j)) 


Since q and qp remain unchanged, the least value c is attained for a=-^ = 

a-\-b . . , 

= —y , i.e. for a = 6. 



FIG. 140 FIG. 141 


428. First solution . Consider A ABC with base AC and designate by a , b and c 
the lengths of the sides opposite the angles A , B and C, respectively; put 
a + b+c—p. 

From the relations 

a _ c _ b 
sin A ~~ sin (4 -f- B) sin B 


we find 


p=b+b ™A +b ™nA+m ==b+ . 

r sin 5 1 sin B 1 


sin ( ^4 + — ]. 


Since 6 > 0 and sin -g- > 0, the quantity p attains the greatest value when 
B ji 

A, In this case A—C and A ABC is isosceles. 


Second solution . On the given line segment AB as chord construct a segment 
of a circle so that the chord AB subtends an angle of the given magnitude <p 
inscribed in that circle (Fig. 141). Consider the isosceles triangle ADB and 
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a scalene triangle ACB inscribed in the segment of the circle. Draw the circle 
of radius AD = DB with centre at the point D, extend AC to intersect this 
circle at a point M and join M to D and B. We obtain 

AD + DB = AD+DM > AM = AC + CM. 


But in A BCM we have 

£ CBM = l ACB — CMS = ^ CMB, 


because the angle ACB is equal to the angle ADB and is measured by the arc AB, 
and ^ AMB is measured by half the arc AB. Hence, CM = CB and AD-\-DB > 
> AC+CB. 


429. Let us designate the radii of the circumscribed circles of the triangles 
ACD and BCD by R t and R 2 , respectively. Put £ ADC = y 9 AC = b and BC = a 
(Fig. 142). Then we have 



and 


2R 2 = 


a 

sin (jt—(p) 


a 

sin (p 


and hence —. The radii R x and R 2 attain the least values when <?=—; 

A 2 Ct 2 

in this case D is the foot of the altitude CD. 




430. Each of the cut-off circles must be tangent to two sides of A ABC 
(see Fig. 143). Furthermore, the circles must be tangent to each other. Indeed, 
if otherwise, the radius can be increased. Therefore, the centres of the circles 
lie on two bisectors of interior angles, for example, OA and CO Where 0 is the 
centre of the inscribed circle of A ABC. If r is the radius of the inscribed circle 
of A ABC and p the radius of the cut-off circles, then from A AOC we have 

r — P _ r 
2p b ’ 

whence we find 

P = *> _, 2r 

r b+2r b+2r' 

This formula shows that p assumes the greatest value when the longest side is 
taken as b. 



266 


PROBLEMS IN ELEMENTARY MATHEMATICS 


B. SOLID GEOMETRY 
1. Computation Problems 

431. Let a be the side of the base, d the length of the diagonals of the 
lateral faces of the prism and l the lateral edge (Fig. 144). We have 

r-*£Lt. 

4 

1 oc 

From A AiBC x we obtain that yfl = dsiny. Therefore, 


l = Y d 2 — a 2 =—-— \ —4 sin 2 ~ 

a V 4 


2sin T 


and, consequently, 


It follows that 




8sin T 




3—12 sin 2 y 


432. Let H be the altitude of the pyramid, and a the length of the side of 
the base. 



A 

A 

r 


.//M 


eY-\—yc 


8 "a A 

FIG. 144 FIG. 145 

The similarity of the triangles OMS and ABS (Fig. 145) implies that 

]/ V 2 -* 2 
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Analogously, from the triangles OKS and CBS we obtain 


-// 2 — 62 


Dividing equality (1) by (2) termwise we obtain 


H 2 —4h? h 

H 2 —4& a y-2 • 


whence 


Ym=T 2 ' 

Substituting this expression into (1) we easily find 


Finally, for the volume V we receive the expression 
y __ 16 Wh? _ 

” 3 (ht—b 2 ) Y 2 W—h 2 8 

433. Let H be the altitude of the pyramid, x the slant height, R the radius 
of the inscribed circle of the base, r the radius of the circumscribed circle of the 
base and a the side of the base. From the simila¬ 
rity of the triangles CA L B l and CAB (Fig. 146) we get 

H-h R f R > TT 

h - r ' s J 1 

whence ! /// 


But from A ADB we have r- 


-, and the- 



n FIG. 146 

Furthermore, for the area of the base and for the volume we have the formulas 

Sbase = n -J r2 sin X and V = y S *a« 

and therefore 


li • 2jc 
Hn sin — 
n 
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Substituting in the latter relation the above expression for H , we find 


Y’ 1 : 


n \ 
cos^- 

n) 

u • 2rt 

nh sin — 
n 


Since x-YR 2 ~\-H 2 and y=/*sin-^-, the lateral surface area is equal to 


n-jxa=nr sin ~ y ^ 2 + // 2 f 


and, finally, 


$/at = n sin — 



3V ^ 1 — cos ~ j 

h l 

f nh sin — 

r n 

nh tan — 

L n 

( l - cos ^) i . 


434. Let M and N be the midpoints of the edges ES and PS (Fig. 147). 
It is easily seen that AMNC is a trapezoid because MN || ED and ED\\AC. 
It is also obvious that 

AfA*=~^. 




Using formula (1) for the square of a median of a triangle derived in the 
solution of Problem 370, we find 


CN = 


)/>H -2q* 
2 


Furthermore, 


AC . 3n 
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because £ ABK = j^. If KL is the line segment joining the midpoints of the 
bases of the trapezoid ACNM, then 


KL 


-/2±2S! 


, . 3jx 

l ^ sin To T ) = 


..y/~ y + e g « g2 ( y 5+1 1 Y 


we have used here the equality sin 


V 

3jx_ V~b+ 1 

10“ 4 


. Thus, the sought-for area is 


S see = \(MN+AC)KL = ^{2 + /T) V 4 b* + 3 q\ 


435. Let E and F be the midpoints of the lateral edges of the regular tri¬ 
angular pyramid SABC shown in Fig. 148, and D the midpoint of the line seg¬ 
ment EF . Since the cutting plane is perpendicular to the face C\S,4, the angle SDB 
is right. Extend SD to intersect the straight line AC at a point M and consider 
the triangle MBS. It is obvious that the point D bisects the line segment SM. 
Besides, BD and therefore MBS is an isosceles triangle in which SB = MB. 

Let the side of the base of the pyramid be equal to a. Then 


SB = MB 



The slant height is given by the expression 


SM = y~SC 2 —CM* = ?^p- . 


Tne^efore, 


Slat — 


3a 2 Y 2 


and since the area of the base is 


Sbase — 


a 2 Y $ 


we have 


Slat 

S base 


= ]A6. 


436. Let a be the length of the side of the square which is the base of the 
prism, / the length of the lateral edge of the prism and d the diagonal of the 
lateral face (Fig. 149). Let S see denote the area of the section. It is easily seen 
that the total surface area of the prism is equal to 4(5—therefore it is 
sufficient to determine S sec . We have 

S sec = -Tyd 2 since, a — dY~2 sin-y 

and 

/=}/>— a 2 = d j/ l — 2sin*y = dV cosa. 


Furthermore, 
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, o* a _ 7 sina , . . a , a 


S = S w +y+2^.=d* 


\ 2 


sin 2 - 2 --)- Y 2 sin 2 . y cos a ^ , 


and consequently 


d 2 = - 


2S 


sin a +2 sin 2 y 2 Y 2 sin — Y cos a 


Thus, we receive 


SSPC - ’ 


5 sin a 


sin a+ 2 sin 2 y-f-2 Y 2 sin y j/cosa 


Finally, after some simplifications we find that the total surface area of the 
prism is 

sin y + Y 2 cos a 

Stout = 4 (5— S sec )=4S — J--- - . 

cos y 4 -sin y-f |/*2 cos a 




437. By the well-known lemma by means of which the law of sines is de¬ 
duced, the side of the base of the pyramid is equal to a = 2 rsina. For the 
lateral edge (see Fig. 150) we have 


/=• 


i 0 a 

-= 2 r cos - 7 r . 

a 2 


S ,n T 


Therefore, the altitude of the pyramid is 

, /”/ 2 (aY % \ 2 0 -.f 2 a sin 2 a 

h= y l -\rr-) =2r y cos t— r - * 

and, hence, the volume of the pyramid is 

T . 1 . a 2 Y~3 2 o . o ./"I Tol ~ 

V =y h — — —=yr 3 sin 2 a y 3cos 2 y —sin 2 a. 

438. Let ABC'D' be the indicated section of the given pyramid OABCD. 
Draw an auxiliary plane OPN through the vertex of the pyramid and the mid¬ 
points of its edges AB and CD (Fig. 151). 
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It is readily seen that the plane OPN is perpendicular to AB and CD , and 
the line segments OP and ON are equal. 

Applying the law of sines to the triangle OPM we find 

OM _ sin a 
OP sin 3a‘ 


Since D'C j| DC, we have 


D'C = DC™=a 


sin a 
sin 3a* 


Now applying the law of sines to the triangle PMN we obtain 


which yields 


PAf_ sin 2a 
PN sin (ji— 3a)’ 


PM = a 


sin 2a 
sin 3a* 


Thus we obtain the required area of the section ABC'D r : 


S=j(AB + D'C')PM = j(a-\-a 


sin a \ 
sin 3a ) 


sin 2a _ 2 sin a 2a cos a 
a sin3a“ fl sin 2 3a * 




439. We shall use the notation indicated in Fig. 152. Consider one eighth 
of the garret OSBMN which consists of two pyramids. One of these pyramids 
with the base SBM and vertex 0 has the volume 




The volume of the other pyramid with the base BMN and vertex 0 is 

a 2fi 

^ 2= "24"’ ^ us * the volume V of the garret is given by the formula 
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440. Let BM and CM be the perpendiculars dropped from the vertices 
B and C of the base (see Fig. 153) onto the lateral edge SA . The angle BMC 
formed by them is the required one. Designate it by p. Obviously, we have 

• P bk 

Sin 2 BM' 

Let a be the side of the base of the pyramid. Then 

™ ■« VT 


b cos a 


“; (1+3 cos 3 a). 


"6 cos a 


From the isosceles triangle we easily find its altitude BM: 


1 + 3 cos 3 a 


Thus, by virtue of (1), we obtain 


and, hence, 


. p y 1+3 cos 2 a 

s,n T=—4- 


q o • V r l+3cos 2 a 
P = 2 arc sin -- - - 






FIG. 153 


FIG. 154 


441. Draw a plane through the edge SA and the point N which is the foot 
of the perpendicular AN to the line segments BC (Fig. 154). Let NM be the 
altitude of the triangle ASN. The line segment NM is perpendicular to AS and 
BC and is obviously equal to d. Let a denote the side of the base of the py¬ 
ramid. Then 


SA = 
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and the altitude of the pyramid is 

so= 




6s,n T 


12sin 2 y . 


Since AN*SO= AS'd, we have 
a = 


6 d 


yr jA- 


Finally, we Obtain 


V ,'^Lso= 


12 sin 3 y 


d 3 


3 ( 3 - 4sin2 f) si 4’ 

442. Let At) = a and BC = b (Fig. 155). Draw the line segment EF joining 
the midpoints of the bases of the trapezoid. It is obvious that the dihedral 
angle with edge AD is less than the dihedral 
angle with edge BC. Let £SEO = a; then 
£SFO = 2a. We have 

50 = OF tan 2a=0£-tan a. 

But 


° F "f <■»!•!• 


OE-ftani, 


and thus we obtain the equation a tana = 
= 6 tan 2a whose solution is 

tan a= y —— . 

Furthermore, we obtain 



SO = OE • tan a = ~ tan - 


y- 


— 2 b 


and 


S b as e =^r-(0E+0F)=[1 i±) 2 tan|.. 
Finally, the volume of the pyramid is 

y = ( ^J^tan 3 | Va(a-2b). 


443. Let SL \_AB, «S/C _[_ AC and SM be the perpendicular to the plane P 
(Fig. 156). By the hypothesis, S/4 =25 cm, $L = 7 cm and SK — 20 cm. Applying 
the Pythagorean theorem, we easily find that AK^Xb cm and /4Z. = 24 cm. 
Extend the line segment KM to intersect the side AB at a point Q. It is 
readily seen that A QK = 30°, and hence AQ=30 cm. Therefore, LQ = 6 cm, 
and 

LM = 6 tan 30° = 2 /T cm. 


This result shows that for a^2b the problem has no solution- 
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From the right triangle SML we now find that 

SM = V 7*^(2l7Tp = yl7 cm. 

444. Let S be the vertex of the pyramid, SO the altitude and BN = NC 
(Fig. 157). Designate the side of the base of the pyramid by a. Let us intro- 



that 


i/T 

EF = aK KM = a-f~L 


From A MKO we obtain 


OM = 


KM 


cos p 2 cos p 


aX V3. 


The section area is equal to 

l { AD+EF)OM=\ (*, + ».) 

The area of the base, as the area of a regular hexagon with side a, is equal to 

a 2 |/ r 3" 

— 2 —. Thus, the sought-for ratio of the areas is equal to 


6- 


1 


6 <cos P 


X(X + 2). 


( 2 ) 


Consequently, the problem is now reduced to finding X. For this purpose, 
put £SNO = q>. Then, by the law of sines, we obtain from A SOM the 
expression 


sm 


SM = SO - 


(*-») 


sin (P + qp) 
Since SO = SAf*sin <p, we can write 


zSO -r 


COS P 


sin(p + <p)* 


, SM cos p sin qp_ 1 

o K7 _ : « /a i _ \ I i 


SN sin (p -f- q>) 1 + tan P cot <p * 


(3) 
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Finally, we proceed to find cot qp. To this end, note that 


S-V = -|cot ON - 


SO=--V~SN 2 —ON*=~ cot 3 y-3 


and, hence, 


, ON 


co‘^-3 


Substituting this value into formula (3), we obtain 




y cot 2 — — 3-f- V' 3 tan P 

445. From a point S other than the vertex C of the trihedral angle (see 
Fig. 158) and lying on the edge of the trihedral angle which is not a side of 
the fade angle a, drop the perpendiculars SB 
and SD onto the sides of this face angle. 

Also draw the perpendicular SA to the cor¬ 
responding face. Denote the sought-for ang¬ 
les by P x and y lf that is 

£SCB = y lt ^SCD = p x . 

Let then £ABC = a' and £ACD = a". 11 

Putting CA — a, we find from the right 
triangles CBA , SB A and SBC the expression 

SB a sin a' , « 


tan v, =- 


——sec y tan a'. 


n "CB ~~a cos ycosa f ~^ r Mm ~ # FIG. 158 

We similarly obtain 

tan p x =sec p tan a\ 

The problem is thus reduced to finding tana' and tana". We have a / + a" = a. 
Computing the line segment SA by two different methods, we find 

SA — a sin a' tan y 
and 

= a sin a" tan p. 

It follows that sin a'= sin a" tan P cot y and, hence, 

sin a' = sin (a—a A ) ~ ^ =(sin a cos a'—cos a sin a') tan p cot y. 

Dividing both members of the last equality by cos a', we get 

, , sin a tan P cot y 

tana = T -. - 

1 + cos a tan : p cot y 


Interchanging p and y we find 

tana* = 


sin a tan y-cot P 
1 -f-cos a tan y cot p ’ 
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We thus finally obtain 


and 


tan y 1 = 


sin a tan (3 esc y 
1 + cos a tan P coty 


tan 8 - sin g tan y esc P 

2 -f- cos a tan y cot P ' 


446. The sum of the interior angles in the regular polygon being equal to nn , 
the number of its sides is equal to /i-f 2. Let PQ be the altitude of the pyramid 



(Fig. 159). Consider a lateral face of the pyramid, say A QAB , and its projection 
onto the base, i. e. A PAB. The conditions of the problem imply that 

S APAB _ 1 
S AQAB k 

The areas of the given triangles being in the ratio of their altitudes dropped 
onto the common base AB, for the cosine of the dihedral angle with edge AB 
we have 

PR 1 

co S( p = w = T , 

whence it follows that the apothem of the base of the pyramid is equal to 
d — h cot (p — h — Jl: =t. 

We then find the side of the base: 


a = - 


2h 


■ tan - 


Y a 2 —1 rt-t -2 

Since the area of the base is determined by the formula 


S= T (ft + 2)od, 


we see that the volume of the pyramid is 


V = 


l ou _ i fr + 2)^ 
3. ~“3 A a -1 


tan 


art 

rT+ 2 ' 
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447. The solid in question is an octahedron whose vertices are the centres 
of symmetry of the faces of the cube (Fig. 160). The volume of the octahedron 
is twice the volume of the regular quadrangular pyramid EABCD with altitude 

, the area of the base ABCD being equal to ~a 2 . Hence, the required vo¬ 


lume is equal to 


2x T 




448. It is obvious that the section is the isosceles trapezoid ABCD (see 
Fig. 161). Let P be the midpoint of the side EF of the base of the pyramid. 
Consider A SPR containing the altitude SO of the pyramid. The line segment 

KO is apparently the altitude of the trapezoid ABCD. Since KO || SR, we have 

KO=-^h where h is the slant height of the pyramid. It is also obvious that 

AB = 2a where a is the length of the side of the base of the pyramid. We also 

have DC — ^ EF a and therefore. 



FIG. 161 FIG. 162 


449. Let A X BC X D be the given tetrahedron, ABCDA^^xD^ the parallelepiped 
obtained by the indicated construction (see Fig. 162). It is readily seen that the 
edges of the tetrahedron are the diagonals of the lateral faces of the parallele¬ 
piped. The tetrahedron can be obtained by cutting off and removing from the 
parallelepiped the four congruent pyramids ABDA lt BDCC X , AiBiC^B and 

/4-lDxCjD. The volume of each pyramid being equal to of the volume of 


the parallelepiped, the ratio of the volume of the parallelepiped to that of the 
tetrahedron is equal to 



= 3 . 


278 


PROBLEMS JN ELEMENTARY MATHEMATICS 


450. One can easily see that the vertices of the tetrahedrons not lying on 
the faces of the pyramid are the vertices of a square. To determine the length 
of the side of the square, draw, through the vertex S of the pyramid and one 
of those vertices, say A , of the tetrahedrons, a plane perpendicular to the base 
of the quadrangular pyramid (Fig. 163). This plane also passes through the 
foot 0 of the altitude of the pyramid, the foot Q of the altitude of the tetra¬ 
hedron and the midpoint M of the edge KL, Drop the perpendicular AB onto 
the base of the pyramid and consider the quadrilateral SOB A. Its side OB 
is half the diagonal of the above square and is to be determined. However, 
it is easy to reveal that SOBA is a rectangle. Indeed, putting /OMS = a and 
2 ASM~$ t we find 


1 


OM 

2 a 

V~3 

MS 

]/y 

2 a 

3 

QS 

yT 

3 a . 

VT 

SA ~ 

a 

" 3 # 


Therefore Si4 and OB are parallel and, hence, 

OB ~SA — a. 


Thus, the sought-for distance is equal to a 2. 




451. Suppose that the cutting plane passes through a point of the diagonal 
HP of the given cube (Fig. 164). Let us first consider the sections which inter¬ 
sect the diagonal at points belonging to the line segment OP. Take the plane 
section QRS passing through three vertices of the cube. It obviously is one of 


the indicated sections. This section is an equilateral triangle with side a\/~2. 
We can easily compute the distance from the centre of the cube to the chosen 

section which turns out to be equal to - - . It is obvious, that for 


x^ 


aV 3 
6 


the sections are equilateral triangles. The sides of these triangles 




SOLUTIONS AND ANSWERS. SOLID GEOMETRY 


279 


being in the ratio of their distances from the point P y we can write 

MN OP—x 

QR ~ op-UOL ' 

6 

Now, taking into account that QR = a Y 2 and OP= we find 

MN =y yi a—x ]/"6. (D 

(2 l/"^ 

But if — - —->a:^ 0, then the section is a hexagon of the type ABCDEF. 
o 

The sides AB t FE and CD of the hexagon are, respectively, parallel to the 
sides QR y QS and RS of the equilateral triangle QRS. Therefore, when exten¬ 
ded, these sides intersect and form angles of 60°. Furthermore, taking into 
account that AF || CD and so on, we arrive at a conclusion that each angle of 
the hexagon is equal to 120°. It is also readily seen that AB = CD — EF and 
BC = DE — AF (it should be noted that the sides of the hexagon cut off isosceles 
triangles from the faces of the cube). 




To find the lengths of the sides of the hexagon let us extend its side AB 
to intersect the extension of the edges PQ and PR at points M 1 and N x . Jt is 
apparent that the length of the line* segment M l N 1 can be computed by for¬ 
mula (1). Knowing M x N lt we find the line segment BN x : 

SiVl = ("T^ Ml * 1-a ) V" 2 = y Y2-x Ye. 

It follows that 

AB = M 1 N 1 —2BN l =~ V~2 + x (2) 

The side BC can be determined in a similar way but it is clear that BC = BN ly 
and, hence, 

BC = ^V 2- x y~6. (3) 

Note, that the section obtained by the cutting plane n passing through the 
point 0 is a regular hexagon (consider formulas (2) and (3) for x = 0). The ver¬ 
tices of this hexagon are at the midpoints of the edges of the cube (Fig. 165). 
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It is obvious that if one of the two parts into which the cube is cut by the 
plane n is turned about the diagonal OP through an angle 60°, the hexagon 
goes into itself, and we thus obtain two polyhedrons symmetric with respect to 
the plane n. Consequently, the section intersecting the diagonal at a point of 
the line segment HO whose distance from the point 0 is x can be obtained 
from one of the sections that have been already considered by turning through 60°. 


452. The projection is a regular hexagon with side 


a f6 


. To verify this 


assertion it is convenient to consider the projections of all the plane sections of 
the cube investigated in Problem 451 (see Fig. 164). All these sections, when 
projected, do not change their sizes, and thus we obtain the figure shown in 
Fig. 166. 

Knowing that the side of the triangle RQS is equal to a 2, we find from 
the triangle GOS the relation 

/3 _a V 2 


which yields GS- 


a y 6 


GS ‘ 2 —2 ’ 

The side of the regular hexagon A^C^E^ 
a V~2 

(see Fig. 165) being equal to —^— , the sought-for ratio of the areas is equal to 

mm-f 

453. Let AEFD be the isosceles trapezoid obtained in the section, and G 
and H be the midpoints of its bases (see Fig. 167). Drop the perpendicular HK 

from the point H onto the base of pyramid. 
Since H is the midpoint of SN , we have 





1W-T *"<' 0*=T- (1) 


Now we shall determine the lengths of the 
line segments QO and QS. We have 

QO GO 
HK ~ GK * 


and therefore, taking into account (1), we obtain 


It follows that 


QO = —• — . 

* 2 2 3fl 3 




(2) 


Draw the perpendicular SM from the point S to GH. Then the similarity of 
the triangles SMQ and GOQ implies that 

SM GO 


QS “ GQ 

and, consequently, the sought-for distance is 

SM=qs •-££= 


2 ah 


OQ y 9a 2 + 4/t 2 



SOLUTIONS AND ANSWERS. SOLID GEOMETRY 


281 


454. The solid in question is made up of two pyramids with common base 
KMN (Fig. 168). We can easily find the altitude OR of the lower pyramid by 
dropping the perpendicular PD from the midpoint P of the side KN onto the 
base of the pyramid. The point D bisects the line segment QL. Taking advan¬ 
tage of this fact, we obtain, from AAPD, the relation 

PD DA 5 
RQ ~ QA "" 4 ’ 

4 

whence we find RQ=-=-PD and, hence, 
o 



Here we have taken advantage of the fact that in a regular tetrahedron 



FIG. 168 FIG. 169 


455. Let AMKN be the quadrilateral obtained in the section, and Q be the 
point of intersection of its diagonals (see Fig. 169). Considering A SAC, we 
readily note that Q lies in the point of intersection of the medians of this 
triangle. Therefore, 

MN _ SQ _ 2 
BD ~ SO 3 ' 

2 

and, hence, b. Furthermore, from the right triangle Sj 4C we find 



Since AK±MN, we have S fcc =y AK ■ MN=-^ WM-a 3 . 

456. Let A r QA r iQj and LMLxMx be the parallel sections of the prism 
(Fig. 170), a the length of the diagonal AC of the base and H the length of 
the line segment KK V Then the area of the first section is 



The area of the other section is 

S' =1P? (A.c. + Lm+Y PJ (A A+ lm 
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Bui we have 

i4,C a =o, LM=~, PT=-jH and PJ=~H, 

which is obviously implied by the similarity of the corresponding triangles. 
Therefore we obtain 


and, hence, 


S '=TS a// 


c»_ 11 5 

* Tz ' 


Note. This problem can also be solved in a simple way if we take into 
consideration the formula 

S pr = S cos <p, (1) 

where S is the area of a polygon in a plane P, S pr is the area of the projection 
of this polygon on a plane Q and <p the angle between the planes P and Q. 

According to formula (1), the areas 
of the parallel sections in the problem 
are in the ratio of the areas of their 
projections. Therefore, the problem is re¬ 
duced to finding the areas of two pla¬ 
ne figures shown in Fig. 171, namely 




LiM^CMLA and NiQ[CQNA (the primed letters denote the projections of the 
corresponding points onto the base of the prism). 

457. Consider the pyramid KAEF shown in Fig. 172 which is one of the 
polyhedrons. We suppose that 

AE _ AF _ 1 
EB~~FC~~2' 

Therefore, 

4£_/4P_2. 

AB~~AC 3 


A EF —If S A A BC • 


and, hence, 


(1) 
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Now, let KM and SN be the altitudes of the pyramids KAEF and SABC. As 
is seen, 

KM AK _ 2 

SN AS ~ 3 * 

2 

Therefore, KM=-^SN and, taking into account (1), we obtain 

2 

Vkaef = 2j Vsabc- 


The sought-for ratio is equal to —. 



FIG. 172 FIG. 173 


458. Let the face of area S 0 be the base ABC of the given pyramid ABCD, 
DO the altitude of the pyramid, and DA V DB t and DC l the altitudes of the 
lateral faces (Fig. 173). 

The line segments OC lf 0A X and 0B 1 being, respectively, the projections 
of DCi, and DB X onto the base ABC , we have 0C X J_ AB, OA x \_BC and 
0*i AC, and therefore DC x 0, £ DA x 0 and ^ DB x 0 are the plane angles 
of the corresponding dihedral angles and, by the hypothesis, are equal. It follows 
that the triangles D0C x , D0A x and D0B x are congruent. To facilitate the com¬ 
putation, let us introduce the following notation: 

DO = H, DC X = DA X = DB X = h , 

0C X = 0A X = 0B X '=■ f, 

Si -f* S 2 -f* 5 3 = 5. 

It is obvious that r is the radius of the inscribed circle of A ABC, The 
volume of the pyramid ABCD is 

( 1 ) 

From the right triangle D0C x we obtain 

H=Vh^ - 72 . ( 2 ) 

Thus, the problem is reduced to finding A 1 'and r. From the formulas S x ~^ BCh, 

S 2 = ^rACh and S a =-^- ABh we find the expressions for the sides of the tri- 
angle ABC: 

AS=^, BC=^~, AC=- fa. 

h h h 
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Hence, we have 


Furthermore, 




h h h 


p—BC - 


5 - 25 ! 


p — AC = 


S 2$ 2 


and, hence by Heron’s formula, we obtain 


5§ = p (p — AB) (p — BC) (p — AC) = 


5 S—gS! 5 — 25 a 5 — 25 5 


h h 

5(5-25 1 )(S-25 2 )(S— 2S s ) 
h* 


Consequently, 


ys (S - 2S t ) (S —2S 2 ){S—2S s ) 


The radius r of the inscribed circle is found from the formula expressing the 
area S 0 of the triangle ABC in terms of this radius and p=~(AB + BC -f- AC): 


S 0 = pr = - 7 - r , 


which yields 


Substituting this value into formula (2) we obtain 


S? 


j/S 2 -5*. 


Now substituting the value of h determined by formula (3) into the expres¬ 
sion of H and then the result thus obtained into formula (1), we finally receive 

V_l (.fr—gg |/ (^-2S 1 ) (S-2S,) (S=2Sj 

459. Cut the cube into two congruent parts by the plane perpendicular to 
the axis of revolution and turn the polyhedron thus obtained through 90°. The 
resulting geometric configuration is shown in Fig. 174. 

The common portion is made up of the rectangular parallelepiped 
ABCDDxAxB+C x and the regular pyramid SABCD, The altitude of the paralle¬ 
lepiped is found from ^BB^T: 

k: ^ Bl T=±p— 

The altitude of the pyramid is 
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The area of the common base is equal to a 2 . 

Thus, the sought-for volume of the common portion is 

that is 

V = a*(V 2 


s 




460. Let be the vertex of the cone, SO~h the altitude of the cone, 
ASB the triangle obtained in the section, C the midpoint of the chord AB 

and AO = r (Fig. 175). Noting that ^ AOC=-|- , we find 



h=CO tan a— ~ tan occot-—, 



Therefore the volume of the cone is 



nr 2 h=-z 


24 


D 

tan a cos -2- 

sin3 f 


461. Let a be the required angle, l the length of the generator of the cy¬ 
linder, l L the slant height of the cone, r the radius of the common base of 
the cone and cylinder (Fig. 176). By the hypothesis, we have 

2nr(r + l)_7 

nr(r+li) ~ 4 
and 

r+l _ 7 

r+t rr. 
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Consequently, 


and, hence, 


* r _ 7 1 + cot a 7 

. , /j_ — 8 ’ ° r 1 + csca ~ 8 ’ 

1 « r 


sin a-j-8 cos a—7 = 0. 


Solving this equation we find 

3 

sin a=-=-, 
o 


3 


a~ arc sin . 

o 



FIG. 176 



FIG. 177 


462. Let a be the sought-for angle, R the radius of the base of the cone 
and r the radius of the base of the cylinder (Fig. 177). We have 

2nr 2 + 2nrR n f tl r\r 3 

^2 R - 2 • 

ft _ r r 

But — -g —= tan a and, hence, -^=1 — tana. Thus we obtain the following 
equation with respect to tan a: 

4 tan 2 a—12 tan a+5=0. 

Solving it, we find 

. 5 . 1 

tan a=y or tana=-j. 

ft _ r j 

But it is easily seen that tan a=—=— < 1, therefore tana=-jr, and, hence, 

A <6 

a = arc tan . 

463. Let / be the slant height of the cone and R the radius of its base, 
x the length of the edge of the prism, r the radius of the circle circumscribed 
about the base of the prism (Fig. 178). Consider the triangle formed by the. 
altitude of the cone, an element of the cone passing through a vertex of the 
prism and the projection of that element onto the base of the cone. We have 

/ sin a R 


l sin a—* r 
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Since r=- 


and R = l cos a, we obtain 


2 sin - 


x— 


21 sin a sin — 
n 


2 sin --[-tan a 

Consequently, the total surface area of the prism Is 


S=4 " nx2 cot -nx 2 = n 



FIG. 178 


FIG. 179 


464. Consider the isosceles trapezoid which is the projection of the 

given trapezoid ABCD onto the plane perpendicular to the axis of the cylinder 
shown in Fig. 179. The projected trapezoid is circumscribed about a circle, and, 
hence, 

i4fl 1 = y4/C+/CB t = ^M + B,iV I =^. 


From the right triangle APB t we obtain 


It follows that 


sin a= 


y ab 


and a — arc sin 


V ab 


465. Let R be the radius of the sphere, and a, b and c be, respectively, the 
legs and the hypotenuse of the triangle ABC which is the base of the prism 
(Fig. 180). We have 

h h a __ h 

”~cos a ' sin a * ~*~sin a ~“cos a sin a ‘ 

The radius R is obviously equal to the radius of the inscribed circle of A ABC. 
Therefore, 


25 


A ABC 


ab 


h 


~a+b-\-c a + fc + c 1 + sina + cosa ’ 
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and, hence, the volume of the prism is 

1/ _o on ___ 

A ABC sin 2& (1 + sin a+ cos a) 

466. The volume of the pyramid is equal to the sum of the volumes of the 
pyramids which are obtained by joining the centre of the inscribed sphere 0 
to the vertices of the pyramid. The 
altitude of each constituent pyramid is 
equal to the radius r of the sphere ins¬ 
cribed in the given pyramid. If S is the 




FIG. 180 


FIG. 181 


area of the base of the pyramid and S x the lateral area, the volume of the 
pyramid will be 

y=4(S! + S)r. (1) 


On the other hand, we have 


v= i hS ’ 


and thus we obtain the following formula Iof r : 

hS 

Si-f-S 

From the conditions of the problem it follows that 

0 no 2 . n 
S=—cot — , 

4 n 




1 / b 2 - 


Substituting these expressions into (2) we find 


na 2 cot — "1 f* b 2 -- / — ■ - 

n V 4 sin 2 — a 1/ 46 a —a 2 esc 2 — 

n _ V n 

4 (¥ “' T+T Y »*-t) _2 ( “ +t ” £ 
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467. Let us denote by r the radius of the inscribed sphere and by a the 
length of the line segment OE (Fig. 181). Then 

r — a tan a, 

where a is half the sought-for angle (see Fig. 181). Hence, the volume oi the 
sphere is 

4 

V sph = — n° 3 tan 3 a. 


Since DO~at an 2a and AB — 2 Y 3 a, the volume of the pyramid is 


Vpyr^DO 




AB‘= 3 o 3 tan 2a. 


By the hypothesis, we have 
Vpyr __ 27 yj 
V sp h 4 n 

Expressing tan 2a in terms of tan a we get the 
equation 

tan 2 a (1 — tan 2 

It follows that (tana)i==-|- and (tana) 2 ==-|-• 

Taking into consideration that a is an acute angle, 
we find 



and 

a 2 = arc tan 

468. Let a be the side and b the apothem of 
the regular n -gon which is the base of the pyra*- 
mid, and H be the altitude of the pyramid. Then 
(see Fig. 182, a and b) we have 

b — r cot ~ 



and 

a~2b tan —=2r cot ~ tan —. 

n 2 n 

The area of the base is 


Sbase = «7T-~ nr2> * an c °t 2 
oase 2 n 


a 

T’ 





s 



ib) 

FIG. 182 


Furthermore, H —b tan a = r tan a cot —■, and hence the voiume of the pyra¬ 
mid is 

Vp yr nr 3 cot 3 ~ (an a tan ^ . 


10-323 
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4 

Since the volume of the sphere is V sp h — ~ nr 3 , we can write 

Vsph 4ji . o a , , n 

~—= — tan J — cot a cot — . 

Vpyr n 2 n 

469. Let a be the side of the base of the pyramid, b the apothem of the 
base, R the radius of the circumscribed circle of the base, h the altitude of 



FIG. 183 


S 



the pyramid, r the radius of the sphere inscribed in the pyramid, y the slant 
height of the pyramid (see Fig. 183, a and b) Then 

a—2Rs\n — , b = R cos — 
n n 


and, besides, 


y = j/ (l-f-cos~j and h = Vy*—b 2 = 


= /?j/ 1 + 2 cos -2-. 


From the equation = ~ (see Fig. 183, b ), we find 

hb 


R cos ~ j/~ 1 -f- 2 cos ~ 


~y+ b~ 


1 + 2 cos — 
n 


Hence, the sought-for ratio is equal to 

1 . 1 , . Jt (- , 0 n \ 2 

j h ’T nab nsin 7l 1+2cos 7rj 

4- nr 3 4ji cos 3 — 

3 n 

470. Let a be the side of the base of the given pyramid SABCD , h the 
altitude of the pyramid, r the radius of the sphere circumscribed about the pyra¬ 
mid (Fig. 184). Then 
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and 




If SE is the diameter of the circumscribed sphere, then from the right triangle 
SBE we find 


However, from the triangle FO^S we have y=/j cot a, and therefore, elimi¬ 
nating a, we receive 

_i_ 

2r 1 /fiVN 3 

— 2cot 2 a+l i ~ l + 2cot 2 a ^ n ) ' 


471. Taking advantage of the equality of the dihedral angles we can readily 
show, as in Problem 458, that the perpendicular dropped from the vertex onto 
the base is projected in the centre of symmetry of the rhombus. It is also 
obvious that the centre of the inscribed sphere lies on that perpendicular. 




Let a be the side of the rhombus, 2 h the altitude of the rhombus, and H 
the altitude of the pyramid (Fig. 185). Then the area of the base is S — a 2 sin a, 

and thus, since a=--, we obtain 

sin a 

5 _ W 
sin a ’ 


ih 

But h = Rc ot y (see the section passing through the altitude of the pyramid 
and the altitude of the rhombus shown in Fig. 185). It is also clear that 


H-- 


cos \|) 


2 COS 2 y 
cos \j> 


10* 
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We finally obtain the volume of the prism: 




cos* 


sin a cos \p sin 2 y 


472. Draw a plane through the vertices Sj and S 2 of the pyramids and the 
midpoint A of a side of the base (Fig. 186). The radius of the semicircle in¬ 
scribed in the triangle so that its diameter lies on SjS 2 is obviously equal 

to the radius of the inscribed sphere. Let 0 be the centre of the semicircle. 
Denote by b the altitude in the triangle /4 SjS 2 dropped onto the side S X S 2 . Since b 
is the apothem of the regular n-gon, we have 

, a , n 
b=— cot — . 

2 n 

Computing the area S of the triangle AS X S 2 by means of the two methods in¬ 
dicated below we can find the radius of the sphere R. Indeed, on one hand, we 
have 

S = y(ff + /I). 


and, on the other hand, 


s=£-s x a+-Z-s 2 a-- 


(VW+P+VHt + b*). 


This results in the final formula 




Ya (H + h)col y 




473. Let h x and h 2 be the altitudes of the pyramids, and r the radius of the 
circle circumscribed about the base (Fig. 187). Then we have 

a . n 
-rr = r sm —. 

2 n 

From the right triangle whose vertices are the vertices of the given 

pyramids and one of the vertices of the base we find 

cfi 

4 sin 2 — 


But 


~\~h 2 — 2R , 



and, hence, 



SOLUTIONS AND ANSWERS. SOLID GEOMETRY 


293 


The problem is solvable if R^s — -. 

2 sin — 
n 

474. It can easily be proved that the midpoint of the line segment joining 
the centres of the bases of the prism is the centre of the inscribed and circum¬ 
scribed spheres. The radius of the circle inscribed in the base is equal to the 
radius of the inscribed sphere. Let r be the radius of the inscribed sphere and R 




the radius of the circumscribed sphere. Consider the right triangle whose verti¬ 
ces are one of the vertices of the base, the centre of the base and the centre 

of the spheres. We have R 2 = r 2 -\-r\ where r 1 = —• It follows that 



The ratio of the volume of the circumscribed sphere to that of the inscribed 
sphere is 



475. The radii of the circumscribed and inscribed spheres are equal to the 
segments of the altitude of the tetrahedron into which it is divided by the com¬ 
mon centre of these spheres. It can easily be revealed that the ratio of these 
segments is 3:1. Indeed, from the similar triangles BQO and BPK (Fig. 188) 
we have 

R__BK 
r ~~PK' 

But 

BK__ BK 
PK~~QK~ t 


and since the surface areas of the spheres are in the ratio of the squares of their 
radii the sought-for ratio is equal to 9. 


10*— 323 
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476. The volumes of the regular tetrahedrons are in the ratio of the cubes 
of the radii of their inscribed spheres. The sphere inscribed in the larger tetra¬ 
hedron being at the same time the circumscribed sphere of the smaller tetrahe¬ 
dron, the ratio of those radii of the inscribed spnere is equal to 3:1 (see the 
solution of Problem 475). Hence, the sought-for ratio of the volumes is equal 
to 3 3 = 27. 

477. Suppose that the problem is solvable. Draw a plane A l B l C l (see Fig. 189, a) 
tangent to the smaller sphere and parallel to the base ABC of the given 
tetrahedron. The tetrahedron SAiBiCt is circumscribed about the sphere 
of radius r. It is easy to show that its height is «SQ 1 = 4 a (see Problem 475). 



(a) (t» 

FIG. 189 


Let the length of the edge of the tetrahedron SABC be equal to x. Then 
the line segment AQ is equal to * , and the altitude SQ is equal to ^ * 

x V 6 

Furthermore (see Fig. 189, b) t we have QO — —--3 r, and Irom the right 

triangle AQO it follows that 

Solving the quadratic equation we find 

* 1 ,*=' v^± v. 

Here we must only take the root with the plus sign, because S/1 is in any case 
greater than 3r, and 3r > / Y 6. It is obvious that the problem is solvable if 
R ^ j/"3 r. 

478. Let A 1 B 1 C 1 D^E^F l be the regular hexagon in the section of the cube by 
the cutting plane. The problem is reduced to determining the radius of the in¬ 
scribed sphere of the regular hexagonal pyramid SA l B l C x D ] E l F^ (Fig. 190). 

The side of the base of the pyramid is equal to a , and the altitude to 
—^—. Since the radius of the sphere inscribed in a regular pyramid is three 
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times the volume of the pyramid divided by its total area (see formula (1) in 
the solution of Problem 466), we find 

r _ g(3-V r 3) 

4 


Hence, the required ratio is equal to 


2(3+ £ 3) 3 
9jx 




479. Let 0 be the centre of the sphere, and AS, BS and CS the given chords. 
As is obvious, the triangle ABC is equilateral (Fig. 191). It is also easily seen 
that the extension of the perpendicular 50 x to the plane ABC passes through 
the centre 0 of the sphere because the point is the centre of the circle cir¬ 
cumscribed about A ABC. 

Now let us denote the sought-for length of the chords by d. From the trian¬ 
gle SAB we find 

AB = 2d sin f 


and, hence, 

O t A = AB ^ 3d sin . 

Computing the area of the isosceles triangle SOA in two different ways, we get 

whence we find 

480. The radius of the inscribed sphere r is found by the formula (cf. for¬ 
mula (1) in the solution of Problem 466) 

31/ 

where V is the volume of the pyramid, and S its total area. We shall first find 
the volume of the pyramid. To this end, note that the right triangles BSC and 


10* 





296 


PROBLEMS JN ELEMENTARY MATHEMATICS 


BSA (Fjg. 192) are congruent since they have equal hypotenuses and a common 
leg. Due to this, the right triangle /4SC is isosceles. Since 

AS-CS= 

we have 



AD C 

FIG. 192 


It is also clear that 

-_ i/"§ 

AD= f a'-P-Lp 
and 

BD = YAB 2 —AD 2 = ^y^ Ya't + b 2 , 

and, hence, 

ABC ~~2 V' a * — bi - 

Now substituting the necessary expressions into the above formula of r and sim¬ 
plifying the result we finally obtain 

__ b Ya 2 ~b 2 _ 

~ Va 2 -\-b 2 + 2b+ Y n 2 — b 2 ' 

481. Let r and R be the radii of the inscribed and the circumscribed spheres. 


s 



FIG. 193 


We shall first consider the triangle SFE whose side SF is the altitude of 
the pyramid, the side SE being the slant height of the pyramid (Fig. 193, a). 
Let 0 be the centre of the inscribed sphere. In the triangles SFE and OFE 
(Fig. 193, b) we have 


FE — r cot -2- 
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and 


SF = r cot tan 9 . 


Furthermore, it is obvious, that 


DF = EF -V 2 = rcot-| V 2 . 


From Fig. 193, c showing the section passing through the axis of the pyramid 
and its lateral edge we easily find 


that is 

It follows that 


DOf = G,/' 2 + OF*, 
Rt^iSF-Rf + DF*. 
n__SF 2 + DF* 

“ no c • 


(1) 


We have R = 3r, and therefore, substituting the above expression for SF and 
DF , we obtain the following equation for 9 : 

r 2 cot 2 - 2 . tan 2 (p-j~r 2 cot 2 -2 • 2 

3r =------, 

2 r cot tan 9 

Simplifying this equation we write 

6 tan - 2 . tan 9 = 2 + tan 2 9 . 

Now put tan Noting that tan 9 = ^ , we arrive at the equation 

7a 4 — 6 * 2 +l - 0 

from which we find 

But z > 0, and hence only the two lollowing answers are possible: 

and 

hzXI, 

482. We have the total of six lunes (according to the number of the edges) 
and four triangles (Fig. 194). Let us denote the area of each triangle by Sj,and 
the area of each lune by S 2 , We then have 

4S a +6S 2 = 4ji/? 2 . (1) 

Let S 0 be the sum of the areas of a triangle and the three adjacent lunes. S 0 
is the area of a spherical segment cut off by the plane of the corresponding face 
of the tetrahedron. This area is equal to 2nRh where h is the altitude of the 
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segment. Since the altitude of the tetrahedron is divided by the centre of the 
sphere in the ratio 3:1 (see Problem 475), we have 

H = R+jR=^R, 

which yields 

*= 2 *-4 

Furthermore, we have 

Sy+3S t =2nR~R = ^nR*. (2) 

Solving the system consisting of equations (1) and (2) with respect to the un¬ 
knowns S l and S 2 , we obtain 

S, =!•«**, 5,—g-JlR*. 

483. Let R be the radius of the base of the cone, a the angle between the 
axis of the cone and its element, and r the radius of the inscribed sphere. The 
axial section of the cone shown in Fig. 195 is an isosceles triangle ABC. The 


B 




radius of the inscribed circle of this triangle is equal to the radius r of the 
sphere inscribed in the cone. Let 0 be the centre of the sphere and £OCA = $. 

Then it is obvious that tan P = But, by the hypothesis, 

R 


4ji/- 2 _ f r_ \ 2 _ 

) ~~3' 


It follows that 



and, hence, P=-g-. Besides, we have a + 2P- 


71 

T 


TL JT 

and therefore <x = -^- . Consequently, the sought-for angle is equal to 2a = 

D O 

484. Let r be the radius of the hemisphere, R the radius of the base of the 
cone, / the slant height of the cone, and a the angle between the axis of the 
cone and its element. 

By the hypothesis, we have 

Tttf (/+£)_ 18 (1) 

2nr a 5 ‘ 
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Let us introduce the angle a into this equality. For this purpose, consider 
the isosceles A ABC (Fig. 196) obtained in the axial section of the cone. From 
A ABC we find 

/? = /sina, r = R cos a = / sin a cos a. 

Substituting these expressions in the left-hand side of (1), we get 

1 1 -{-sin a _ 18 

2 sin a cos 2 a 5 

We have cos 2 a=l — sin 2 a and therefore, cancelling out 1 -j- sin a, we receive 
36 sin 2 a — 36 sin a + 5 = 0, 

which gives us 

5 . . 1 

sin c&! = and sina 2 = -g-. 

Hence, the sought-for vertex angle of the axial section of the cone is equal 

5 1 

to 2 arc sin —, that is to 2 -arc sin . 

P o 

6 



FIG. 196 FIG. 197 


485. Let h be the altitude of the cone, r the radius of the base, l the slant height of 
the cone, a the angle between the altitude of the cone and its element (Fig. 197). 

By the hypothesis, we have nrl — knr 2 which yields l = kr and, hence sin a — -g-. 

From the right triangle ABS we get 

ifb% i 

r — 2R cos a sin a = 2 R - - 


and 


h — 2R cos a cos a = 2 R 


fc 2 -l 
k 2 


The sought-for volume of the cone is 



486. Let R be the radius of the sphere, h the altitude of the cone and r 
the radius of the base of the cone. The ratio of the volume of the cone to that 
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of the sphere is equal to 

r*h q ( r 

X ~ 4R 3 4 \RJ * 

From the triangle SB A (Fig. 198) we have r 2 = h{2R — h). It follows that 

and, consequently, 

Q 2 

x=\(2-q). 

Obviously, the problem is only solvable if 0 < q < 2. 




487. Let R be the radius of the sphere, S sphere and Vsphere the area and 
the volume of the sphere, S cone and V cone the total area and volume of the 
cone, h the altitude of the cone and r the radius of the base of the cone 


(Fig. 199). Then 

V sphere 4 "** 

4 R 3 


Vcane i-nr 2 /l 

~ r 2 h 

and 

S sphere 4n R 2 

4R 2 


Scone 2ir{l- f-/“) 

r(l + r) 

However, let us 

note that 



/ h—R h 

_ J 


r ~ R "~R 


and, consequently, 

l+r h 
r ~R * 


Thus, we obtain 

1 / c 

v sphere sphere 

_ 1 


Vcone Scone 

~~ n * 
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Note. The same result can be obtained in a simpler way by using the follo¬ 
wing 

Vcone ^ * 0 * SconeR* ( 1 ) 

where S cone is the total area of a cone, and R the radius of its inscribed 
sphere. Formula (1) is readily obtained as the limiting case of the corresponding 
formula for a pyramid (see the solution of Problem 466). To obtain the result 
we take the obvious formula 

V sphere = $ sphere' (2) 


and then, dividing (2) by (1), obtain 


V 


sphere ^sphere 1 


488. Let S be the total surface area of the Irustum, *Sj the area of the sphere, 
r i and r the radii of the upper and lower base of the frustum, respectively, 
and / the slant height. Furthermore, let CMDL 
be the trapezoid in the axial section of the 
frustum, 0 the centre of the inscribed sphere, 

AB±LD and OF J_ MD (Fig. 200). We have 


S nl (r-f jir 2 


5, 


4nR 2 


( 1 ) 



It is obvious that AM = MF and BD — FD 
because 0 is the centre of the circle inscribed 
in the trapezoid and therefore 

/ = ' + ( 2 ) 

Taking advantage of this equality, we obtain 
from equality (1) the relation 

l 2 -\-rl + r 2 = 4mR 2 . 

It then lollows from the triangle MED that 

l 2 — (r — r x ) 2 4* 4/? a . 

Eliminating / from equalities (2) and (4) we find 

rr x = R 2 

With the aid of this equality, eliminating / Irom (2) and (3), we obtain 

--R 2 (2m —1). 


r 2 + r\- 


(3) 


(4) 


(5) 


l6) 


Solving the system of two equations (5) and (6), we find 
r = y ( \T2m+\ + ^2m^3) 
and 

r x = y (^2^+T- j/2^r=3). 

3 3 

Thus, for m < y the problem has no solution; for = y the frustum of the 

cone turns into a cylinder. 
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489. There are two possible cases here, namely: (1) the vertex of the cone 
and the sphere lie on different sides of the tangent plane and (2) the vertex of 
the cone and the sphere lie on one side of the tangent plane. 

Consider the first case. Draw a plane through the axis of the cone and its 
element BC mentioned in the statement of the problem (Fig. 201). The section 
of the cone by this plane is a triangle ABC and the section at the sphere is 
a circle with centre at 0. Furthermore, this plane intersects the plane perpen- 


6 



B 



dicular to BC along a straight line ME , M being the point of tangency. Draw 
BD±AC and OF ± BC . Let BD = h, OD = OF = r and CD = R. The figure 
OMEF is obviously a square, and therefore 


h=r+ Yr i + (d.+rf. 

Furthermore, 

R r P hr ~ 

h d+r' d+r ' 


Thus, in the first case the volume of the cone is 

v 1 n pih 1 ft*** nr* ('■■+/'*+(<*+*•)«)* 

3 * 3 (d+r) 2 3(d-J-r) 2 


In the second case the problem is solved analogously. The volume of the 
cone turns out to be equal to 

nr 2 (r + Yr 2 + (d—r) 2 f 
3 (d-r) 2 

490. Consider the axial section ABC of the cone shown in Fig. 202. Let BF 
be the altitude in the triangle ABC, N and M the points of tangency of the 
circle inscribed in the triangle ABC with the sides AB and BC , 0 the centre 
of the circle, E the point of intersection of the smaller arc MN and the line 
segment BF and D the point of intersection of the line segments MN and BF. 
Put DM—r, DE~H and BD~h. The desired volume is 

V = J nr*h —y Jiff 2 (3R - H). 


9 a 

COS 3 -77 

. , a _ a , a n 2 

h — r cot -pr- = R COS - 7 ^ cot -yr — R - 

2 2 2 .a 

sm 2 


But 
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and 


Consequently, 


H.= R — R sin ■ 


V=-jJlR* 


a 

cos4 t 


— 1 — sin 




0 . . a 

2+ sin y 


491. Denote the radii of the spheres by r and r Y and consider the sections 
of the spheres by a. plane passing through their centres 0 and 0, (see Fig. 203). 
Let AA l = 2a, KS = R and AS = x. Then 
A x S = 2a^-x. The total area of the lens is 
equal to 

2xar x -\- (2ci — x) 2ar = S. (1) 

From the triangle OKS we have 

r 2 = /^2 + [ r _( 2 a _ X )] 3 t 

that is 

R 2 — 2r(2a— x) + (2a— a:) 2 = 0. (2) FIG. 203 

Analogously, from the triangle 0 X KS we have 

r\= /? 2 + (/", — x) 2 , 

that is 

R 2 — 2r l x + x 2 = 0. 

From (2) and (3) we find 

r _R 2 + (2a—x) 2 - R 2 + x 2 



2 (2a—x) ’ 1 2x 

Substituting these expressions in equality (1), we get the equation 
n (R 2 + x 2 ) + n [R 2 + (2 a—x) 2 ] = S, 
which can be rewritten in the form 

x 2 — 2 ax H- R 2 4- 2a 2 — = 0. 

Solving the equation we receive 


(3) 

( 4 ; 


(5) 


Substituting this value of x in formulas (4) and simplifying the result we obtain 

4ji 


R 2 — a 2 


S_ 
4 n 




«+ 

The choice of the minus sign in front of the radical in (5) is equivalent to 
interchanging the letters r and r l which designate the radii. 
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492. Let V\ and V 2 be, respectively, the volumes ol the smaller and larger 
spherical segments into which the sphere is divided by the plane passing through 
the line of tangency of the sphere and the cone. Denote by R the radius of the 
s sphere, by h the altitude of the smaller segment, 

by H the altitude of the cone, and by r the radius 
of its base (Fig. 204), Then 

V t =—nh* {3R - h) , K, = -i nR* -- J h 2 (3R - h). 

The problem is reduced to finding the ratio . 

Denoting the angle between the axis of the cone 
and its element by a, we find from A PKO that 


m 


FIG. 204 

Furthermore, by the hypothesis, we have 


- 5 -= 1 — sin a. 
H 


1 r 2 H 
4 R* • 


Let us now express r and H in terms of R and a. We have 


H = -^- + R = R> 

sin a 


l 4 - sin a 


r = H -tan a-\-R 


1 -f~ sin a 


1 ( 1 -f sin a ) 3 __ 1 (1 4 -sin a ) 2 

* sin a(l — sin 2 a)~“* 4 sin aU —sin a) * 


Substituting sina=l- 


into this relation we get the ioilowing equation for 


, 1 (2-z) 2 

4 (1 -z)z • 

Simplifying the equation we receive 

z 2 (4£-|- 1) — 4 (^4-1)24-4 = 0 
and then, solving it, we obtain 

2(k+\) ± 2 Vk(k-2) 

Zl ' 2 - 4k+l * 

Finally we find 

Vj z i 2(3 . 2 ! 
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The problem has two solutions for k > 2 because both roots of the quadratic 
equation can then be taken. 

493. fcWe shall find radius r of each of the eight inscribed spheres by consi¬ 
dering the triangle AOC (shown in Fig. 205, a) in the plane passing through 
the centres of these spheres and the centre 0 of the sphere £. We have 


It follows that 


AB r 
AO R — r 


= sin 


n 

¥* 


r=R 


. JT 

SIn TT 

. Tl , . 
s,n ¥+ 1 


Draw the plane section through the centre 0 of the sphere S, the centre O y of 
the sphere S x and the centres of the two spheres of radius r shown in Fig. 205,6, 




FIG. 205 


which lie on a diameter of the sphere 0. From the right triangle A00 t we find 

AOl=AO* + OOl 

that is 


{r + P) 2 = {R-r) 2 + (R-p) z . 


It follows that 

which results in 


P «*■ 


R-r 
/? + /■’ 


P = R- 
2 


_1 _ 

n , . 
sin-^ + 1 


R 

V2— Y"2 +1 


494. The inscribed spheres being congruent, their centres are equidistant 
from the centre O of the sphere S. Consequently, the centre of symmetry of 
the cube indicated in the problem coincides with the centre O of the sphere S 
(Fig. 206). Let x be the sought-for radius of the spheres. It is readily seen that 
the edge of the cube is then AB = 2x, and half the diagonal of the cube is 
AO = CO — CA =R—x. On the other hand, we have 


/40 = -L-2jt^3, 
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and therefore we get the equation R—x—x whence we find 

R 

x = —= -. 

|^ 3+1 

495. Let r be the radius of the base of each of the two inscribed cones whose 
common portion consists of two congruent frustums of the cones. Let r x and r 2 




be, respectively, the radii of the upper and lower bases of each frustum, and H 
its altitude. The sought-for ratio of the volumes is equal to 

^ { r \-)r r i r i J r r \) 
q ~ 2 R* 


The similarity of the triangles AQZ, AOS and APC (Fig. 207) implies 


R — H 


. r 2 R 
and —~~r . 
r h 


Besides, H = h—R and 

r= yR*—H*= V 2Rh—h 2 . 

Therefore, the two foregoing equalities enable us to express r, and r 2 in terms 
of R and h\ 

Ry2Rh—h? 2 R—h 

'* =-ft-• r '='*~R — 


By the hypothesis, we have d- = £ and consequently 

H 

Q= 2g3 = 

=i- (*-l) (y-l) (* a — 5*-f- 7). 

496. Let the radii of the circular sections with areas 5, and S 2 be equal 
to ft, and R 2 > respectively, and the distances from the centre of the sphere to 
these sections be equal to l k and l 2 (/j < / 2 )« Let R be the radius of the sphere, 
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r the radius of the section in question and / the distance between this section 
and the centre of the sphere. Then we have (see Fig. 208). 

(1) 

and /?+ = /|+ R\ = R 2 . From these two equations we find 


and, hence, 


h "Hi = 


Rl-Rl 

d 




$1 -^2 

nd 


( 2 ) 


From equations (I) and (2) we obtain 

l —. d_ ^__ «Sj 

2 2nd ' 2 ’ 2nd 

Therefore, the sought-for area is 

S = w 2 = Jl(^_/a) = f[ (^| + /*_Z2) = ^ 5l+S2 + i. nd ^. 

497, Let us denote the sought-for radius of the base of the cone by r. Con¬ 
sider the section passing through the centre of one of the spheres and the axis 
of the cone (Fig. 209). Note that the distance between the centres of two con¬ 




gruent spheres tangent to one another is equal to 2 R. It can readily be proved 
that the centre A of the base of the cone is equidistant from all the three 
points of tangency of the spheres with the plane P. Based on this fact, we find 


AD = 


2 Y 3 

3 


R . 


It is evident that £ SBA — £ CO } D = 2$ and, consequently, 



Taking the tangents of the angles on both sides of this equality, 

2 tan ft _ I 

i — tan 2 (J tan a * 


we obtain 
(1) 
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From Fig. 209 we see that tan (3= R — r^J'R and tan ct = r:qR. If 

now we put -j^-=x, equality (1) leads to the following equation for x: 

3 (<? — 2) x 2 — 4 j/~~3 (q — 1) * -\-q — 0. 


For q = 2 we obtain from this equation x- 
q 7 = 2, then 


' 6 


and, 


V 3 

hence, r — l-^-R. If 
o 


X l ,2 — 


2f 3(Q-I)^y r 9tf !s ~-I8t/+12 
3(9-2) 


2y 3 

Since 0 < x< —-— , the above formula should be taken with the minus sign. 

u 

It can easily be shown that for q > 2 the root with the plus sign is greater 
21^3 

than —^— and corresponds to a cone externally tangent to the spheres; for 
q < 2 this root is negative. 

498. The centres of the first four spheres lie at the vertices of a regular 
tetrahedron, since the distance between the centres of any two congruent spheres 
tangent to one another is equal to 2 R. It is easy to show that the centres of 


6 




the fifth and sixth spheres coincide with the centre of gravity of the tetrahedron 
(Fig. 210). Let r be the radius of the fifth (larger) sphere, and p the radius of 
the sixth sphere. As is obvious, 

r = p + 2/?. (1) 


Since the distance from the centre of gravity and the vertex of the tetrahedron 

i /""6 

in question is equal to ^ - R , we obtain 

( 2 ) 


Hence, p = R 1^ . and from formula (1) we find r = R 


N / 

Thus the sought-for ratio of the volumes is 
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499. Let A , B and C be the centres of the spheres of radius R and A lt B y 
and C t the projections of these centres onto the plane. Denote by 0 the centre 
of the fourth sphere whose radius r is to be found (Fig. 211). Joining the cent¬ 
res of all the spheres we obviously obtain a regular triangular pyramid OABC 
in which AB = BC = AC = 2R, AO — BO — CO — R-\-r and OQ=R — r. The line 
segment AQ is the radius of the circumscribed circle of A ABC and therefore 



2 R 


Applying the Pythagorean theorem to the triangle AQO we find that 

(^y+(/?-r)» = (R + »-)*. 

Solving this equation, we obtain r = -z-- 

o 


500. Let A, B , C and D be the centres of the larger spheres. Consider the 
projections of all the spheres onto the plane containing A, B t C and D (Fig. 212). 
The centres of the smaller spheres are 
equidistant from the centres of the cor¬ 
responding larger spheres and therefore 
they are projected into the centres of 
gravity O x and 0 2 of the equilateral tri¬ 
angles ABC and BCD. Besides, the radii 
of the smaller spheres are equal, by 
the hypothesis, and therefore the line 
segment joining their centres is parallel 
to the plane under consideration and 
is bisected by the point of tangency of 
the spheres. Therefore, the projection of 
that point is on the line segment BC. 

It follows that the smaller spheres are FIG. 212 

projected into circles inscribed in 

the triangles ABC and BCD. Therefore, the radius of the smaller spheres 
is equal to 

ABV 3 2R ]/ r ~3 
r 6 6 

n _ 

which yields —= Y 3- 



2. Proof Problems 


501. Let E and F be the midpoints of the bases of the trapezoid ABCD in 
the axial section of the cone shown in Fig, 213. Through the midpoint 0 of the 
line segment EF draw the straight lines OM I CD, ON J_ EF and CP \ AD. 
For brevity, let us introduce the following notation: CD = /, EF = h , Om=x. 
EC = r, DF = R and Z MON = £ PCD = a. 
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For the assertion to be proved it is sufficient to show that By the 

hypothesis, we have nl (R + r) = ji/ 2 , and, consequently, R + r = l, However, 
from the triangles OMN and CPD we obtain 

^ = ^ilcosa and h = l cos a, 


and, hence, x==-^- which is what we set out to prove. * 

502. Consider the trapezoid ABCD in the axial section of the cone shown 
in Fig. 213. Let E and F be the midpoints of its bases, and 0 the midpoint 
of EF. We also construct OM I CD, ON I EF and CP J AD, and / MON — 
= Z PCD = a. 

A r p n To solve the problem it is sufficient to 

prove that OM — OE. Let us introduce the 
notation EC = r , DF — R , OM — x and 

Then we have 

r\\r r 

x — ON cos a =—cos a. 

For the triangle CPD we can write 

h~CD cos a= Y (/? — r ) 2 ~\~CP 2 cos a 

But, by the hypothesis, CP 2 = 4Rr and 
therefore 



h=Y(R — r 2 ) + 4Rr cos a~(R-j-r) cos a. 
Thus, x ~~2 w hi c h is what we set out to prove. 


503. Let SD be the altitude of a regular tetrahedron SABC , 0 the midpoint 
of the altitude and E the midpoint of the line segment BC whose length is 
designated by a (Fig. 214). 

We have 


DE = 


aV 1 . 

fi ’ 


whence 


SD = ]/■ SE i — DE l = 


aY 6 . 

3 1 



OE = Yod‘ + de*=y- 

Consequently, OE = BE= EC and, hence, 90°. 

504. Let a be the side of the base of the given pyramid SABCD, a the 
plane angle of the dihedral angle with edge BC and H the length of the alti- 


* From the above equality R-j-r = l it follows that 2R-\-2r = l-{-l. This 
means that the sums of the opposite sides of the considered quadrilateral are 
equal. This is sufficient for the possibility of inscribing a circle in the quadri¬ 
lateral. But here we do not take advantage of this fact. 
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tude SO of the pyramid (Fig. 215). Then we have 



Besides, according to formula ( 1 ) in the solution of Problem 481 we can write 



Consequently, 



tan 2 a+ 2 
tan a 


and, hence, 

R tan 2 a-f 2 

r 2 tan a tan y 


Putting 


tan y=* we obtain 


R 1 +** 

r 2 jc 2 (1 —x 2 ) * 


Introducing the notation x 2 —t we reduce the problem to proving the inequality 


1 -M 2 

2 / (1 — 0 


^ 1 


+ V 2 


or 0 < t < 1 . 


s 




Multiplying both members of the inequality by the denominator and opening 
the brackets we obtain the quadratic inequality 

(2]/“2-f3) t 2 —2 (V r 2+ 1) t+ 1 ^0. 

Computing the discriminant of the trinomial, we find out that it is equal to 
zero. Consequently, the trinomial retains its sign for all values of t. The value 
of the trinomial for t — 0 being positive, the inequality has thus been proved. 
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505. The pyramids ASBC and OSBC have a common base SBC (Fig. 216), 
and therefore their volumes are in the ratio of their altitudes dropped onto 
that common base. Since OA' || AS, the ratio of the altitudes of the pyramids 
ASBC and OSBC drawn to the base SBC is equal to the ratio of 5/1 to OA', 
Hence, the ratio of the volumes is 

Vqsbc __ OA' 

v ASBC SA ' 

Analogously, 

Vqsca _0C' V qsab __0B‘ 

Vasbc SC * Vasbc SB * 

Adding together these equalities, we obtain 
OA' OB' PC' 

SA SB ' SC ” * 

506. Let P be the plane of the triangle ABC , P x the plane of the triangle 
A X B,C, and l the line of intersection of P and P, (Fig. 217). Denote by Q A q 
the plane passing through A , B and 0. The straight line A,B, is in the plane 


S 




Q A b- The straight lines A,B, and AB are nonparallel and, hence, they inter¬ 
sect at a point T A b This point lies in the planes P and P x and thus on the 
line l . We similarly prove that the straight lines BC and B X C X intersect at a 
point T B c lying on /, and the straight lines AC and A X C X at a point T Ac also 
belonging to /. 

507. Let O x be the centre of gravity of the face >45C of a triangular pyramid 
SABC (see Fig. 218) and BO, one of the line segments considered in the prob¬ 
lem. Take another face, for instance BSC. We shall designate its centre of 
gravity by 0 2 and prove that the line segment A0 2 intersects the line segment 
BO x , the point of intersection 0 of these segments dividing the line segment 
BO, into the parts 00, and 0,B which are in the ratio 1:3. Indeed, if M, and 
M 2 are the midpoints of the line segments AC and BC t then it is obvious that 
AB\\M } M 2 \ it is also clear that 0 X 0 2 |J M X M Z , since the points 0, and O a 
divide, respectively, the line segments M,S and M Z S in one and the same ratio. 
Therefore, AB\\0,0 2 and the figure AB0 2 0, is a trapezoid. Consequently, its 
diagonals BO, and A0 2 intersect. Let us denote the point of intersection of the 
diagonals by 0. We have 

M,M t _ 1 0 X 0 2 _ 2 

AM 2 • M,M 2 3 * 
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Multiplying these equalities termwise, we get ■ B ut similarity of 

the triangles AOB and 0j00 2 implies ' ^ hus ’ we ^ ave in 


O x O_ 1 
0B~~ 3 ‘ 

If now we take the centre of gravity of another face and construct the corres¬ 
ponding line segment, then, by virtue of the above, it also intersects the line 
segment B0 lt the point of intersection dividing this segment in the ratio 1:3. 
Hence, this point coincides with the point 0. Consequently, all the line seg¬ 
ments in question intersect at the point 0. It is also evident that the point 0 
divides each of them in the ratio 1:3 which is what we set out to prove. 


s 




508. We shall precede the proof with an auxiliary argument. Let PP 1 and 
QQ X be two skew lines and points A , B and C lie on QQ X , the point B being 
between the points A and C. Also let A l , B t and C t be the feet of the perpendi¬ 
culars dropped from the points A, B, C onto PP i . Denote, respectively, by 
h A , h s and h c the distances from the points A } B and C to the straight line 
PP X . We shall prove that Iir is less than at least one of the distances h A 
or h c . 

To this end, project the configuration shown in Fig. 219 onto a plane jx 
perpendicular to the straight line PP X . Then the straight line PP X is projected 
into a point 0, and the line segments AA lf BB X and CC lt when projected, do not 
change their size because they all are parallel to the plane jx. The point B r is 
then between the points A' and C'. Now taking the triangle A'OC', we can 
assert that the inclined line OB' is shorter than one of the inclined lines OA ' 
or OC'. Indeed, dropping from the point 0 the perpendicular to A'C' (which 
is not shown in Fig. 219), we see that the point B' is closer to the foot of that 
perpendicular than one of the other two points A' and C'. It follows that Hq 
is shorter than h A or h c . 

Let now ABCD be an arbitrary triangular pyramid, and EFG a triangular 
section such that at least one of its vertices, say F , is not a vertex of the py¬ 
ramid. Let us prove that the area of the triangle EFG is then less than the 
area of one of the triangles AEG or DEG (Fig. 220). 

In fact, all the three triangles have a common side EG, and, as has been 
proved, the distance from F to the straight line EG is less than the distance 
from A or D and this line. If S^ EFG < AFG , then the assertion has been 
proved. If EF q < S&deg anc *’ ^ or instance, the point E is not a vertex of 

the pyramid, then we apply the above argument to A DEG and compare its 
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area with the areas of the triangles DGA and BDG. If necessary, again apply¬ 
ing the same argument to the triangle BDG we prove the assertion of the 
problem. It is clear from this solution that if a section of the pyramid does 
not coincide with its face, then the area of the section is strictly less than the 
area of one of the faces. 




509. Instead of comparing the sums of the face angles at the vertices 5 and 
S' we shall compare the sums of the base angles of the lateral faces of both 
pyramids adjacent to each of the three vertices of their common base. We shall 
prove that for the outer pyramid every sum of this kind is greater than the 
corresponding sum for the inner pyramid. 

For instance, we shall prove below that 

c ACS+^SCS > ^ ACS'S'CB (I) 

(see Fig. 221). 

From (1) and analogous inequalities for the. vertices A and B we obtain the 
solution of the problem. Indeed, adding together these three inequalities we 
find out that the sum 2 of all the six base angles of the lateral faces of the 
outer pyramid is greater than the corresponding sum 2’ f° r the inner pyramid, 
that is we have the inequality 

2 > S'- (2) 

But the quantities we are interested in are, respectively, equal to the differen¬ 
ces 180°-3 — V = 540°—^ a °d 180°-3-—2'= 540°—2'» an d, consequently, 
they satisfy the opposite inequality. Thus, to solve the problem, we must only 
prove inequality (1). 

Extend the plane ACS' to intersect the outer pyramid. Considering the tri¬ 
hedral angle CS'S*B , we conclude that 

S'CS"+ L S”CB > £ S'CB. (3) 

Adding ^ ACS' to both members of this inequality we obtain 

Z ACS" + </ S"CB > £ACS'+ £ S'CB. (4) 

But for the trihedral angle CASS" we have 

/ ACS A- ' SCS" > </ ACS". 


(5) 
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Based on (5), we substitute the larger quantity Z ACS + Z SCS” for Z ACS" 
in inequality (4) and thus obtain 

Z ACS+(Z SCS"+ Z S"CB) > Z ACS r + Z S'CB, 
i.e. inequality (1). 

510. Let 0 lf 0 2 , O a and 0 4 be the centres of the given spheres and P'lk the 
plane tangent to the spheres with centres 0/ and 0 * (i < k). Thus, we consider 
the six planes P 12 , P 13 , P 23 , P H> P 24 and P 34 . 

Let us first prove that the planes P 12 , P l3 and P 23 have a common straight 
line. Indeed, each of the planes is perpendicular to the plane 0 L 0 2 0 3 because 
it is perpendicular to the centre line of the corresponding spheres, this centre 
line lying in that plane. 

Besides, it is evident that the planes under consideration (Fig. 222) pass 
through the point Q 4 of intersection of the bisectors of A 0 x 0 2 0 a , Thus, the 
planes P 12 , P I3 and P 23 in fact intersect along a straight line which, as we 
have incidentally proved, is perpendicular to the plane of the centres 0 l 0 2 0 3 
an-d passes through the centre of the inscribed circle of the triangle 0 X 0 % 0 3 . 
Let us designate this line by L 4 . 




We similarly prove that the planes P 23 , P 24 and P 34 have a common straight 
line L t which is perpendicular to the plane of the triangle 0 2 0 3 0 4 and passes 
through the centre of its inscribed circle and so on. Therefore we arrive at the 

following auxiliary problem (Fig. 223): a circle is inscribed in each face of the 

triangular pyramid 0 x 0 % 0 3 0 Al and the perpendicular is drawn through its centre 
to this face. It is necessary to prove that all four perpendiculars Lj, L 2 , L d and 
L 4 have a point in common provided that the points of tangency of every two 
circles with the corresponding edge of the pyramid coincide. 

This fact is almost apparent. Let 0 be the point of intersection of the 
straight lines L x and L 4 ; the latter intersect because they are in the plane P 23 
and are not parallel. Let us now prove that the straight lines L 3 and L 2 also 
pass through the point 0. Indeed, the point 0 lies on the line of intersection 
of the planes P la and P 34 because the straight line L A belongs to the plane P 12 , 
and the line L x to the plane P 24 . But the line of intersection of P V2 and P 24 

is the straight line L 3 , and hence the latter passes through the point 0. We 

analogously prove that the straight line L 2 passes through the point 0. 


11* 
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511. If we are given three points A, B and C not lying in a straight line, 
then these points are the centres of three pairwise tangent spheres. Indeed, if P is 
n the point of intersection of the bisectors of the 

interior angles in A ABC, and P x , P 2 and P 3 
are the feet of the perpendiculars dropped 
from P to the corresponding sides AB , BC 
and CA, then 

AP X = AP 3 , BP x = BP 2 , CP 2 = CP 3t 

and the spheres with the centres A,.B and 
C whose radii are respectively equal to 

>'A = ^Pi, r B~BP i , r c = CP 3 



are pairwise tangent to one another. 

Let ABCD be the given pyramid (Fig. 224). 
Consider the three spheres of radii r^, rg 
and r c with, centres at A, B and C which 
are pairwise tangent to one another. Let us 
denote the points at which the spheres inte¬ 
rsect the edges AD, BD and CD by A lt B x 
and C x . We shall prove that A X D = B X D = 
= C X D. 

By the hypothesis indicated in the problem, we have 
AD+BC = BD+AC. 


By the above construction, we can write 


AD — A X D, BC — rR-{-r Ct 

BD = r#-\- B X D, AC — r 4 -j- r c. 

Substituting the last four expressions in the foregoing equality we obtain 

A X D — B X D. 

Similarly, using the equality 

BD+ AC-^CD+AB, 

we deduce 

B X D--=C X D. 


Consequently, the sphere with centre D and radius r/> = /4 1 D = B l D = C 1 D Is 
tangent to each of the first three spheres and, hence, the four constructed sphe¬ 
res are pairwise tangent to one another. 


512. Let us denote by r lt r 2 and r 3 the radii of the spheres. We shall sup¬ 


pose that r x 



Draw a tangent plane to the first two spheres. In addi¬ 
tion, through the centres of these spheres draw 
a plane perpendicular to this tangent plane, and 
consider the circle of radius r tangent to the 
two great circles in the section and to their 
common tangent line (Fig. 225). It is obvious 
that the third sphere can be tangent to the first 
two spheres and to their common tangent plane 
if it is “not too small”, namely, if r 3 ^r. 
We have (see Fig. 225) 


KOjOl—0,0* =AO+OB, 
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From this equation we find 

__ r x r 2 _ 

r ~(VTi+ v^) 2 ' 

Consequently, the radii of the spheres must satisfy the relation 

3 "(Vri + Vr z ) 2 ' 

513. Let n be the number of lateral faces of the pyramid in question. Join 
an arbitrary point 0 lying in the plane of the base to all the vertices. We 
thus obtain n triangular pyramids with common vertex at the point 0 It is 
obvious that the volume V of the given pyramid is equal to the sum of the 
volumes of the smaller triangular pyramids. We have 

^ = ~ r n)' 

where r l% r 2> ..., r n are the distances from the point 0 to the lateral faces of 
the pyramid, and 5 is the area of its lateral face. 

3V 

Hence, the quantity r x -\-r 2 + ... + r n =is a constant independent of the 

o 

position of the point 0 in the plane of the base which is what we set out to 
prove. 

514. Consider the configuration shown in Fig. 226 where we see two shaded 
planes and the triangle ADE in the plane P passing through the vertices A t 
D, H and E of the given parallelepiped. The plane P intersects the plane of 
A BCD along the straight line Kb which passes through the point K of 
intersection of the diagonals of the parallelogram ABEC. Consequently, the line 



FIG, 226 


FIG. 227 


segment KD is a median of A AED. As is obvious, AO is also a median of 
A AED. Therefore, S is the point of intersection of the medians of A AED t 
and, hence, we arrive at the required result: 

iW=|- 

515. Let us draw the plane indicated in the problem through the vertices 
B t D and F (Fig. 227) and a plane parallel to it through the vertices C, E 
and G. These planes give in the sections two congruent equilateral triangles. 
Let a be the length of the sides of these triangles. If now we draw a plane 
parallel to the above planes through the midpoint of one of the six edges join¬ 
ing the vertices of the two triangles, for example, through the midpoint N of 
the edge BC t then the section of the parallelepiped by this plane is a hexagon 
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MNPQRS whose all sides are obviously equal to . Furthermore, note that 

MN || DF and NP || BD. Therefore, MNP and BDF are supplementary angles 
and, consequently, /_ MNP— 120°. We similarly prove that the other angles 
of the hexagon are also equal to 120°. 

516. Let SABC be the given tetrahedron, P and Q the midpoints of the 
opposite edges AC and SB. Consider a section MPNQ of the tetrahedron con- 



FIG. 228 FIG. 229 

taining the line segment PQ (Fig. 228). Let us take the plane section SPB 
which obviously divides the tetrahedron into two parts of the same volume. 
The solution of the problem reduces to proving that the volumes of the pyra¬ 
mids SPQN and MPQB are equal. 

Drop the perpendiculars from the points M and N onto the plane SPB t 
and designate their feet by K and L, respectively. The triangles PQB and SPQ 
s are of the same area, and therefore to solve 

the problem it is sufficient to show that 
LN=MK. We shall prove this equality 
establishing the relation 

MO = NO. (1) 

For this purpose, let us consider a pair of 
parallel planes containing the skew lines SC 
and AB (Fig. 229). The line segment PQ 
joining the midpoints of the segments AC 
and SB , we see that PQ is in the plane 
c parallel to the given planes and equidistant 
from them. Therefore, the line segments PQ 
and MN intersect, the point of intersection 
bisecting MN. 

517. Let SABC be the given pyramid 
(Fig. 230). Draw the altitude SP from the 
vertex S to the face ABC and also the alti¬ 
tudes SD % SE and SF from the same vertex 
to the bases AC , AB and BC of the other 
three faces. It is readily seen that the triangles SPD, SPE and SPF are equal 
because £ SDP = ^ SEP= £ SFP (cf. Problem 458). 

Then we draw through the edges AB , BC and AC the planes bisecting the 
corresponding dihedral angles. These planes intersect at a point 0 equidistant 
from all four faces of the pyramid. Therefore, 0 is the centre of the inscribed 
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sphere of the pyramid. It is evident that in the case under consideration the 
point 0 is on the altitude SP o* the pyramid because, as has been shown, 
the above triangles are congruent. Repeating this argument we establish that 
all the altitudes of the pyramid intersect at the point 0. Based on this fact, 
we can assert that, for instance, the triangles APS and SPE lie in one plane, 
and, consequently, the line segments AP arid PE are in a straight line. The¬ 
refore, in A ABC, the straight line AE is a bisector of the angle A and, si¬ 
multaneously, the altitude drawn to BC. Analogously, the other bisectors of 
A ABC are its altitudes. Hence, ABC is an equilateral triangle. Repeating this 
argument we establish that all the faces of the pyramid are equilateral triang¬ 
les which is what we set out to prove. 

518. Let the line segment AB be in a plane Q (see Fig. 231) and the line 
segment CD in a plane P, these planes being parallel. Through the point A 
draw a straight line parallel to CD, and lay off the line segment AA X ~CD. 
Construct a parallelogram ABB l A l on the sides AB and AA X . Make an analo¬ 
gous construction in the plane P. Joining A with C, B with Cj, A x with D 
and B t with D x we obtain a parallelepiped ABB X A X DCC X D X . Considering the 
face ACB as the base of the pyramid DACB, we see that the volume of the 

pyramid is equal to — of the volume of the parallelepiped. However, the vo¬ 
lume of the parallelepiped is retained when AB and CD are translated in their 
planes P and Q because the area of the base ABB X A X and the altitude (which 
is the distance between the planes P and Q) remain unchanged. Therefore the 
volume of the pyramid is also retained. 


B 




519. Let P and Q be the points of intersection of a given line with the 
faces CBA and DBA of a given dihedral angle (Fig. 232). Draw through the 
edge AB the plane ABE bisecting the dihedral angle and then through the 
point 0 at which the straight line PQ intersects ABE draw the plane C X B X D X 
perpendicular to the edge AB. Furthermore, let OM _\_B X D X , ON ±^B X C X , and 
SR be the projection of PQ onto the plane D X B X C X so that QS B X D X and 
BRJ_B 1 C 1 . If the points P and Q are equidistant from the edge, i.e. 

B X R = B X S, (1) 

then B X RS is an isosceles triangle, SO = /?0 and, hence, QO = PO, i. e. the line 
segments QO and PO are congruent as inclined lines with equal projections. 
Also taking into account that, by the construction, we have 

MO —NO, 


( 2 ) 
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we conclude that A OMQ and A ONP are right and congruent. It follows that 

£MQO=£NPO. (3) 

Thus, we have proved that condition ( 1 ) implies (3). 

Conversely, let it be given that condition (3) expressing the equality of the 
angles is fulfilled. Then, by virtue of (2) the triangles QMO and PNO are 
congruent. It follows that QO = PO, and, hence, SO==OR which implies (1). 

520. Join the point B with C and A with D (Fig. 233). Through the point 
A draw a straight line parallel to MN to intersect the line passing through B 
and N at a point K. Note that AK = 2MN, since MN is a midline in the 


l 




triangle ABK- Furthermore, we have A £A’C = A KND because BN=NK t 
CN = ND and ^ BNC= £ END. Therefore, DK — BC. From the triangle ADK 
it follows that 

DK + AD > AK = 2MN. 

(it is essential here that the point D is not in the straight line AK because, 
if otherwise, we must put the sign ^). Thus, we obtain the required result: 

BC+AD > 2MN. 

521. Let A, B, C and D be arbitrary points lying on the edges of a tet¬ 
rahedral angle with vertex E (Fig. 234). We shall prove, for instance, that 

£CED < £ CEA+£ AEB+£ BED. (1) 

Draw the plane CEB. By the property of the face angles of a trihedral 
angle, we have 

</ CED < ^ CEB+ £ BED, (2) 

and, by the same reason, 

£ CEB < £ CEA+ £ AEB. (3) 

Inequalities (2) and (3) imply (1) and the desired inequality has thus been 
proved. 

It is evident that the above argument also holds true when the tetrahedral 
angle is not convex, i.e. when the edge ED is on the other side of the plane CEB. 

522. Suppose that we are given a convex tetrahedral angle with vertex S 
(Fig. 235). The extensions of the planes BSC and ASD intersect along a straight 
line l x and the extensions of the planes ASB and DSC intersect along a straight 
line / 2 . Obviously, the straight lines /j and / 2 do not coincide because, if 
otherwise, the extended faces pass through one straight line. Let P be the 
plane containing the straight lines l x and / 2 . Taking advantage of the conve¬ 
xity of the tetrahedral angle, we can easily show that the plane P and the 
given angle have only one point in common, namely the point of intersection S. 
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Therefore, the whole angle lies on one side of the plane P (this fact is, howe¬ 
ver, almost obvious). Now let us show that every plane parallel to the plane P 
and intersecting the angle yields a parallelogram in the section. 

Indeed, by the above, a plane of this type intersects all the edges of the 
tetrahedral angle. Denoting the points corresponding to intersection by A', B\ 
C' and D' we see that A'D' || B'C because each of these line segments is paral¬ 
lel to l x . Analogously, we have A'B‘ \\ D'C'. 

Hence, we obtain the required result: the quadrilateral A’B'CD' is a paral¬ 
lelogram. 




523. Consider the configuration in Fig. 236. Let DL and CAf be the altitu¬ 
des of two triangles ADB and ACB drawn to their common base AB. The 
triangles are of the same area, and therefore DL — CM. Furthermore, let KN 
be the common perpendicular to the skew lines AB and DC. 

Draw through the line segment KN a plane P perpendicular to the edge AB, 
and project the quadrilateral LMCD onto the plane P (Fig. 237). The seg¬ 
ments DL and CM being projected without changing their lengths (because they 
are parallel to the plane P), and the projection of the line segment. LM being 


D 



the point K, we obtain in the plane P the isosceles triangle KD l C l . By the 
construction, we have KN _]_ DC and, consequently, KN Therefore KN 

is an altitude in A KD V C\. Consequently, N is the midpoint of the segment 
D\C X and thus of the segment DC as well. 

We see that, under the assumptions of the problem, the common perpendi¬ 
cular KN to the two skew lines AB and DC bisects the edges AB and DC. 

As is readily seen from Fig. 237, LK — KM because DD L — CC l . Therefore 
(see Fig. 236), AL — BM , and the congruence of the right triangles ALD and 
BMC implies that 


AD^BQ. 
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We analogously prove that AC — BD and AB — DC. Consequently, all the 
faces are congruent as triangles with three equal corresponding sides. 

3, Loci of Points 

524. Let P be one of the planes passing through a given point A, and M 
the projection of another given point B on the plane P. Let C be the midpoint 
of the line segment AB (Fig. 238). 

The triangle ABM being right, we have CM — ^AB. Thus, all the points 
M which can be thus constructed are at the same distance AB from the po¬ 
int C and, consequently, are on the sphere of radius AB with centre at the 

point C. Besides, it is apparent that every point of this sphere coincides with 
one of the projections of the point B. The required locus is thus a sphere of 
diameter AB. 

B 


FIG. 238 FIG. 239 

525. Let 0 be the centre of the given sphere. Draw through the given 
straight line / a plane P intersecting the sphere in a circle with centre at 
a point M (Fig. 239). As is known, OM_[_P. Then draw through the point 0 
a plane perpendicular to the straight line /. Denote the point of intersec¬ 
tion of the plane P^ and line / by C. The planes P, and P being mutually 
perpendicular, the line segment OM is in the plane P t . Now consider the right 
triangle OMC. The point C is independent of the choice of the cutting plane P, 
and the hypotenuse OC of the right triangle OMC is invariable. If D is the 

OC 

midpoint of OC, then MD — —^—. Consequently, if l and the sphere have no 

points in common, the sought-for locus is a portion of the circumference of 
OC 

a circle of radius —contained inside the sphere (this arc lies in the plane 
Pj and passes through the centre of the sphere). If / is tangent to the sphere, 

ft 

then the sought-for locus is a circle of radius where P is the radius of the 
sphere. Finally, if / intersects the sphere at two points, the locus of points M 
is a circle of Radius 

526. The required locus is a surface of revolution obtained by rotating an 
arc of a circle or an entire circle about its diameter OC (see the solution of 
the preceding problem). 
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Y 6 

527. We shall prove that the required locus is a sphere of radius R 

and that the centre of this sphere coincides with the centre of the given sphere. 

Let M be an arbitrary point of the required locus; the line segments MA, 
MB and MC (see Fig. 240) being the segments of the tangent lines drawn to 
the given sphere from a common point, their 
lengths are equal. Therefore, the right triangles 
AMC , CMB and AMB are congruent. Hence, 

ABC is an equilateral triangle. As is obviously 
seen, the line segment OM intersects A ABC 
at its centre of gravity 0 t . Let 4Af = a, then 

AO i = a _}CI._ 


Substituting 


AC —a Y 2 and 

these values in the equality 

OM-AO^OAAM 

(here we take advantage of the fact that OAM 
is a right triangle, and express its area in two 
different ways) we obtain 

Y* 



FIG. 240 


OMa- 


- — Ra. 


It follows that 


OM — 


Y o 


Thus, the point M lies on the above-mentioned sphere. Rotating the given 
sphere, together with the tangents AM , CM and BM, about the centre 0, we 
see that every point of the sphere belongs to the locus of points in question. 

528. Let /I be a given point in space, B the point of intersection of straight 
lines lying in a fixed plane, and C the foot of the perpendicular dropped from 
A on the plane. 




Furthermore, take an arbitrary straight line passing through the point B 
and draw the perpendicular AD to it (Fig. 241). Then, according to the well- 
known theorem, CDJ_£D. 

Consequently, the point D lies in the sphere whose diameter is the line 
segment BC. It can easily be proved that, conversely, any point of the indi¬ 
cated circle is the foot of the perpendicular drawn from the point A to a straight 
line belonging to the family in question. Therefore, the sought-for locus is the 
circle in the given plane constructed on the line segment BC as diameter. 
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529. There are two possible cases here which are considered below. 

(1) The straight line AB is not parallel to the plane P. Designate the cor¬ 
responding point of intersection of AB and P by D (Fig. 242). Let M be the 
point of tangency of the plane with one of spheres belonging to the family in 
question. Draw the plane through the straight lines AB and DM. It intersects 
the sphere along a circle tangent to the straight line DM at the point M. 
By the well-known property of a tangent and a secant drawn from one point 
to a circle, we have D B-DA — DM 2 . Consequently, the line segment DM has 
the constant length Y^DB-DA independent of the choi ce of th e sphere, and, 
hence, all the points M lie in the circle of radius r=Y^DB DA with centre at 
the point D. Let us denote this circle by C. Let now, conversely, M be a point 
of the circle C. We shall prove that it belongs to the locus of~points under 
consideration. 

Draw an auxiliary circle through the point A, B and M and denote its 
centre by O x (Fig. 243). According to the construction we have DB-DA — DM 2 , 
and therefore the straight line DM is tangent to this circle. Hence, 0 X M J_DM. 
Now erect at the point M the perpendicular to the plane P, and at the point 
O x the perpendicular to the plane of the auxiliary circle. The two perpendi¬ 
culars lie in a plane perpendicular to DM at the point M and are not parallel 
to each other because, if otherwise, the point O u and the points A and B as 
well, are in the plane P. Therefore, these perpendiculars intersect at a point 0. 
It is obvious that OA — OB — OM because the projections O x A, O x B , and O x M 
of these line segments are equal as radii of one circle. Therefore, the sphere 
with centre at the point 0 and radius OM is tangent to the plane P and passes 
through the points A and B. Thus, conversely, any point of the circle C be¬ 
longs to the locus. Hence, the sought-for locus of points is the circle C. 

(2) If the straight line AB is parallel to the plane, the required locus is 
a straight line which lies in the plane P, is perpendicular to the projection 
of the line segment AB on the plane P and bisects this projection. 


s 




530. Case (a). Let D be the midpoint of the line segment AB (Fig. 244), 

C the movable vertex, Q the centre of gravity of A ABC and Q f the centre 

of gravity of A ASB. Since the point Q divides the line segment DC in the 

ratio 1:2, the locus of these points is obviously a ray parallel to the edge SE 

and passing through the point Q' which is the centre of gravity of A ASB. 

Case ( b). If the point B is also moved along the edge SG, then the centres 
of gravity Q' of the triangles ASB are in the ray parallel to the edge SG and 
passing through the point Q" which divides the line segment AS into the parts 
AQ n and Q"S which are in the ratio 2:1. The rays considered in the case (a), 
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which correspond to every fixed position of the point B, cover the whole section 
Of the trihedral angle by the plane passing through the point Q" and parallel 
to the edges SG and SE. 


4. The Greatest and Least Values 


531. Without loss of generality, we may assume that the cutting plane 
intersects the edge CE of the cube shown in Fig. 245. ft is evident that in the 
section we always obtain a parallelogram 
AM BN. The area 5 of the parallelogram can 
be found by the formula 

S^AB-MK, 

where MK is the perpendicular drawn from 
the point M of the edge CE to the diagonal 
AB. Thus, the area S is the least when the 
length of the line segment MK attains its 
minimal value. But, among the line segments 
joining the points of two skew lines CE and 
AB, the perpendicular common to these lines 
has the least length. It is readily seen that 
the common perpendicular to the indicated 
straight lines is the line segment M'O joining 
the midpoints of the edge CE and of the dia¬ 
gonal AB. Indeed. AM'B is an isosceles tri¬ 
angle, and therefore M'O J_ AB. Since COE is also an isosceles triangle, we have 
M'O J~CE. Thus, the section bisecting the edge CE has the least area 5 = 

= / 3 • -- ~ — ?T~ . This problem can also be solved by applying 

the following theorem: the square of the area of a plane polygon is equal to 
the sum of the squares of the areas of its projections on three mutually per¬ 
pendicular planes. The theorem is easily proved on the basis of the formula by 



c 



which the area of the projection of a plane polygon on a plane is equal to the 
area of the polygon multiplied by the cosine of the angle between the planes 
(see formula (1) in the solution of Problem 456). 

Considering this theorem proved, let us denote the length of the line seg¬ 
ment CM by x (see Fig. 245). The projections of the parallelogram we are 
interested in on the planes ACD , ECDB and BDN are shown in Fig. 246, 
a, b , c. The areas of the projections are respectively equal to a 2 , ax and a 2 — ax, 
and, by virtue of the above theorem, S 2 ~ (a 2 ) 2 (ax) 2 (a 2 — ax) 2 --2a 2 (x 2 — 

— ax-^a 2 ). Rewriting the quadratic trinomial x l — ax-{-a 2 in the form 
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+'f a2 » we (cf. 0). page 43) that S 2 takes on its least value 

for x = Y' anc * *he h 1 * 11 * 11111111 area * s ^ min ~ |/ 2 a 2 ^ a 2 = a ^ ^ • . 

532. Consider the configuration shown in Fig. 247. The quadrilateral MNKL 
in the section of the pyramid ABCD is a parallelogram because LK || CD and 
MN\\CD . Hence, LK || MN and, analogously, LM || KN. If £ LKN — a, then 
the area of the parallelogram is equal to 

S — KN KL sin a. 

The angle LKN being equal to that between the skew lines AB and CD, its 
sine is a constant quantity for all the parallel sections under consideration. 
Thus, the section area only depends on the product magnitude of the KN-KL. 
Let us denote the length of the line segment AK by x. Then, by the simila¬ 
rity of the triangles, we have 

KN AD-x KL x 
AB~ AD ' CD ~~ AD' 


Let us multiply these equalities: 

K N-KL = NLCJL(AD-x)x. 

Since * ls cons ^ an ^» it follows from the preceding formula that the 

product KN KL attains its greatest value when the product (AD — x)x is 
maximal. 

Regarding this product as the quadratic trinomial — x 2 -{- ADx and repre- 
( AD \ 2 ( AD \ 2 

senting it in the form — (x -J +( —— , we see that its greatest value 


AD 


2 ; 


is attained for x=— (cf. (1), page 43). 




TRIGONOMETRY 


1. Transforming Expressions Containing 
Trigonometric Functions 

533. Applying the formula 

q3 ^ £3 _j_ — Q fy _|_ £ 2 ) £)2 _ 3 a £+ 

we obtain 

sin 6 x + cos 6 x = (sin 2 x + cos 2 x) [(sin 2 *+ cos 2 x ) 2 — 3 sin 2 * cos 2 x] = 

3 

= 1 —3 sin 2 * cos 2 x = 1- r sin 2 2x. 

4 


534. Denote the left member of the identity by 5 and, according to formu¬ 
la (14), page 73, substitute the sum cos (a+ P) + cos (a — (5) for the product 
2cosa'cosp. Then S can be written in the form 

5 = cos 2 a— cos (a + P) cos (a—p). 

Again applying formula (14), we find 

cos (a+ p) cos (a— p) = ~ (cos- 2a + cos 2p). 


If now we substitute * c ~—^~ for cos 2 a, then we obtain the required result 

0 1—cos2p . . >D 

5 = —- = sin 2 p. 


535. From the formula 

tan(a+P) = 


tan a + tan P 
1 —tan a* tan P 


it follows that 

tan a + tan p = tan (a+P) [1 —tan a tan P], 

whence 

tan a+ tan P — tan (a + P) — —tan a tan p tan (a + p). 

Putting a = x and p = 2x in the last relation we obtain the required formula. 

536. We have 


tan * tan 



— tan * 


V 3—tan x 
1 + y3 tan * 


3+ tan x _ 

l —y3 tan x 

_tan * (3 — tan 2 x) 

~ 1—3 tan 2 * 


( 1 ) 


On the other hand, applying the formula for the tangent of a sum of two angles 
repeatedly, we easily find that 


tan 3x = 


tan * (3 —tan 2 x) 

1 —3 tan 2 * ’ 


Comparing (1) with (2) we get the required result. 


(2) 
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Note<> Formula (2) can also be deduced from formulas ( 7 ) and ( 8 ) on page 73. 

537. Applying the formulas for the sum and difference of sines, we represent 
the left member of the identity in the following form: 


0 . a + P a— f 
2 sin ^ K cos —^ 



sin 


a + p 
2 



Then, using the formula for the difference of cosines, we see that the left 
member of the identity coincides with the right one. 

538. Using the identity of Problem 537, we obtain 


, ■ d i • . . a+p • P+y • y + a 

sina + sin P + sin y = 4 sin ' sin sin 2~ = 


a p 
cos y cos 


because 

a-4*P__n 7 P+7 n a 

2 2 2 2 2 2 ’ 


a + 7 n p 

2 ~ 2 2 * 


539. Using the identity indicated in Problem 537, we obtain 

sin 2rza+ sin 2 /ip + sin 2 /iy — 4 sin n (a + P) - sin n (p + 7) -sin n (7 +a).' ( 1 ) 

Furthermore, we have 

sin n(a+P) = sinn(Ji— 7 ) = (—1)" + 1 sin ny. 

Transforming analogously two other factors on the right-hand side of (1), we 
get the required result. 

540. To prove the assertion, we multiply both sides of the equality 
cos(a + P) = 0 by 2 sin p and apply formula (15) on page 73. 

541. The permissible values of the arguments are determined by the condition 
cos a cos (a + P) £ 0. Note that the equality 

tan (a+P) —2 tan a (1) 

to be proved involves the arguments a + P and a. Therefore, it is natural to 
introduce the same arguments into the original equality. We have 

P =( a +P)—«> 2a-f P =(a + p) + a. 

Substituting these expressions of P and 2 a + P into the original equality 

3 sin P = sin ( 2 a+P) ( 2 ) 

and using the formulas for the sines of a sum and difference of angles, we trans¬ 
form ( 2 ) to the following form: 

sin (a + p) cos a = 2 cos (a + p) sin a. ( 3 ) 

Dividing both members of (3) by cos a-cos (a+ P) we obtain (1). 

542. All values of a and P are permissible here except those for which 
cos(a + P) = 0 and cosp = A. Noting that sin a = sin (a + P — p), let us rewrite 
the original equality in the form 

sin (a + P) cos p—cos (a+P) sin p — A sin (a + P). ( 1 ) 

Dividing both members of (1) by cos (a+P) 7 = 0, we obtain tan(a+p)x 
X cos p —sin p = A tan (a-j-P). Expressing tan (a+ P) from the latter relation we 
arrive at the required equality. 
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543. It is readily seen that, by virtue of the conditions of the problem, 
we have sin a cos a cos p 7 = 0 because, if otherwise, we have | m | ^ | n j. There¬ 
fore, the equality to be proved makes sense. We represent this equality in the 
form 


whence 


tan a + tan ft 
1 — tan a tan p 

tan(a + P) = 


m + n 

=— ! —tan a, 

(i) 

m—n 

m + n , 

— 1 — tan a. 
m — n 

(2) 


Fepla:e in (2) the tangents of the angles a and a+p by the ratios of the 
corresponding sines and cosines, reduce the fractions to a common denominator 
and discard it. We then obtain 

m [cos a sin (a+p) — sin a cos (a+p)] — 

—n [sin a cos (a+ P) + cos a sin (a+ p)] = 0, (3) 

that is 

m sin p — n sin (2a + P) = 0. (4) 

Thus, the proof is reduced to establishing relation (4). Since relation (4) is 
fulfilled by the hypothesis of the problem, we conclude that (3) holds true 
which implies the validity of (2). 

But (2) implies (1), and (1), in its turn, implies the required relation 
t | tan p. 

• tan q __ 1 — tan a tan p 
m + /i m—n 


544. Consider the identity 

cos (x+y + z) = cos ( x + y) cos z— sin (x + y) sin z = 

— cos x cos y cos z — cos z sin x sin y —cos y sin x sin z — cos x sin y sin z. 

By the hypothesis of the problem, we have cos x cos y cos z ^0, and therefore 
this identity implies 

cos (* +t/ + z) = cos x cos y cos z (1 — tan x tan y —tan y tan z — tan z tan x). 

545. First solution. By the hypothesis, we have 

0 < a < rc, 0 < P < ji, 0<y<Ji and a + p + y=Ji. (1) 

Therefore, from (1) we conclude that 


tan ( § r I ) =tan (t- 


i a 

tan j 


( 2 ) 


On the other hand, by the formula for the tangent of a sum of two angles, 
we can write 


tan 


(¥)■ 


tan J+tan ^ 

1-tan I tan-I 


(3) 


Equaling the right-hand members of equalities (2) and (3), reducing the 
fractions to a common denominator and discarding the latter we obtain the 
required equality. 
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Second solution. From the formula 

/a+P + y\ a P y(. a P 

cos \—2 J= cos y cos y cos 2 ( 1 - tan t tan y- 

— tan ~ tan tan tan y j 
proved in the preceding problem we immediately find that 

1 —tan y tan y—tan y tan y — tan y tan y — 0, 

because 

«+P+Y_ n 

2 2 * 


546. The meaning of the expression considered in the problem indicates that 
cos x cos y cos z ^ 0. Therefore, from the formula obtained in Problem 544 we find 


cos(*-f z) 


= 1 - 


Ji i. 
COS y k 


tan x tan y- 4- tan y tan z + tan z tan x = 1 — 

cos x cos y cos z cos x cos y cos z 

If k is odd, then the investigated expression is equal to unity and is inde¬ 
pendent of x , y and z. For even values of k it depends on x , y and z. 


547. First solution. Note first that tan P tan y l because, if otherwise, we 
have tanP + tany = 0 which contradicts the equality tanptany=l. Therefore, 
from the conditions of the problem it follows that 


tan a = — 


tan p-f- tan y 
1 — tan p tan y 


tan (P -b Y) = tan (—P—y), 


whence we find a = fai— p — y, i. e. a-fP-f- y — kn. 

Second solution. In Problem 544 we obtained a formula for the cosine of a 
sum of three angles. We can analogously derive the formula 

sin (a + P + Y)= cos a cos P cos y (tan a + tan p + tan y— tan a tan p tan y) 


assuming that cos a cos P cos y ?= 0. From this formula we find that under the 
conditions of the problem we have 

sin (a + p-f- y) = 0, i. e. a-|-p-fy— fat- 


548. Denote the given sum by 5. Transform the first two terms in the follo¬ 
wing way: 

cos 2 2 x sin 2 2 x cos 4 2 x —sin 4 2 x 


cot 2 2 x — tan 3 2 x = 


’ sin 2 2 x cos 2 2 x sin 2 2 x cos 1 2x 


cos 2 2x — sin 3 2x 4 cos 4x 


Hence, 


sin' 2 4x 
Since 1 — sin 8a: = 2 sin 3 


1 ... 
— sin 2 4x 
4 


_ 4 cos 4x ., n . A . . 4 cos 4x . . 0 x 

S — , -(I —2 sin 4x cos 4je) = " c . tv2 -j v (1 — siw8x). 


sin 2 4x ' 




sin 3 4x 
we finally obtain 

8 cos 4x sin 2 1 


f~ 4 *) 


sin 3 4x 
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549. Denote the expression under consideration by S. Let us transform the 
first two summands according to formula (16), page 73, replace the product 
cos a cos p by a sum using formula (14), page 73, and, finally substitute 1—cos 2 y 
for sin 2 y. We then obtain 

S~ — -~(cos 2 a + cos 2 p) — cos 2 y-f-|cos (a+ P)-f cos (a—P)] cos 7 . 

Transforming the sum cos 2a -j- cos 2p into a product and opening the square 
brackets we receive 

•S = — cos (a-f p) cos (a —p) —cos 2 y-f cos (a-f P) cos y-f cos (a —P) cos y. 
Grouping the terms, we find that 

S = — [cos (a—-P) — cos y][cos (a-f P) — cos y). 


Hence, 


5 = 4 sin 


«-(H-v ..- V-«+ P „ ; „ «+ft+T :in tt+P-v 


■ sin 


■ sin ■ 


550. The expression in question can be transformed in the following way 
(see tl3), page 73): 


1 —4 sin 10° sin 70°_ 1 —2 (cos 60°—cos 80°) _ 2 cos 80° 
2 sin 10 ° ~~ 2 sin 10 ° 2 cos 86 °' 


Thus, 


1 


2 sin 10 


5 *—■ 2 sin 70° = 1. 


551. By virtue of formula (12) given on page 73, the left-hand member of 
the identity is equal to 

( 1 ) 


« ji • 3ji 

2s,n lo sin lo- 


/ Multiplying and dividing (1) by 2 cos ~ cos , and applying the formula for 


sin 2 a, we obtain 


Put 


. JT . 3jc 

2 s,n To s n T<r 


. ji . 3ji 
sm-p- sin 
o o 


2 cos To cos "To" 


Jt . ( jt . n \ .3 n 

i io= sin U+To) ==s,n -r 


and 


3jt 

cos -jq-=siii 


n 3n \ . . n 

t —To = s,n 5- 


Hence, the left-hand side of the identity is equal to 


552. Multiplying and dividing the left member of the identity by 2siny and 
making use of the formulas expressing products of trigonometric functions in 
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terms of sums, we find 

2ji . 4n . 6Jt 
cos ——f- cos ——cos — - 


« 2ji . jx a 4jx . ji | « 6ji . 

2 cos — sin-y+ 2 cos — siny + 2 cos — sin — 


. 3jx . jx . . 5jx . 3jx . . . 5jx 

sin y —sin y-j-sin -—sin -—|—sin jx— sin y 


_ , n 

2siny 

It follows that the sum under consideration is equal to — 


553. Applying formula (16) to all the terms of the sum S, and then (17), 
page 73, we find that 

n 3 1 / jx 3ji . 5jx , 7jx \ . 

S= J ( cos y ' t_cos T+ cos "T+ cos T) + 

, 1 / ji , 3jx . 5jx . 7jx \ 
+y [ cos 4-+ cos _ 4 _ + cos h cos — J ■ 

The sums in the brackets are equal to zero because 


:x 7 jx 

cos -g-=—cos y- , 


COS-g-=—cos-g- 


jx 3jx 

cos —=—cos —7— , 
4 4 


5ji 7jx 

cos —— cos -j—, 

4 4 


Consequently,. S=y. 

554. If in the identity 

tan a tan (60°—a) tan (60°-f a) = tan 3a (1) 

we put a —20° (see Problem 536), then we immediately obtain 

tan 20° tan 40° tan 80° = V 3. (2) 

There is another solution in which formula (1) is not used. Let us transform 
separately the products of sires and cosines. To this end, we apply formulas 
(13) and (15), page 73, and get 

sin 20° sin 40° sin 80°=y (cos 20°— cos 60°) sin 80° = 


1 /sin 100° + sin 60° 1 . 0 e 

T (-2-T sin 80 


Noting that sin 100° = sin 80°, we write 


sin 20° sin 40° sin 80° = - 



SOLUTIONS AND ANSWERS. TRIGONOMETRY 


333 


Furthermore, we have 
cos 20~ cos 40° cos 80° = 


2 sin 20° cos 20° cos 40° cos 80° 


2 sin 20 ° 

sin 40° cos 40° cos 80° sin 80° cos 80° sin 160° sin 20° 1 


2 sin 20 ° 


4 sin 20° 8 sin 20° 8 sin 20° 8 


Thus, 


cos 20° cos 40° cos 80° = - 5 -. 

o 


(4) 


Relations (3) and (4) imply (2). 


2. Trigonometric Equations and Systems of Equations 


555. The equation can be written as 

4 sin x cos x (sin 3 x — cos 2 x) — 1, 


that is 


—2 sin 2* cos 2at= —sin 4x= 1. 


Answer: x =-j+k-j (*=0, ±1, ±2, ...). 


556. The equation makes no sense for x=y-f-^ ;rr and for x = 
all the other values of x it is equivalent to the equation 
cos x —sin x 


\-kn. For 


cos x + sin x 


z 1 +■ sin 2 x. 


After simple transformations we obtain 

sin X (3 + sin 2x + cos 2x) = 0. 

It is obvious that the equation sin 2x + cos 2*4-3 = 0 has no solution, and the¬ 
refore, the original equation is reduced to the equation sin * = 0 . 

Answer: x^kn. 

557. The equation can be written in the following form: 

(sin *+cos jc ) 2 + (sin *+cos x) + (cos 2 x—sin 2 *) = 0 , 

that is 

(sin x + cos x)(l + 2 cos x) — 0 . 

Equating each of the expressions in the brackets to zero, we find the roots. 
Answer: x L =— ^—\-kxc, * 2 = ± ^--{-2kn. 

4 O 

558. Rewrite the given equation in the following form: 

sin * +1 —cos 2x — cos x —cos 3*-}- sin 2x* 

After some simple transformations we obtain 

sin x +2 sin 2 x = 2 sin 2 x*sin x+ sin 2 x 

and, hence, 

sin x ( 1+2 sin x) (1 —2 cos *) = 0 . 

Answer: x 1 — kn, x 2 =--^(—\) k + 1 -\-kTi t x 3 = + + 2 kn. 
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559. Rewrite the equation in the form 

(1 S in cos 2 *) -± cos (fcr-j) -|= 0 , 

that is 

4 cos 2 ^2*--^ — cos ^2*--^ —5 = 0. ( 1 ) 

Solving quadratic equation (1), we find 

cos ( 2 * — - 2 -^ =—- 1 , x=^-\-fm. 

5 

The other root of equation (1) is equal to — and must be discarded since 
| cos a | C 1 . 

560. Dividing both sides of the equation by 2, we reduce it to the form 

sin 17 *-f sin ^5* -(—y ^ =0, 

whence we obtain 

2 sin ^ll*-|-^ cos ^ 6 * — = 0 . 

* n , kn ji . ( 2 £ -f 1 ) Jt 

Answer: ^i = —gg+jj • *»=%+ | 2 — 

561. The given equation makes no sense when cosx = 0; therefore we can 
suppose that cos x f 0. Noting that the right-hand member of the equation is 
equal to 3 sin x cos x + 3 cos 2 *, and dividing both members by cos 2 *, we obtain 

tan 2 x (tan x+ 1) = 3 (tan x+ l), 

that is 

(tan 2 *’—3) (tan * + 1) — 0. 

Answer: x l — — ^A r kn, * 2 = -5--|-fcJi, * 3 -=—-^--j-Auc. 

562. Using the formula for the sum of cubes of two members we transform 
the left-hand side of the equation in the following way: 

( 1 \ 

(sin *-fcos *) (1 —sin * cos *)= (1 —^ sin2* j (sin *+ cos x). 

Hence, the original equation takes the form 

— y sin2* j (sin *-fcos *— 1) — 0. 

The expression in the first brackets is different from zero for all *. Therefore 
it is sufficient to consider the equation sin * +cos*—1=0. The latter is redu¬ 
ced to the form 

iln (' + T)-7T' 

Answer: * 1 = 2 jt&, * 2 =-y-f- 2 jt/? # 
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563. Using the well-known trigonometric formulas, write the equation in the 
following way: 

esc 2 x —sec 2 x —cot 2 *—tan 2 * — cos 3 *—sin 2 x = —3. (1) 

Since esc 2 * = 1 + cot 2 * and sec 2 * = 1 + tan 2 *, the above equation is reduced to 
the form tan 2 *= 1. 

Answer: x=^r-\-k —. 

4 2 


564. Using the identity 


. . * . . * / . 9 * , 9 x\ 2 * ., * . 1 .,2 

Sin 4 y-j~COS 4 y — f Sin 2 y 4-COS 2 y J — 2 Sin 2 y COS 2 y— 1- 2 " sin2 y x > 

2* 3 

we transform the equation to the form sin 3 y=y. 

Answer: *==^y-i n (n=0, ±1, ±2, ...)• 

565. Using the identity obtained in the solution of the preceding problem, 
we obtain the equation 


sin 2 2*-f sin 2*— 1 =0. 


Solving it, we get 


sin 2* — 


j/5—1 
2 


Answer: 


* —(—l)*y arc sin 


v$-\ 

2 


kn 

~T' 


566. Let us rewrite the given equation in the form 

(1 + 6 ) cos *cos ( 2 *—a) = cos (*—aj-f^cos 2 * cos (*—a). ( 1 ) 

We have 

cos * cos ( 2 *—a) = y [cos (3*—a) + cos(*—a)] 

and 

cos (*—a)cos 2 *=-~[cos ( 3 *-^a) + cos cc)], 

and therefore equation ( 1 ) turns into 

k [cos (* — a) — cos (*+a)l — cos (* — a) — cos (3* — a), 

that is 

k sin*sin a = sin (2*— a)sin *. (2) 

Equation (2) is equivalent to the following two equations* 

(a) sin * = 0 ; * = In 
and 

(b) sin ( 2 *—a)~ 6 sina. 

Thus, 

*=y+(—l) n 'y arc sin (k sin a)-}- j/i. 

For the Last expression to make sense, k and a must satisfy the condition 

| k sin a | ^ 1 . 
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567. Since the numbers a, b, c and d are consecutive terms of an arithmetic 
progression, we can put b — a-\-r y c = a-j-2r, d — a-\-3r where r is the common 
difference of the progression. Using the formula 

sin a sin P=Y [cos (a — P)—cos (a+P)]» 


we represent the equation in the form 

cos (2 a-\-r) x—cos (2a + 5r) x=0 


or 


whence 


sin (2a-f 3r) *■ sin 2rx — 0 t 


kix> kji 

* 1== 2a+3r’ Xli== ~2r 


These formulas make sense because 

2a-\-2tr—b-\-c > 0 and r =£ 0. 

568. Write the equation in the following form: 



After some simple transformations it is reduced to the equation 

(c° s y- sin y^ ^3 cos 2 y+2 sin 2 y + sin — cos y ^ =0. 


X XXX 

The equation 3cos 2 y-f-2 sin 2 -y-}~sin y cos—=0 is equivalent to the equation 

X X 

2 tan 2 y-f tany+3 = 0 and has no real solutions. 

Answer: x=y-f -2kn. 

569. First solution. The equation becomes senseless for x — kn. For all the 
other values of x it is equivalent to the equation 

cos x — sin x = 2 sin 2x*sin x. (1) 

Replacing the product standing on the right-hand side of (1) by the correspond¬ 
ing sum according to formula (13), page 73, we obtain 

cos x —sin x--= cos x—cos 3x, sin x = cos 3x, 


whence sinx = sin ^—3x^ . Consequently, 


n 


2 sin [ 2x — r ) cos ( x — — ) =0. 


jr 


a n . kn 3n . , 

Answer: ^=^- + -5-, x 2 ^-^—\-kn. 


( 2 ) 


Second solution. Applying formula (20), page 74, and putting tan* — t, we 
get the equation 

/3 + 3 *2 + *_ l= Q. 
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Factoring the left member, we obtain 

</ + i)(<+i-y r 2) (* + i + y r 2)=o, 

whence 

(tan*)i = — 1, (tan *) 2 = V" 2—l f (tan x) a = — 1 — Y 2- 

Answer: x 1 ^=^--\-kn\ x 2 = arc tan (Y 2—l)+foi, 


x 3 = — arc tan (l -f ]/" 2) + for. 

Note. The above expessions of * 2 and x 3 can be written in the form of one 
formula (2). 

570. Applying formula (14), page 73, to the left-hand side of the equation, 
we obtain 

cos (2x — P) + cos p = cos p, 

whence 

cos (2x —P) = 0. 

Consequently, db + and tan * = tan (yibqfY* 


571. The original equation can be written in the form 

sin a+[sin (2qp+a) —sin (2cp — a)] = sin (qp + a) —sin (qp—a), 

or, after some simple transformations, in the form 

sin a-f-2 sin a cos 2qp = 2 sin a- cos qp. 

Assuming sin a jcO (otherwise cos qp becomes in-determinate), we obtain 

1 + 2 cos 2qp — 2 cos qp = 0, 4 cos 2 qp—2 cos qp — 1 =0, 

1 ± V" 5 

cos<P=- j—- 


The angle qp being in the third quadrant, we have cos qp < 0. Hence, 
1 — ^5 

cos qp =- f —. 

572. Applying the formula cos 2 qp— f write the equation in the form 


or 

whence 


cos 2 (a+x) + cos 2 (a—x)~2a~2 
cos 2a cos 2 x — a — 1, 


cos 2 x 


a — 1 
cos 2a * 


( 1 ) 


On the other hand, 


cot 


*=± Y 


1 +cos 2 x 
1 — cos 2 x * 


and therefore from (1) we find 

cot x— ± 



a — 1 4- cos 2a 
1 —a-f cos 2a * 
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Formula ( 1 ) shows that the problem only makes sense if cos 2 a ?= 0 and 

| cos 2 a | ^ | a— 1 |. 

573. Using formulas (18) and (19), page 74, we reduce the given relation 


sin a+ cos a = 


V~7 


to the form 


( 2 + V 7) tan*-4 tan f-~( 2 — V 7)=0. 


Solving this equation with respect to tan—, we obtain 




and 


tanf) = 


24 - V 7 

VI—2 


V 7—2 


Let us verify whether the above values of tan — satisfy the conditions of the 
problem. 

0C 3T 

Since 0 < — < , we have the condition 

2. o 

0 < tan-^- < tany=]/" 2 —1. 

t/”" y 2 * \f~7 2 —■ 

5 — satisfies this condition because-!-—_—< |/~ 2 — 


The value 




— 1. The root Y~7~ 2 should be discarded since 

y~7 — 2 > jT 2 — 1 . 

574. Putting sin*—cos x=t and using the identity (sin a:— cos a :) 2 = 1 — 

— 2 sin x cos a:, we rewrite the original equation in the form 

* a + 12 / —13 = 0 . 

This equation has the roots t x = —13 and t 2 — 1. But ^ = sin*—cos x = 

= |^"2 sin -j-y * and thus, 1 1 1 < /"2. Consequently, the root ^ — —13 must 

be discarded. Therefore, the original equation is reduced to the equation 

• ( n \ 1 

sin x —r- — ■ - 7 - -. 

\ 4 ) f 2 

Jt 

Answer: x l = ji-f* 2 fot, * 2 — 

575. Transform the given equation to the form 

2 cos 2 y ( 2 + sin x) + sin x — 0 . 

Using the formula 2 cos 2 -£ = 1 + cos x and opening the brackets, we obtain 


2 + 2 (sin x + cos x) -f sin x • cos x = 0. 


( 1 ) 
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This equation is of the same type as in Problem 574. By the substitution 
sin x-j-cos x = / equation (1) is reduced to the quadratic equation t' 1 4-4/ 4-3=0 
whose roots are ti = — l and t 2 = —3. Since | sin *4- cos x | ^ ]/" 2, the original 
equation can only be satisfied by the roots of the equation 

sin x -f cos x -—1, (2) 

Solving equation (2), we obtain 

= —•j+ 2fal 


and 

* a = (2*+l)jt. 

Here x 2 should be discarded because sinx 2 = 0, and therefore the original equa¬ 
tion makes no sense for x = x a . 

Answer: x =— ^-\-2kn. 

576. The given equation only makes sense for x # kn. For these values of 
x it can be rewritten in the form 

cos 3 x + cos 2 x~sin 3 x-|-sin 2 x. 

Transferring all terms to the left-hand side of the equation and factoring it 
we get 

(cos *—sin x) (s : n 2 x-f- cos 2 x-f- sin * cos x-f- sin x-f cos x) = 0. 

There are two possible cases here which are considered below. 

(a) sin*—cosx=0, then 

Xi=j+fm; ( 1 ) 

(b) sin 2 x-f-cos 2 x+sin x cosx+sin x-f-cosx= 0. (2) 

Equation (2) is analogous to the one considered in Problem 574 and has the 
solutions 

*s = — Y+2 kn (3) 

and 

x a = (2k+l)n. (4) 

But the values of x determined by formula (4) are not roots of the original 
equations, since the original equation is only considered for x ^ kn. Consequ¬ 
ently, the equation has the roots defined by formulas (1) and (3). 

577. Rewrite the equation in the form 


1 sin3x 

sin 2* \ 

_sin2x f 

/sin 2* 

sin 3* \ 

\ cos 3* 

cos 2* ) 

~~ cos 2* 

Icos 2* 

cos 3* * / 


Reducing the fractions to a common denominator and discarding it, we obtain 
the equation 

2 (sin 3x cos 2x—cos 3x sin 2x) cos 2x = sin 2* (sin 2x sin 3x + cos 2x cos 3x). 

But the expression in the brackets on the left-hand side is equal to sin x, and 
the one on the right-hand side is equal to cos x. Therefore, we arrive at the 
equation 

2 sin x (cos 2x-— cos 2 x) = —2 sin 3 x = 0, 

whence x = kn. 
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578. The given equation can be rewritten in the form 


or 


cos 2a cos 3x \ _ sin 2x . cos 2x 
sin2A sin 3a: J cos 2x ' sin2A 


3 sin a: __ 1 

sin 2 x sin 3x~~s\n2x cos 2 x ' 


Note that this equation has sense if the condition 

sin 2x ^ 0, sin 3x 9 * 0, cos 2x 7 = 0 
holds. For the values of x satisfying this condition we have 

3 sin a cos 2a — sin 3a. 

Transforming the last equation we obtain 

sin a (3—4 sin 2 *—3 cos 2 a) = 0 
and thus arrive at the equation 

2 sin 3 a=0, 

which is equivalent to the equation sin* = 0. Hence, due to the above note, the 
original equation has no solutions. 

579. Rewrite the equation in the form 

6 (tan A-|-cot 3a) = tan 2a- j- cot 3* 
and transform it in the following way: 

6 f Sinx I cos 3x \ _ sin 2a . cos 3a: 

\cos a ' sin 3a J cos 2x' sin 3a 
or 

6 cos 2 x _ cos x m 

cos a sin 3a cos 2a sin 3a* 

6 cos 2 2a = cos 2 a; 

12 cos 2 2a —cos 2a— 1 =0. 


Solving the last equation, we find 


cos 2 a— 


1 ±7 
24 


whence 


( 1 ) cos2a = ~, A=i:y arc cos y+fot; 
( 2 ) cos 2 x— — -L , x=± -i-arccos 


In the above solution we have multiplied both members of the equation by 
the product cos a cos 2a sin 3a. But it is evident that for neither of the values 
of a found above this product vanishes. Consequently, all these values of a are 
the roots of the original equation. 


580. Reducing the fractions on the right-hand side of the equation to a 
common denominator and applying the formula 

a 5 — b b = (a— b) (a 4 + a 3 6+a 2 6 2 +ab 3 +fr 4 ), 
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we get 

sin x cos x (sin x—cos x) (sin 4 x+$in 3 xcos x-f sin 2 xcos 2 x+ 

sin xcos 3 x-|-cos 4 x) = sin x —cos x. 

It follows that either 

sin* — cosx = 0 ( 1 ) 

or 

sin * cos x(sin 4 x-f sin 3 * cos * -f sin * cos 3 x+ cos 4 jc-)- sin 2 * cos 3 x)— 1 = 0 . ( 2 ) 

Now, taking advantage of the relations 

sin 4 x-fcos 4 x = (sin 2 x-fcos 2 x ) 2 —2 sin 2 x cos 2 x, 
and 

sin 3 x cos x-fcos 3 x sin x= sin x cos x, 
we transform equation ( 2 ) to the form 

y 3 —y 2 —y+ 1=0, (3) 

where t/ = sinxcosx. Factoring the left member of this equation we obtain 

(y- 1) 2 (y+ 1)=0. 

If y—\, i.e. sin xcos x=l, then sin2x = 2 which is impossible, and if 
y = — 1 , then sin 2 x = —2 which is also impossible. 

Thus, equation (2) has no roots. Consequently, the roots of the original 

ji 

equation coincide with the roots of equation ( 1 ), i.e. x = -£--f jw. 


581. The right-hand side of the equation is not determined forx = &Ji and 
x=-^--fmji, because for x — 2 ln the function cot is not defined, for x = 

X TC 

= ( 2 /-f l)n the function tan is not defined and forx = ~-fmjt the denomi¬ 
nator of the right member vanishes. For x ^ kn we have 


tan T~ cot T 


, n X 9 X 

sin 2 —— cos 2 ~ 0 

2 2 2 cos x 


sin T cos T 


sin x 


JT 

Hence, ior x jz fm and x 7 = -y-fmjt (where k and m are arbitrary integers) 
the right member of the equation is equal to — 2 sin x cos x. 

The left member of the equation has no sense for x — ^ + kn and x=-2--f 

+ /.i(/ = 0, ±1, ±2, ...), and for all the other values of x it is equal 
to —tan x because 

tan tan (jf+x) = tan (*-t) cot \j~ (* + t)] = 

= tan cot (■*-•—) =-l. 

Thus, if x 7 = fox, x ^ y-f-mji and x 4 *^-4-/ ~ , then the original equation 
is reduced to the form 


tan x = 2 sin xcos x. 
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This equation has the roots 

x=^kn and x~^—\ 

4 2 


It follows that the original equation has no roots. 

582. Multiplying the right member of the equation by sm 2 :r+cos 2 *= 1 we 
reduce it to the form 

(1 — a) sin 2 x— sin x cos x— (ja-J-2) cos 2 x — Q. (1 ) 


First let us assume that a# 1. Then from (1) it follows that cos x ?= 0, 
since otherwise we have sin* = cos* = 0 which is impossible. Dividing both 
members of (1) by cos 2 * and putting tan*=f we get the equation 

(1— a)f 2 — (a+2) = 0. (2) 

Equation (1) is solvable if and only rf the roots of equation (2) are real, i.e. if 
its discriminant is non-negative: 


D = -4a 2 ~4a-(-9 ^ 0. 
Solving inequality (3) we find 


V_ to+1 

2 


<a< 


1 ^ 10—1 

2 


(3) 

(4) 


Let iy and t 2 be the roots of equation (2). Then the corresponding solutions of 
equation (1) have the form 

x x — arc tan -f kn f x 2 = arc tan t 2 4 kn. 

Now let us consider the casea=l. 

In this case equation (1) is written in the form 

cos * (sin *+3 cos *) = 0 
and has the following solutions: 


= f + 


x 2 = —arc tan 3 fm. 


583. Applying the formulas 

. . /1 — cos 2*\ 2 _ I -f- cos 2x 

sm 4 *= ( g J , cos 3 * = —■— 

and putting cos 2x = t we rewrite the given equation in the form 

/ 2 —6/+ 4a 2 —3 = 0. 


( 1 ) 


The original equation has solutions for a given value of a if and only if, for 
this value of a, the roots t x and / 2 of the equation (1) are real and at least 
one of these roots does not exceed unity in its absolute value. 

Solving equation (1), we find 

4 = 3—2 4 = 3 + 2 

Hence, the roots of equation (1) are real if 

I a | < V 3. (2) 

If condition (2) is fulfilled, then t 2 > 1 and, therefore, this root can be discar¬ 
ded. Thus, the problem is reduced to finding the values of a satisfying condi¬ 
tion (2), for which | /i 1, i.e. 


—1<3 — 2Y 3—a 2 «^l. 


(3) 
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From (3) we find 
whence 


— 4 <— 2 Y 3 — 2 , 

2 ^ 


; 1 . 


W 


Since the inequality 2^ V^3—a 2 is fulfilled for |a |<)/'3, the system of 
inequalities (4) is reduced to the inequality 


whence we find 


1 , 

M< V"2. 


Thus, the original equation is solvable if |a[^ Y 2, and its solutions are 
* = x y arc cos (3 — 2 Y 3 — a 2 )-j~kn. 

584. Let us transform the given equation by multiplying its both members 

TlX 1 

by 32 sin. Applying several times the formula sin a cos a — sin 2a, 
ol ' 


we get 


or 


.32 . zix 

sm -n^sin^- 


. nx 33 n 
sin —cosg^JiA^O. 


( 1 ) 


Hence, we find the roots 
x Y — 2 n. 


x 2 = ^(2rz+1) (n = 0, ±1, ±2, ...). 


In the above solution of the problem we multiplied both sides of the given 
equation by the factor 32 sin which can turn into zero. Therefore, equation (1) 

ol 

can have extraneous roots. A value of x is an extraneous root if and only if it 
satisfies the equation 

(2) 


sm ^=0 


but does not satisfy the original equation. 

The roots of equation (2) are given by the formula 

x=m (k = Q, ± 1 , ± 2 , ...), ( 3 ) 

and, as is readily seen, they do not satisfy the original equation. Therefore, 
from the roots of equation (1) found above we should exclude all those of 

form (3). For the roots expressed by x x this leads to the equality 2n -=3\k 

which is only possible for an even k y i.e. for k — 2l and n — 31/ (/^0, ±1, 
±2, ...). For the roots expressed by x 2 we analogously obtain the equality 

^(2/i-f l) = 3\k or 2/7-f-1 —33k, which is only possible for an odd k t i.e. for 

£ = 2/ + 1 and /i = 33/ + 16(/ = 0, il, + 2, ...) 

Thus* the roots of the original equation are 
x 1 — 2n, where n £ 31/, \ 

x 2 = |g (2/z+1), where n ^ 33/+ 16. J 


± 1 , ± 2 , ... 
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585. Rewrite the equation in the form 

i , . yn . _ v~3 _ , i . . 

cos 7*~j—~ 2 — sin7jt=-i— cos5A:+y sin 5 a; 
or 

sin 5- cos 7*4- cos -5- sin 7x— sin cos 5*+ cos 4r sin 5*, 
o o o o 

i.e. 

sin ^-+7*)= sin 

But sina = sinp if and only if either a — = or a-j-B = (2m-|-1 )ji 

{k t m = 0, ± 1 , ±2, ...). Hence, 

~+7x—5—5*=2 kn 

or 

|-+7*+-~-+5*=(2m+l)jt. 

Thus, the roots of the equation are 

*=^(12ft+l), ] 

> (k, m = 0, ±1, ±2, ...). 

•«=||( 4m + 1 ) J 


586. The left member of the equation being equal to 
2—(7+ sin 2x) (sin 2 *— sin 4 x) = 2—(7+ sin 2*) sin 2 *cos 2 * = 

= 2 —(7 +sin 2x)\ sin 2 2*, 

4 

we can put * = sin 2 * and rewrite the equation in the form 

^ + 7/ 2 —8 = 0 . ( 1 ) 

It is readily seen that equation (1) has the root ^=1. The other two roots are 
found from the equation 

/ 2 + 8*+8 = 0 . ( 2 ) 

Solving this equation we find 

t = — 4+2 V"2 and / = — 4—2 V" 2. 

These roots should be discarded because they are greater than unity in their 
absolute values. Consequently, the roots of the original equation coincide with 
the roots of the equation sin 2 *=l. 

Answer: 


587. We may suppose that a 2 -j- 6 2 7 = 0, since otherwise the equation attains 
the form c = 0 , and it is impossible to find sin* and cos*. As is known, if 
a 2 -f- 5 2 ?= 0 , then there exists an angle <p, 0 <;<p < 2 jx, such that 
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Dividing the given equation termwise by ya 2 -\-b 2 and using ( 1 ) we pbtain the 
equivalent equation 

5in{x+(p)= ywW' (2) 

We always have ] sin <*+tp) | 1, and, hence, this equation Is solvable if 

and only if \c\^y a 2 + b 2 t i.e. c 2 ^a 2 + b 2 . This is the condition lor solvabi¬ 
lity of the problem. Furthermore, we find 

; cos (*+?) = ± V l-sin*.(*+<p) = ± ^+^= c * • ( 3 ) 

Noting that 

sin = sin (*4-9—9) = sin (x +9) cos 9—cos (*+q>)$in 9 
and 

cos x — cos9—9) = cos (x + 9) cos 9 + sin (x+ 9) sin 9, 

and substituting expressions ( 1 ), ( 2 ) and ( 3 ) into the right-hand side we finally 
obtain the following two solutions: 


/A . be— a y a 2 + b 2 -r-c* 

(*) sinx=- V, L -» 


a 2 -\-b 2 


COS X = 


and 


(b) sinx = 


ac~\~b y a 2 -f- fr 2 -—c 2 
bc+a V a 2 +ft 2 —*? 


a 2 + b 2 


cos X = 


ac—b y a 2 -\-b 2 — c 2 


a 2 + & 

x + a) ^ 
d get 

ab sin 2 *+ (a 2 + b 2 ) sin x-\- ab — ab cos 2 x + (a 2 + &) cos x+ ak. 


588 . Noting that (b cos x+a) (6 sin x-\-a) ^ 0 (otherwise the equation has no 
sense), we discard the denominators and get 


whence 


(s 8 4-2?) (sin a:-— cos x) —(sin 2 x—c@s 2 x)=0. 

Therefore, the original equation is reduced to the following two equations: 

1°. sin x = cos x t whence x — 
and 


2 °. sin *4-cos * = 


a 8 4-t? 

ab * 


But the latter equation has no solutions because 


\ab\ 


-^2, 


whereas 

| sin x+cos x\ — y 2 


1 , 1 
sin*-4"cos x 




ft 


= Y 2 | sin (*+£)|< ^ 2. 


12—323 
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Answer: * = 

589. Using the identity 

/1 -4- cos 2x \ s I 

cos 8 X— f- 2 —" ) ='g-(l+3 cos2x+3cos 2 2^+ cos 8 2 jc) 

and the formula 

cos 6 * = 4 cos 3 2a— 3 cos 2x 

(see ( 8 ) page 73), 

we reduce the equation to the form 

4 cos 2 2a-)- 5 cos 2a + 1 = 0 . ( 1 ) 

From (l) we find 

(cos 2 *)! =—1, (cos 2a) 2 = — -i-* 

■ Answer: x x — n ’ 

*,= ± y arc cos -L) +kn. 

590. Applying the formulas 

.9 1 —cos 2 a , «> 

sin 2 a —-x- and cos 2 a = 2 cos 2 a —1 


we rewrite the equation in the form 

(1 — cos 2 a;) 3 + 3 cos 2 a + 2 (2 cos 2 2x—\)-\- 1 =0, 
or 

7 cos 2 2a— cos 3 2a: = 0, 

whence 

cos2a = 0, 

591. From the formulas for sin 3* and cos 3 a we find 


cos 3 a+ 3 cos a 


sin 3 x= 


3 sin a— sin 3a 


4 . 4 

Hence, the equation can be rewritten in the form 

cos 3a (cos 3a- f 3 cos A) + sin 3a (3 sin a— sin 3a) = 0 
or 

3 (cos 3a cos a+ sin 3a sin a)+cos 3 3a— sin 2 3a =0, 

that is 

3 cos 2a + cos 6a = 0. 

But, since we have cos 8 2a = - ° S CQS p equation (1) takes the form 

4 cos 3 2a = 0, 


(1) 


cos2a = 0, a=-j—|— 


whence 
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592. Using the identity (sin 2 *-fcos 2 *) 2 = 1 we get 


whence 


sin 4 *4cos 4 *--= 1 —sin 2 2*, 


sin 8 * +cos 8 * — —^-sin 2 2*j — ysin 4 2*=^, 

1 —sin 2 2*+y sin 4 2*=~ , sin 4 2*—8 sin 2 2*+y=0. 


Solving this biquadratic equation we find 


sin 2 2* = 4 ±-^- f sin 2 2* = -^-, 2x — ~\-k 


2 9 


whence 


2k+l 

x = — i—n. 


j * t 1—cos2* , 14-cos 2x 

593. Replacing sin 2 * and cos 2 *, respectively, by -^-and ■ 


we rewrite the equation in the form 


/I — cos2*\ 5 , /l+cos2*\5 29 , 

(—2—) +(—2— ) = r 6 C0S 


2 

2x 


or 


(1 — cos 2 x) 6 + (1 + cos 2 x ) 5 = 58 cos 4 2 x. 

Putting cos 2 x = y, after some simple transformations we obtain the following 
biquadratic equation with respect to y: 

24 y* —10^ 2 —1=0. 

i/”2 Y 2 

This equation has only two real roots: y lp2 = ± - y — * ^ ence » cos 2*= ± -y- , 
whence *=y(26+l) where k = 0 t ±1, ±2, .... 


594. Using the identity obtained in Problem 261 we rewrite the original 
equation in the form 

(sin *-f-sin 2x) (sin 2*-f-sin 3*) (sin * +sin 3*) = 0. 

Factoring the sums of sines into products, we arrive at the equation 

. 3* ... 5* O X n 

sin y sin 2x sin y cos * cos 2 y=0. 

Equating each factor to zero we get the solutions 

( 1 ) * = 4 n; ( 2 )*=^®"; ( 3 ) 

(4) (5) *-(2rt 5 -H)rt, 

where n lt n 2t n 3 , n A and n h are arbitrary integers. 


12 *. 



m 


problems in elementary mathematics 


Noting that the solutions (4) and (5) are contained in (2), we finally obtain 
the following formulas for the solutions: 

/ix 2/1,. /ox 2rt 2 /ox 2 ^3 

(1) x = -gin; (2) *=-^31; (3) x = 

where n lf n 2 andyi 3 are arbitrary integers.. 

595. First solution. For n— 1 the equation turns into an identity. If n > 1, 
then, by virtue of the given equation, we derive from the identity 

1 = (sin 2 ^-t-cOs**)"" sirt 2n x-\-Cn sin 2 ( "- x) x cos 2 x + . + 

+ C^"” 1 sin 2 x cos 2 ( " - 1) x + cos 2 " x 

the equation 

C l n sin 2 V x cos 2 jc+ ... r\-Cn~ l sin 2 x cos 2 (/ iy x== 0. 

All the summands being non-negative, we conclude that either sin 2 * = 0 

Jl 

or cos 2 * = 0 and x=-^k. 

Second solution. As is obvious, the equation is satisfied if x takes on the 

JI JI 

values-which are integer multiples of -^-,i.e. ^ x=z ~2 integer). Letusshow 

that the equation 

sin 2 "*-Fcos 2 " * = 1 


has no other roots. Let x 0 k ; then srn a jt 0 < 1 and cos 2 x 0 < 1 whence it 

follows that for n > 1 we have sin 2n x 0 < sin 2 * 0 and cos 2 "* 0 < cos 2 * 0 and, 
hence, 

sin 2 " x 0 -|- cos 2 " x Q < sin 2 x 0 + cos 2 x 0 = 1. 

The proof is thus completed. 

596. Put = then T5+T =Jl “ 3 (t? _ t) = 5T—3y ' and thee 9 ua ' 

tion takes the form 

sin 3y — 2 sin y. 

With the aid of formula (7), page 73, the last equation can be transformed to 
the form 

sin y (4 sin 2 y —1) = 0. (1) 

Equation (1) has the following solutions: 

y 1 = kn, {/ 2 = (—l) ft y+ nk, y a = {— l) 4+l y-)-nft. 


3n 


Returning to the argument x — -g-‘ — 2y we finally obtain the solutions of the ori¬ 
ginal equation: 

x 1 ='^—2kn, x,=^+(— l) ft+l y — nk > 

*3=njp+(—0* -j— 


597. Since |cosa|'<l and sina^—1, we have 

|cos4*—cos.2*|<2 and sin3*+5^; 4. 


rw r uMr ~r r l unm^-ri 
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Thus the left member of the equation does not exceed 4, the right member being 
not less than 4. Consequently, we have |cos4x—cos 2* | =-f-2 (and then either 
cos4x =— 1 and cos2x=l, or cos4aT=1 and cos 2* —— 1) and sin3x =—1. 
Let us consider all the possible cases. . 

(a) cos 4x=—1, 

cos2jc=1, x = nk\ 

• o i n . 2n f 

sin 3* — 1, x= — i; 

6 1 o 

and, hence, in this case there are no common roots. 


(b) cos4x=l, 

nn 

X ~T ; 

cos 2x = — 1, 

X 

II 

+ 

sin3#=—-l, 

n 

Thus, in this case the 

common r< 




4f-l 


• it. 


x^=^2m-\-Y^ n > tn = 0, ±1, ± 2 , .. 

598. Let us transform the equation to the form 

1 


VT 


l . , l 

sinx-f- ^ -cosx — 




2 sin x cos a; 


or 


sin (jc-f-' 


n 


1 


"sin2x’ 


that is 

sin sin 2x— 1. 

We have |sina|^l, and therefore (1) holds if either 


sin =—1 and sin2x = —I, 


or 


0) 


sin =1 and sin 2*= I. 

But the first two equations have no roots in common while the second two equa¬ 
tions have the common roots x = ~-\-2kn, Consequently the roots of the given 

it 


equation are x=r-^~\-2fm, 

599. Dividing 

=sin-5- f we get the equivalent equation 
2 « 


599. Dividing the given equation termwise by 2 and noting that-~-=cos 


and 
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This equation is satisfied only if sin ^*-fy j = ± 1 and sin 4*= ±1, whence 

x~— y ± y-f2/OT and x=A ^ ± y+2mnj, 

where n and m are integers. Equating both values and cancelling out ji we 
obtain the equality 

-yiT+to-iT+TT* 

Multiplying by 24 we recieve 

12m— 4%n — — 8 ± 9. 


For any integers m and n, the left member is an even integer, and the right 
member an odd integer equal to 1 or —17. Thus, the last equation has no 
integral solutions m and n , and hence the assertion of the problem is proved. 

600. First solution. The given problem is equivalent to the following problem: 
what values can the function A = sec* + csc* assume if the argument x varies 

jt 

within the range 0 < x < ■—■? 

Consider the function 


A a = (sec*+csc*) 2 =—4—)--— - \-> . \ -= 

cos 2 * ' sin*cos* 1 sin 2 * 


sin 2 * cos 2 * ' sin* cos* sin 2 2*‘ sin 2* ' 


As * increases from zero to -y , each summand on the right-hand side varies 
in the following way: it first decreases from + °o to 4 ^for 0 < **^-^_y, then 

A i, increases from 4 to +oo ^for -^-«<* < ; for * = -—■ 

U both summands simultaneously attain their least values 
and hence, for *==-—■ the sum takes on the least value as 

well, and A 2 = 8. Therefore, if 0 < * < *y, thenA a ^8, 

l and since sec * and esc * are positive in the first quadrant, 

we have A ^ 2 Y 2. The graph of the function A (*) is 
| shown in Fig. 248. 

i Second solution . Note that we must confine ourselves 

i to considering only the positive values of A because for 

0\ £ 5 * 0 < * < the functions sec* and esc* are positive. 

FIG 248 Transforming the equation to the form 

sin.*-f-cos * = A sin * cos *, 
we then square both members and obtain 

1 -f- 2 sin * cos * = A 2 sin 2 * cos 2 *. 

Now putting sin2* = z we can write 

A 2 z 2 —4z—4 = 0, 
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whence 


z i, a~ 


2 ± Y 4-f 4A, 2 

V 2 


( 1 ) 


By the hypothesis, we have 0 < x <, and therefore z == sin 2x > 0. Thus, 
in equality (1) we must take the plus sign, i.e. 

2+yj+w 
2 -p—• 

If now we take the values of X satisfying the inequality 

then the equation 


2-f- ^4 + 4X2 
X 2 


;i, 


( 2 ) 


sin 2x = 


2-f J/4 + 4X 2 
X 2 


will have a solution x such that 0 < x < . Obviously, this solution will also 

satisfy the original equation. But if inequality (2) is not satisfied, the required 
solution does not exist. We see that the problem is reduced to solving inequality 
(2). Getting rid of the denominator, we readily find X^2 Y 2. 

601. From the given system we immediately obtain 


It follows that 


x + y = kn, x—y — ln. 



k — l 

</=—*. 


By the condition of the problem, we have 0<Lk-\-l*^2 and -/<2. 

These inequalities are satisfied by the following five pairs of values of k and /: 

(!) 6 = 0, / = 0; (2) Jfe = 1, / = 0; 

(3) 6=1, / = —I; (4) k— 1, /= 1; 

(5) k = 2, / = 0. 

Answer: x l = 0, ^ = 0; = J/ 2 = y; 

*3 = 0 . = 

x 4 = n, y 4 = 0; 

*5=^, ^6=^. 

602. Transform the system to the form 

sin 2 x— 1 -f sin x sin y, 1 

cos 2 x = 1 -f cos x cos y. f ' ' 

Adding together the equations of system {1) and subtracting the first equation 
from the second we obtain the system 

cos2x— cos(x4~y) — 0, I 
l + cos(*—!/) = 0. / 


(2) 
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The first equation of system (2) can be rewritten as 

cos 2jc— cos (x+ y) «= 2 sin ^ sin (y~x) — 0. 

If. ,sin< 4 c— */) = Q> then x—y~k at. But from the second equation of system 
(2) we find 

cos (*—y) =—l, y*=(2#+ !)■«. 

Consequently, in this case we have an infinitude of solutions: x—y = (2n+ 1) n. 
If sin ^ 3 * + ^ =:0, then 3x+y='2toi. But x— y = (2n-\- 1)n, and, hence, 


2k+2 n+1 


n, y = - 


2fr—6n—3 


603. Squaring both equations, adding them termwise and using the identity 

3 

sin 8 x-+ cos 18 * =s= I — — sin 2 2x 

(see Problem 533), we get: s«n 2 2x=l. If sin2x=l, then either x=^-\-2kn 

or x—^-+(2k+ 1) ji. In the first case, from the original system we find sin y — 

1 1 

= cos u— ,_ and in the second case we have sin y — cos y= -. The 

* Y 2* Y 2 

case sin 2x — —\ is treated in a similar way. 


Answer: x 1 = -^-^2kn t 

Xi = -j+(2k+l)n, 

%= a =^+2*n, 

x 4 = -|-jt + (2&+ 1) ji, 


y,=f-+(2/+i)^, 

y 4 =-|n+(2J+ 1 )n. 


604. The first equation can be written in the form 

sin (x+y) } 

cos t cos y * 

whence, by virtue of the second equation, we obtain 


Hence, either 


sin (x+ y) = cos x cos y = - 


*+y=-j-+2fet 


*4- 9 **“ —|*+<2ft+i)n» 

The second equation of the original system can be transformed to the form 
cos (x +i/J+cos = 1^2. 
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It follows that 


cos (x—y) = y~2 —cos (*+y). 


(3) 


If (1) holds, then cos (x-f y] = 


Y 2 


, and from (3) we find 


cos (x—y)-- 


Y 2 


X-y=±^-+2ln. 


If (2) holds, then cos 


Y 2 


impossible. 

Thus we have the system of equations 

*+</ = -j+2fai, 

x—y = ± -j-+2fn 


2 and cos (*—y)= 3 - ^~ - 


which is 


(4) 


for finding x and y. According to the choice of the sign in the second equation 
of system (4), we obtain the solutions 


xi y t ** {k—l) n 


and 


* 2 = (fc+0 n, 


lf* = -4+C*— l)n- 


605. Dividing termwise the first equation by the second one we get 

3 

cos x cos y = —■—. 

4/2 


( 1 ) 


Adding this equation to the first one and subtracting the first equation from (1), 
we obtain the following system equivalent to the original one: 

COS(X-J,)=-L, 


cos (*+$) = 


2y / "S 


It follows that 


x—y= ± ^-+2fen. 


jt + p= ±arc cos - +2fn. 


( 2 ) 


According to the choice of the signs in the equations (2) we get the following 
solutions: 

a) = (* + /) n -f — arc cos -~r^+ 

Ul = (/_*)n+L arccos^~|-; 
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b) * 2 = (fe+/)Jt+yafccos ^ y- — -1, 

y 2 = (/— k) n+ y ar?«>s < 

c) x 3 = (k+l)n —y arc cos ^ +-|-, 

* = (/•- ft) n—arc cos jy=- T i 

d) ^ = (*+On-larccos^L_-i, 

y 4 = (t^k) n-± arccos jyj+T' 
606. Transform the second equation to the form 

j [cos (x + y )+cos (*— y)\ = a. 


But, since x + */ = <p, we have cos (x—i/) = 2a-—cos <p, Thus we obtain the system 
of equations 

x + y = q>, ] 

x—y= ± arccos (2a—cos <p)-f&rc- f 

Answer: 

x=± ~ arc cos (2a — cos <p)'+ kn, 

y = Y T y arc cos (2a—cos q>)—kn, 

where a and must satisfy the relation j 2a— cos <p 1. 

607. The left member of the first equation of the system not exceeding unity, 
the system is solvable only for a=0. Putting a=0 we obtain the system 

sin*-cos2y=l, ! 

cos jc-sin 2e/ = 0. / * ' 


From the second equation of system (1) it follows that either cosx = 0 or 

Jl 

sin2*/ = 0. If cos* = 0, then for ^ = y+2 rrm we find from the first equation 

the expression y^nn, and for x 2 = — y+ 2kn we get y 2 = The ca¬ 

se sin2*/ = 0 gives no new solutions. Thus, the system of equations is solvable 
only for a = Q and has the following solutions: 

Xl = ^+2mn, y 1 = nn 


%2 


y+2fai, y* = ^+y)«. 


and 
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608. Note that cos y cannot be equal to zero. Indeed, if cosy = 0, then 


and 


cos (x — 2 y) = cos (x —Jt) = — cos x = 0, 
sin (x— 2 y) = sin (*—ji) = — sin x = 0. 


But sin* and cos* cannot vanish simultaneously because sin 2 *+cos 2 *= 1. 
Evidently, we must have a 7 = 0 since otherwise cos (*— 2 y) = sin (*— 2 y) = 0 . 

Dividing termwise the second equation by the first one (as follows from the 
above note, the division is permissible), we obtain: 


tan (*- 


-2i/)=l. x— 2 y = -£+kn. 


U) 


Let us consider the following two possible cases: 
(a) k is even. In this case 


cos (*- 


1 


- 2 y) = y== a c°$ 3 V' 


cos y 

y—± arc cos K + 2/mt, 
Substituting this value of y into (1) we get 


v a \T 2 




x = ± 2 arccos K -f- (4m+ k) jt—. 
1 


(b) k is odd. Then cos(*—2 y) = -—^ = a cos* */, 

V 2 

y=± arc cos (—>,) + 2 mn, 


From (1) we find 


: -4- 2 arc cos (— X) -f- (4 tn -f~ h) Jt -f- » 


The system is solvable for a > —=■. 

: V 2 

609. Squaring the given relations, we obtain 

sin 2 x-\-2 sin * sin |/ + sin 2 y = a 2 , 
cos' 2 x +2 cos * cos y + cos 2 y = b 3 . 

Adding and subtracting the equations (1) and (2) termwise, we find 
2 + 2co$ (*— y)=za 2 -\-b 2 % 
cos 2* + cos 2y-\-2 cos (*+ y) = b 2 —a 2 . 

Equation (4) can be transformed to the form 

2 cos (*+$/) [cos (x—y) + \]—b 2 —a 2 . 

From (3) and (5) we find 

b 2 — a 2 

cos (x + y)= 5q - F . 

610. Using the formula 

cos 2 a:+ cos 2y = 2 cos(*+?/) cos (x — y), 
we rewrite the second equation of the system in the form 

4 cos (*— y) cos ( x + y)= 1 +4 cos 2 ( x — y). 


( 1 ) 

(2) 

(3) 

(4) 

(5) 


m 
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The original system can be replaced by the following equivalent system: 

4 cos a cos (x + y) — 1 + 4 cos 2 a, 1 (l) 

x—y = a. f (2) 

Let us compare the left-hand and right-hand sides of equation (1). We have 
| 4 cos a-cos {x + y) |C4 j cos a |. 

On the other hand, from the inequality (1 i 2 cos a) 2 ^ 0 it follows that 
41 cos a | < 1 + 4 cos 2 a, 

the sign of equality appearing only in the case 2|cosa| = l. Consequently, the 
system of equations (1) and (2) is solvable only if |cosa|=-g-. 

Consider the following two possible cases: 

(a) cosa = y. 

From (1) we find that cos 1, i.e. 

x-\~y = 2fm. ( 3 ) 

Solving system (2), (3) we get 

a . , .a 

x l =Y+ k3l > yi=kn~j. 

(b) cosa= — -L. 

In this case we similarly find 

** = (*+y) n +T’ ^ == ( ft +T) 5t_ T- 

611. This problem is analogous to the preceding one. However, we shall de¬ 
monstrate another method of solution. Applying formula (14), page 73, we rep¬ 
resent the first equation of the system in the form 


4 cos 2 (x— p)4 cos (x-fp) cos (x—g )+1 = 0. 

Putting cos(x— y) = t and taking advantaged the fact that x-\-y*=. a we obtain 
the equation 

4/ 2 + 42 cos a-j-1 =0. (1) 

This equation has real roots only if £>—16(cos 2 a—1)^0, i.e. if lcosa| = l. 
Consider the following two possible cases: cos 05 **= 1 and cos a*-— 1, If cos a== 1, 
then (1) implies that 

t=cos — — * 

We obtain the system 

x-+-y= ±-jn + 2kn> ) 

x+y=a, ) 

from which we find 

■ 3T | . I 05 —p- Jl , . 05 

X\ = ± 2 "» yi = T‘2— 


If cosa = —1, then we get in like manner the expressions 
, . a . ji a , ^ 3i 

^==^ + “2±g-» ^ = 2" k ^6' 
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612. Consider the first equation of the system. By Virtue of inequality (1),- 

page 20, we have j tan x m | ^ 2, the sign of equality taking place only if 

tan x—l or tan * =— 1 . Since the right member of the first equation satisfies 
the condition | 2 sin j | ^2, the first equation of the system can only be 

satisfied in the following cases: 

(a) tan*=l, 'j (b) tan — 1, | 

sin = j (1) sin (?+t)~ -1- J (2) 

System (1) has the solutions 

Xi = j+kn, 2ln, ( 3 ) 

and system (2) the solutions 

*2 ——-j + ffHt, y* = —^+2«n. (4) 

It can easily be verified that the solutions determined by formulas (3) do 
not satisfy the second equation of the original system, and the solutions given 
by formulas (4) satisfy the second equation (and, hence, the entire system) only 
for odd values of m. Putting m = 26+1 in (4), we can write the solutions of 
the original system in the form 

613 . Note that cos* 5*0 and cos y £ 0, since otherwise the third equation 
of the system has no sense. Therefore, the first two equations can be transformed 
to the form 

(a— 1) tan 2 *= I —6, (1) 

(6— 1) tan 2 y=l—a. (2) 

But a ^ 1, because, if a=l, then from (1) we have b= 1, which contradicts the 
condition a 9 * b. Similarly, if 6=1, then a=J. Consequently, (1) can be divided 
termwise by (2). Performing the division we obtain 

/ tan* y /l — by 

l tan y ) ' 

We now must verify that <2 5 * 0 . Indeed, if a = 0, then the second equation 
implies that sin y 9 * 0, and the third equation indicates that 6 = 0, i.e. a = 6=*=Q 
which is impossible. - - 

By virtue of this note, the third equation can be rewritten as 

/ tan x\ 2 _ 

\tan y) ~~ a 2 

Thus, 



If A—!—-, then a = 6, which is impossible. 
a 1—a 
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If —= —]—- , then a+b=2ab. 
a 1— a 

Answer: a + b = 2ab. 

614. By virtue of the first relation, the second one can be rewritten in the 
form 

A sin P B sin P 
cos a cos p 
or 

sin P (.4 cos p — B cos a) = 0. 

The latter relation can be fulfilled either for sinp = 0(and then sin a — 0, 
cos p = ± 1 and cos gc= ± 1) or for A cos P — B cos a = 0. In the latter case we 
obtain the system 

sina=AsinP, \ ^ 

A cos P = i5 cos a. f 


Squaring each equation and performing substitutions according to the formulas 
sin 2 a = 1—cos 2 a and cos 2 P = l —sin 2 p, we get the following system: 

cos 2 a + /4 2 sin 2 P = l, \ 

B 2 cos 2 a + A 2 sin 2 p = A 2 . J ( 


It follows that cos 2 a and sin 2 p are uniquely specified if and only if A 2 (1 — B 2 )^0; 
in this case 


cos 


a = i /■ 


1— A 2 
1 — B 2 ' 


sinp = ±"j 



A 2 — B 2 
1 — B 2 * 


Consider the singular cases when A 2 (l—B 2 ) = 0. If A = 0, then from (1) we 
obtain cosa = : J = l and B = 0; in this case cos a= ± 1, sin P remaining indeter¬ 
minate. If B 2 =l, then from (2) we get A 2 =l, and the given equations do not 
in fact involve the parameters A and B ; therefore the problem of expressing 
cos a and sin a in terms of A and B becomes senseless. 

615. From the second equation we conclude that 

sin*= sin ^—2 t/J , 

and, consequently, either 

*=y — 2t/ + 2kn (1) 


or 

x=2y-%+(2l+l)n. ( 2 ) 

Taking the first equation of the given system, we find in case (1) the relation 

cot 2*/= tan 3 w or -- / an ^ = tan 3 y. 
s * 2 tan y * 

V '~2 

Solving the biquadratic equation we obtain tan y — z b• In the second case, 

expressing x from formula (2) and substituting it into the equation tan x = tan 3 y 
we see that there are no real solutions. Thus, we have 

tanr/ = ±pr=- and x = y — 2 y + 2fen, 
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whence 


and 


\ 71 1 

t/! = arc tan—= + rm t *i = -<r+2/wi^—2arc tan 

1 Y 2 2 Y 2 

*/ 2 = — arc tan -tLt +^ 2 =^^- + 2Ajx + 2 arc tan -^L=- 


V" 2 

which can be written as 


and 


—2 arc tan ■ + 2nm t 

2 V 2 

t/! = arc tan — 1— + nji 

V 2 

Jl 1 

^ 2 = '2"+ 2arc * an --F=r + 2mjr, 

K * 


y 2 r =— arc tan 


1 


Y 2 


-mi, 


2 


2 nn 

-2nn t 


where m and n are arbitrary integers. 

616. Transforming the left-hand and right-hand sides of the first equation 
we obtain 

2sin^i^ ^cos^y^--cos^i^ji==0. 

This equation Is satisfied in the following cases: 

1°. * = — y + 2kn(k = 0. ±1, ...). 

2 P . y = 2ln t x is an arbitrary number (/ = 0, ±1, ...). 

3°. * = 2mji, y is an arbitrary number (m = 0, ±1, ...). 

Relations 1° and the second equation | * |-f[ */1 = 1 of the system are only 
compatible if 6 = 0; indeed, from 1° we derive the inequality 

\x\ + \y\^2\k\n t 


which can hold, under the condition |*|-f|y| = l, only if 6 = 0. 
Now solving the system 

l*l + |y| = i, 

we find two solutions: 

1 1 1 1 
* i = 2 “. =- 2 “ 3nd *» s= ~“"2 ’ y ^~ 2 - 


In cases 2° and 3°, an analogous argument results in four more pairs of so¬ 
lutions: 

* 3 = 1 ’ y 3 = 0 ; * 4 == 11 y 4 — 0 ; 

*5 = 0 , y b —\; *6 = 0, *e = — 1. 


Thus, the system under consideration has six solutions. 

617. Squaring both members of each equation of the system and adding to¬ 
gether the resulting equalities we obtain 

sin 2 (y — 3*) -f cos 2 (y —3*) = 4 (sin 8 * -f- cos 6 *), 
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Consider the identity 


sin 8 x + cos 8 . 


3 

sin 8 x cos 6 x— I —r sin* 2 * 

4 


proved in Problem 533. 

Comparing (1) and (2) we find 

sin 2 2*=1, sin 2 x — ^ 1, 
x=j(2n+l) (« = 0 # ± 1 , ± 2 , ...). 

Multiplying the equations of the given system, we receive 
sin (y — 3*) cos (y— 3*) = 4 sin 3 x cos 3 jc. 


But sin 2 x = ± 1, therefore 


sin 2 (y— 3a:) = sin 3 2 x . 


sfn2(y—3*)=*dbl, 


Hence, 


y-3x^(2m+l) <« = 0 , ± 1 , ± 2 , ...). 


j/ = ^(2n+I)+-5.(2m+l). 


In solving the system we multiplied both members of the equation by the 
expressions. dependent on unknowns which can Lead to extraneous solutions. 
Let us verify whether all the pairs of values of x and y found above are solu¬ 
tions. We must have 

sin — ( 2 m-f 1 ) = 2 sin 3 ~ ( 2 rc-f 1 ) 


Putting 


cos ( 2 m-|- 1 )= 2 cos 3 ^-(2n+ 1 ). 


. Jt /0 . 1 . Jim . 1 Jtm 

sin — ( 2 m-fl) = --—sin—+—=- cos — 

4 \2 2 Y 2 2 


ji /<v . f . 1 Jim I .. Jim 

cos T ( 2 m+I) = —cos— sin T , 

making a similar substitution in the right member and cancelling out the con¬ 
stant factor, we get 

. Jim , Jtm / . nn , zin \ 3 
sm - 77 - -f cos “ 75 -= sin -pp + cos ) , 


Jl/2 \ 8 

,n T j • 
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_ . . . . . itn nn , nn . nn 

For integral n , the expressions sin — -f cos -y and cos —sin -y can 

' only assume the values 0, -ft, —I* therefore their cubes take on the same 
values. Therefore, 

. nn , nn f . nn , nn X s 
stI i T+C o ST = ^&m- r + cos T J 

and 

nn , nn ( nn . nn\* 

cos T - sin T =^cos T -s,n T j ; 

whence we get 

% it . n it. it 

sm —m— sin y n = cosy n — cos y m, 

. n , . n n n 

— sin y m + sin y n — cos y n — cos y m. 

Addition and subtraction of the last relations result in 

. n . n . 
silly m—sin-jn=0, ^ 

Jt JC 

cos y n — cos y ttr — 0 (3) 

or 

sin — (m — n) cos ~ (m-f n) = 0, 
sin— (m— n)sfny (m-f n) = 0. 

Since cosy(m+n) and sin-—(m + n) cannot vanish simultaneously, the above 

Jt 

system is equivalent to the equation sin — (m — n)==0. Consequently, 

m-/z = 46 (* = 0, ±1, ±2, ...). (4) 

Thus, the pairs of values of x and y expressed by formulas 

x — y (2/* + l), l/ = y (2n+l)-f*y (2m+1) 

are solutions of the system if and only if the integers n and m are connected 
by relations (4). Hence, 

x=y(2n+l), 

*f=j.[3(2B+l)+2(«+«)+Il=*[2(»+*H-Il. 

But here n + k is an arbitrary integer. Denoting it by p we finally write 

x=j(2n+\), y=n(2p+\ ) <«. p = 0, ±1, ±2. ...). 

618. Squaring both members of the first and second equations and leaving 
the third one unchanged, we obtain the system 

(sin *-{-sin y) 2 — 4a 2 , 

(cos *-f cos y) 2 = 4 b 2 t 
tan * tan y — c. 


( 1 ) 
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Let us derive the conditions on the numbers a, 6 and c which guarantee 
the existence of at least one solution of system (1). The given system has been 
replaced by system (1) which is not equivalent to it, and therefore we have to 
show that, both systems are solvable when a , b and c satisfy the same condi¬ 
tions. 

If for some a , b and c the given system has a solution, then, obviously, 
for the same a , b and c, system (1) is also solvable. The converse is also true: 
if for some a, b and c system (1) has a solution, then for the same values of 
a , b and c the given system is also solvable. 

Indeed, let x x , y x be a solution of system (1); then there are four possible 
cases, namely: 


(1) sin x t + sin y 1 = 2a t 
(2;) sin x x + sin y x — —2a, 

(3) sin x x -f-sin y x — — 2a, 

(4) sin x x -f sin y x — 2a t 


cos x x -f cos y x = 26; 
cos x x -f cos y x = 26; 
cos x x + cos y x = —26; 
cos x x + cos y x — —26. 


If the first case takes place, then x x > y x is the solution of the given system; 
in the second case the given system has, for instance, the solution —x u —y x \ 
in the third case it has the solution n + x x , n + y x , in the forth case the solution 
is jt— jcj, n — y x . Consequently, the given system has at least one solution if and 
only if system (1) has at least one solution. 

Now let us find out the conditions for solvability of system (1). Adding and 
subtracting the first and second equations of system (1), we find: 

cos (x — y) — 2(a 2 -\-b 2 )— 1, 
cos 2x ~r cos 2y + 2 cos (x + y) = 4 (6 2 — a 2 ) 


or 

cos (x — i/) = 2(.a 2 + 6 2 )— 1, 
cos (x + y) cos (x — y) -j- cos (x +(/) = 2 (6 2 —a 3 ), 

whence 

cos (x —t/) = 2 (a 2 + 6 2 )— 1, 

(a 2 -f 6 2 ) cos (x + y) = 6 2 —a 3 . 


Thus, we have the system 

cos (x—y) = 2(a 2 -\-b 2 )— 1, 
(a 2 -f 6 2 ) cos {x +. y) — b 2 — a 2 , 
tan x tan y — c. 


which is equivalent to system (1). 

If a a + 6 2 = 0, then the second equation is satisfied for any x and y. From 
the first equation we get jc— i/ = n + 2/m (6 = 0, ±1, ±2, ...), the third equa¬ 
tion yields tan (t/ + n + 2kn) tanj/ = c, or tan 2 f/ = c. The last equation has a 
solution for any c^O. If cP + b 2 ?= 0, then we have 


cos {x — y) = 2 (a 2 -]-6 2 ) — 1, 

6 2 — a 2 
cos 


( 2 ) 


This system has a solution if and only if 

|2(a 2 + 6 2 )-l |<1, 


6 2 —a 2 
a 2 + 6 2 


<1. 


(3) 

(4) 
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Inequality (4) is obviously valid if 

a 2 +b 2 ?= 0, 

and (3) is equivalent to the inequality 

0 < a 2 -f* 2 <l. 

Let us represent the left member of the third equation of system (I) in the 
following way: 

sin x sin y Y^ os{x - y) ~ cos{x + i/n 
tanjctanv =-- — ---. (5) 

r»r»c v rnc it I ' 


cos x cos y 


Y i cos (* ■— y )+ cos ( x +y)i 


Now, substituting into (5) the values of cos(jt-f-#) and cos (x — y) found from 
(2) we see that a solution of system (2) satisfies the third equation of the ori¬ 
ginal system if 

Thus, we have arrived at the following result: the given system has at least 
one solution in the following two cases: 

(1) 0 < + and c = ; 

(2) a — b — 0 and c is an arbitrary non-negative number. 


3. Inverse Trigonometric Functions 

619. The definition of the principal values of the inverse trigonometric fun¬ 
ctions implies that 

arc cos (cos x) — x if 

To apply this formula we replace, with the aid of the reduction formulas, 
sin^~y^ by the cosine of the corresponding angle contained between 0 
and ji. We write ths equalities 


./ ji\ .Jt / n . n\ \ 

sin f Y)~ *~ sin T = ' C0S l J +'T ) ^ C0S ' 


and finally obtain 


’ [ sin (~ t) 


620. By analogy with the solution of the foregoing problem, we have 


- jx = cos 


6jl + -r-Jl ]=C0S-r-JI = 


!8,n (T-T B ) = s,n (-I5)- 


sin(cos|n)=arcsin[sin(-ii)] 


Hence, 
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621. Let arc tan = a x , arc tan = a 2 , arc tan = <x 3 and arc tan -^-= 064 . 

O O i o 

Obviously, 0 < <*i < y. / = 1, 2, 3, 4. Therefore, 

0 < (%i -f~ a 2 -f- a 3 CZ4 < jx. 

To prove the identity it is sufficient to establish that 
tan (a l -f-a 2 + a 3 + a 4 )= 1 . 


Since tan (a 2 + a 2 ) = y , and tan (a 3 -l-a 4 ) = 


we have 


tan (oci+oc 2 _ l _a s“f‘ a 4 ) = 


tan + a 2 ) + tan (cc 3 + <x 4 ) 


' 1 ' * ' V' 1 — tan + a 2 ) tan (a 3 + a 4 ) 

622. Putting arc sin a; = a and arc cos* = p, we obtain 


-.sin a and *=cos P = sin p^. 


Tt Tt 

By the definition of the principal values, we have — ys^a<Jy an d 0^P-<jt. 
The last inequality implies the inequality 


Jl Tt 

' Y ^~2 




Tt Tt Tt Tt 

Hence, a==y —P, because the angles a and y — p lie between — y and y, 
and the sines of these angles are equal. Thus the formula is proved. 

623. Taking advantage of the relation arc sin x-\- arc cos *=y (see the solu¬ 
tion of problem 622) we transform the equation to the form 

1 2nt 2 — 6ji 2 / + (1 — 8a) 3X 3 = 0, (1) 

where f = arc sin*. For a < ^ the discriminant of this equation satisfies the 

oZ 

inequality 

D = 36ji 4 —48ji 4 (1 — 8a) < 0. 

Consequently, the roots of equation (1) are nonreal, and therefore the original 
equation has no solutions for a < ^ 

^624. Put arc cos x = a and arc sin Y 1 — * 2 = P. 

i(a) If 1, then0<;a^and 0<:p<;-^- (because 0 Y^ —* 2 s^l). 

Thus, we must only verify that sin a = sin p. But, by virtue of the inequality 
O^a^y , we have in fact sina = + Y 1 — x 2 . 

"On the other hand, for all y (\y | 1) we have sin arc sin y=^y\ in particu¬ 
lar, sin p = sin arc sin y^l— x 2 =Y 1— x 2 . Hence, for the formula 

arc cos *=arc sin }/" 1— x 2 holds true. 

(b) If — 1 «^at<; 0, then y^a^jx, O^pCy and y^n—p^ji. 
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Besides, we have sina=}/"l — x 2 and sin (n—ft) — sin ft = }^1 — x 2 , and 
therefore a = n—ft, i. e. for —1 x 0 the formula arc cos x = n —arc sin]/" 1 — x 2 
holds true. 

625. We shall prove that arc sin (— x) =— arc sin x. Put arc sin (— x) = a; 
then—x=sinaand, by the definition of the principal values, we have 


n 

"2 


ji 

T* 


(i) 


Since sin (—a) =—sina = x and inequality (1) implies the inequality 

— we can wr ^ e —a = arcsinx, whence a = — arc sin x, i. e. 
arc sin (— x) = — arc sin x. 

The formula arc cos (— x) = jt—arc cos x is proved in a similar way. 

626. The definition of the principal values of the inverse trigonometric func¬ 
tions implies that arc sin (sin a) = a if — If — 

then — y s^x—2fois^~. But then arc sin (sinx) = arc sin [sin (x — 

— 2fot)] = x— 2fm. 


627. By the hypothesis, we have 



l±x 

l—x 


( 1 ) 


2 tan - 


Using the formula sina = 


1 + tan*- 


, we obtain, by virtue of (1), the expression 


sin a = 


l—x 2 

1+x 2 * 


whence 


1 — x 2 

y ** arc sin (sin a) = arc sin ^ P* 


( 2 ) 


Since 0 < x < 1, we have ~ < arc tan i and ~ < a < n. Then 

4 l—x 2 2 


—< a— ji<0 
and 

arc sin [sin (a— ji)] = arc sin (— sin a) = — arc sin (sin a) = — y % 

But the angle a—n lies within the range of the principal value arc sin x. Hence, 
y = arc sin (sin a) = 3x—a. (3) 

From (2) and (3) we obtain a-f-P=ft* 

- 628* In the expressions arc sin cos arc sin x and arc cos sin arc cos x we take 
the principal values of the inverse trigonometric functions. Let us consider 
cos arc sinx. This is the cosine of an arc whose sine is equal to x. Hence, 

cos arc sinx = + Y^l—x 2 , where —1 <x«< 1. 
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JT Jt 

Of course, it is essential here that — y <;arc sin *s^y . Analogously, 

sin arc cos * = + Y~ \ — x 2 , where—1<;#<1. 

Let y — -\- V 1 — x 2 ; then 

Thus, it is necessary to find the relation between arc sin 2 / and arc cosy 
for 0^y<l. These are two complimentary angles (see the solution of Prob¬ 
lem 622). Thus, 

arc sin cos arc sin x + arc cos sin arc cos* = y. 


4. Trigonometric Inequalities 

629. The given inequality is equivalent to the inequality 

sin 2 sin x— 1 >0. (1) 

Factoring the quadratic trinomial on the left-hand side of (1), we get 


(sin a; +i±£i.) ( S in > 0. 


( 2 ) 


1 _L l/*5 1 _L l/" 5 

But — -j -—> I, and, therefore, sin#-|- ty—> 0. Consequently, the 

VT—1 

original inequality is equivalent to sin#>-^—^- and has the following 

Y"5— l 

solutions: 2fm + <p < * < jc — <p + 2kn where cp = arc sin ——^- (k =0, 

±i; ± 2 ,...). 

630. The expression under consideration only makes sense for #?=y-f-j tn. 
For these values of x we multiply both members of the inequality by cos 2 # 
and arrive at the equivalent inequality (sin 2*) 2 + y sin 2x —2 > 0. 


Solving the above quadratic inequality we find that either sin 2# < 

y"4i— 3 


—3 —y 4 i 


or sin 2x > ■ 


The former cannot be fulfilled. Hence, 


1 . y4 1-3 Jt 1 . /41— 3 , . 

foi + y arc sm —— -< x < y — y arc sm ——4 -l-fot. 

631. Transforming the product of sines into the sum, we replace the given 
inequality by the equivalent inequality 

cos 3x > cos 7x or sin 5x sin 2x > 0. 

But for 0 < x < y we have sin 2x > 0 and, consequently, the original ine¬ 
quality is equivalent to sin 5# > 0. 

Answer: 0 < x < — and ji < x < y. 
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632. The denominator of the left member of the inequality is positive because 

| sin * + cos x | = }^2 sin | ^ 1^2. Therefore, the given inequality is 

equivalent to 

sin 2 ;c>~ or [sin*|>~-. 
jx 5 

Answer: -£-\-kn < x < -ra-f-fot. 
b 0 

633. Let us write the inequality in the form 
(cos x—sin x) [1 — (cos x+ sin *)] = 

= 2 sin-|- ^sin y —cos (cos x —sin x) >0. (1) 

But sin y > 0, since 0 < x < 2n. Let us consider the following two possible 

cases when inequality (1) is fulfilled: 

Case /. 

cos x —sin x > 0, 
sin —— cos y > °- 



By the hypothesis, we have 0 < x < 2n. Taking this into account, we find 

from (2) that the first inequality is fulfilled if 0 < x < ~ or < x < 2 ji 

TC 5 

and the second if -g- < x < 2rc. Hence, in this case -yji < x < 2ji. 


Case 2. 


cos x —sin x < 0, 


sin __ cos _ <o . j 

Taking into consideration that 0 < x < 2ji, we see that system (3) is satisfied 

Jl TC 

rf — < X < -5-. 

4 2 

Answer: — < x < -5- and — n < x < 2n. 

4 2 4 

X 

634. Put Then the inequality takes the form 

2t —2 + 2f 2 
* > 2t-\-2 — 2t 2 


' 1 


Since / a + *4-l >'0 for all real values of t, inequality (1) is equivalent to the 
inequality 

1 . ~ 
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The trinomial t 2 — t — 1 has the roots -— k—~ and . Solving (2)* 

4 4 

we find that either tan y > 1 °* ~< tan y < 1. 

Answer: (a) 2&rt + 2 arc tan 1 < x < 

(b) 2&rt—2 arc tan -^--y^- < x < y+2foi. 

635. From the formulas for sin 3x and cos 3x given on page 73 we find 

„ eo&3jtr+3cos * . 0 3 sin jc— sin 3x 

cos 3 x= -r- sin 3 x= -—-. 


Using these formulas, we rewrite the given inequality in the form 

5 

(cos 3x+3 cos x) cos 3*—(3 sin x — sin 3a:) sin 3x > — 

6 


or 


i. e. 


or 


sin 2 3:c+ cos 2 -'3*3 (cos 3x cos a— sin 3* sin x) > y , 
cos 4x > y , whence — y -^2nrt < 4x < ~*\-2m 

~J2^J nn < Af< T5+T m ( n= °’ ±1, ±2 - •••)• 


636. The inequality to be proved can be written in the form 


c °t|> 


cos 2 y — sin 2 y -f sin q 
sin 9 


( 1 ) 


it 

But sin 9 > 0 for 0 < 9 < y, and therefore, multiplying both members of ine¬ 
quality ( 1 ) by sin 9, we get the equivalent inequality 

2 cos 2 y > cos 2 y — sin 2 y-f'Sin 9, 

i. e. 1 > sin 9. The last inequality is fulfilled for 0 < 9 < y , and, hence, the 
original inequality is also valid. 

637. Putting tanx=t we obtain 

tan2 x= iZ=Ti’ 

* 0 tan x-\- tan 2x 3t — t z 

! - tan 2x tan a 3 " T=372 • 


MMMMMMWMMMM 
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The left member is not determined for the values of * satisfying the relations 
f 2 =l and = For all the other values of x the left member of the inequ¬ 
ality is equal to * 4 -f-2/ 2 -fl and, hence, assumes positive values. 

638. By virtue of the relations 


cos2* 0 . 3 cos 2 *—sin 2 * 

cot 2 *— 1 = — , 3 cot 2 *— 1 =-r-s—- 

sin 2 * sin 2 * 


and 


cot 3* tan 2* — 1 = 


cos 3* sin 2*— sin 3* cos 2* 
sin 3* cos 2x 


sin 3* cos 2* 


the left member of the inequality can be rewritten in the form 

sin x (3 cos 2 x— sin 2 *) 
sin 4 * sin 3* 


But 

sin 3*=sin (*+2*) = sin * cos-2*+ cos * sin 2*=sin*(3 cos 2 *—sin 2 x ), 
and, therefore, the given inequality is reduced to the inequality 


Which obviously holds. 

639. Using the formula tan(0- 
= n tan <p we get 


-0= and the condition tan e = 


* s (/i— l) 2 tan 2 q> 

tan 2 (9—m)= 3 —■■ » = 

T tan 2 <p) a 


(n — l) 2 


’(oot <p+n tan cp) 2 * 


We now must prove that 

(cot cp-f/i tanq)) 2 ^4n err (1+ n tan 2 qp) 2 ^s>4n tan 2 <p. 
Thus, we arrive at the inequality 

(1 —n tan 2 <p) 2 ^t0, 

which obviously holds. 

640. The given inequality can be rewritten in the form 

J_. 1 — sin * 2—si£* 

2*2—sin *~3— sin* ^ 


Multiplying it by 2 (2—sin*){3~sin *) > 0 we replace it by the equivalent 
inequality sin 2 *—5 sin *4-4^0, i.e. 


<4—sin*)(i—sin *) 0. (1) 

From (I) we conclude that the last inequality, and, consequently, the original 
one, is fulfilled for all *, the sign of equality appearing for *=~--f-2 kn. 

641. Let us first establish that 
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Consider the unit circle shown in Fig. 249. Let x be the radian measure of a 
positive or negative angle AOM. For any position of the point M we have 

M=\x\-OA = \x\ t 
| BM | = | sin *|. 

Since | BM | <: we have | sin a: | < | at | (the sign of equality appears I ere 

for x = 0). Now we conclude that if i. e. if cos 9^1 <5-, 



FIG. 249 


then sin cos <p < cos 9. But 0<; sin 9 ^ 9 ^ — and, 

therefore, cos 9^ cos sin 9. We finally obtain 
cos sin 9 $5 cos 9 > sin cos 9. 

The inequality has been proved. 

642. We shall apply the method of complete 

3T 

induction. Let n = 2 , then 0 < a Hence, 

, _ 2 tan a 

tan 2 a = T— : — 7 — > 2 tan a, 

1 — tan 2 a 

because 0 < 1 — tan 2 a < 1. Suppose that 
tan na > n tan a 
for 

0 < a < ■ 


4 (n — 1) 

ji 

We shall prove that tan (n+ 1) a > (n-f 1) tan a, if 0 < a < . 

Let us use the formula 


tan (n + 1 ) a = 


tan na-j-tan a 
' 1 — tan ct tan na 


( 1 ) 

( 2 ) 

(3) 


Since inequality ( 1 ) is fulfilled under condition ( 2 ), it automatically holes 

for 0 < a < -r-. But we have 
4 n 

0 < tana < 1, (4) 


and, since 0 < na < ^ , we obtain 

0 < tan na < 1. (5) 

Now inequalities (4) and (5) imply 

0 < 1 — tan a tan na < 1. (6) 

From (6) and (3) it follows that tan(n+l)a > («+l) tana, L e. we have ob¬ 
tained what we set out to prove. 

643. Since to a greater angle in the first quadrant there corresponds a greater 
value of the tangent, we can write 

tan a L < tan a/< tan a„ (1) 

for £= 1, 2, n. Besides, cos a,- >0(i=l, 2, .... n ). Therefore, inequalities 
(1) can be rewritten in the form 

tan a x cos a,- < sin a,- < tan a n cos a/. (2) 
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Let us make i in inequality (2) assume the values 1, 2, .n and add toge¬ 
ther all the inequalities thus obtained. This results in 

tan a Y (cos a x + ... + cos a n ) < sina l -f...-f 

+ sin a n < tan a n (cos a x + ... + cos a n ). (3) 

Dividing all the members of inequalities (3) by cos a x + ... +cos a n (which is 
permissible since cos a x + ... + cos > 0) we obtain 

sin a x + ... + sin a n , 

tan a x < --~ < tan a n . 

1 co$ a x + ... -f- cos a n n 

644. Denote the left-hand side of the inequality by i. Then 


1 ( A — B A + B\ A + B 


/= tI cos — 


because 


Putting 


. C A + B 
sm T = cos- T -. 


4 + S 
cos — 


after obvious transformations we obtain 

/ 1 f , „ 1 A-B , I , 

t=— - 7 - x‘~2x cos —s-h-r cos 2 —n— 


1 . A — B 1 „ A — B 1 / 1 A — BV 


+T C0S 


: -8 COsJ — 


X ~T cos ~~T 


Consequently, 


. 1 A—B^\ 

i < 8 C0S ~~ 2 ~ ^ 8 ' 


645. Transform the left member of the given inequality in the following way: 

__ cos x ____ 1 __ 

sin 2 x (cos x — sin x) ~~ sin 2 x ( 1 — tan x) ” 

1 

cos 2 x _ 1 + tan 2 x _ 1 _ 

tan 2 a: ( 1 — tan a;) tan a: # tan x (1 — tan x) ' 


For brevity, let us put tan* = L Since 0 < x < —, we have 

0</<l. (1) 

Thus, the problem is reduced to proving the inequality 

i ±J1 1 . q 

t if (1 —/) > 8 

1 4- 1 2 

for 0 < / < 1. By virtue of inequality (1), page 20, we have —-— > 2. Fur¬ 
l/1 \2 I i_i_ ya 1 i 

thermore, t (1 = — - —* j ‘ Hence, > 2~==8 


which is what we set out to prove. 
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5. Miscellaneous Problems 


1 5 

646. Put arc tan-=-=a, arc tan 75 =? and consider tan (2a—P). Using the 
0 \z 


formula for the tangent of the difference of two angles, we get 

tan 2 a—tan P 


tan ( 2 a—P) = 


1 -f tan 2 a tan p 


(I) 


But, since tana = -^-, we have tan 2 a = • Substituting tan 2a 


and tan P into formula ( 1 ) we find tan (2a—P) = 0. Thus, 


sin ( 2 a 


— P) = sin ^ 


2 arc tan 4 — arc tan 
0 




647. Let us prove that tan (a + 2P)= 1. To compute tan(a + 2p) we use the 
formula 

4 , , od\ tana+tan2p 

tan (a+ 2 P) = -:— 7 — 1 — 7 —( 1 ) 
' ' 1 — tan a tan 2 p ' ' 

We first compute tan 2 p by the formula 

sin 2 p_ 2 sin p cos p 


tan 2 p = 


’ cos 2 P cos 2 P 


Now we must find cos P and cos2p. But cos P = + V1 — sin 3 p =— 

4 

(because P is an angle in the first quadrant) and cos 2p = cos 2 p —sin 2 p = ~ „ 

o 

3 

Hence, tan2p = -^-. Substituting the found value of tan 2p into (1) we get 

tan (a-+-2P)= 1. 

Now we can prove that a+2p=-^-. 

Since tan a=4-> tan P = ^~=4-and, besides, by the condition of the 
7 cos p 3 

problem, a and p are angles in the first quadrant, we have 0 < a < ~ and 

ft 3 

0 < P < f • He nce, we find that 0 < a-f-2p < — n. But the only angle lying 

between 0 and ^-n whose tangent is equal to 1 is . Thus, a-j-2p = -^-. 

4 4 4 ' 

648. We must have cos x 9 = 0, sin x ^ 0 and sin x ^ —1, and therefore 
x ^ where k is an integer. For all the values of x other than *=^2- , y 
has sense, and 


sin x 


y=r 


\ ‘cos X J 


sin 2 x (I + cos x) 


cos 


\ ‘sin x J 


"cos 2 x(\ + sin*)' 


kn 


(i) 


Relation (1) implies that y > 0 because for * 96 we have 
cos * < 1 and sin * < 1 . 
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649. Transforming the product sin a -sin 2a* sin 3a into a sum by formula 
(13), page 73, we obtain 

sin a-sin 2a *sin 3a=y sin 2a (cos 2a — cos 4a) = 

1 . . 1 . n , 1.1 .4 

= — sin 4a —— sin 2a- cos 4a — 4-~ < —-. 
4 2 4 1 2 5 

650. We have sin 5x —sin3xcos 2x-|-cos3xsin 2x, and therefore, using for¬ 
mulas (5) to (8), page 73, after simple computations, we find 

sin 5* = 5 sin x—20 sin 3 .*-}- 16 sin 5 x. (1) 

Putting x = 36° in formula (1) we obtain the equation 16/ 5 — 20/ 3 + 5/ = 0 
for determining sin 36°. This equation has the roots : 


i\ = 0, t 2 ~ + 


5+/5 

8 


« = +]/' 


5 — y~5 


and t b 




5+ V 5 
8 


5— y~ 5 
8 


among which only t 2 and t A are positive. But sin 36° *=*2 because 
5+l / '5_ 1 . . _ , ._J_ 


--> y , and, hence, t 2 > y- . Thus, 




5— y ~5 
2 


651. Using the identity proved in Problem 533, we get qp(x) = 


1 +3 cos 2 2x 


whence it follows that the greatest value of cp(x) is equal to 1, and the least 

-f 

652. Performing simple transformations we obtain 

y= 1 — cos 2x4-2 ( 14 -cos 2x)4-3 sin 2x=34-3 sin 2x4-cos 2x. 

Introducing the auxiliary angle <p = arctany, we can write 

»= 3-t- >^T0 sin 2*+-p=- cos 2*J = 3+ j/TO sin (2r+<p). 

Hence, the greatest value of y is equal to 34- V 10, and the least to 3—V^To. 

653. If n is an integer satisfying the condition of the problem, we have for 
all x the relation 

5 5 

cos a (x4~3tt)«sin y (x4-3n) = cos nx-sin y x. (1) 

In particular, putting x = 0, we conclude from (1) that n must satisfy the equa¬ 
tion sin-~^*=0. This equation is only satisfied by the integers which are the 

divisors of the number 15, i. e. 

. ± 1, ±3, ±5, ± 15. (2) 

The direct substitution shows that for each of these values the function 
5 

cos~rix*sin ~x is periodic with period 3n. Formula (2) exhausts all the requi¬ 
red values of n. y' r r 




374 


PROBLEMS IN ELEMENTARY MATHEMATICS 


654. Since the sum under consideration is equal to zero for x = x x , we have 
a x cos (oCi + ArJ-f ... +a n cos (a rt + x 1 ) = (fl 1 cos a x + ... +a n cos a n ) cos x x — 

—(a x sin ... -\-a n sin a n ) sin ^ = 0 . ( 1 ) 

But, by the condition of the problem, 

a x cos <*!+ ... -\-a n cos a„ = 0 . ( 2 ) 

Besides, sin^ 5 ^ 0 because x x ■£ kn. From ( 1 ) and ( 2 ) we get 

a x sin a x -{- • • • -\- a n sin = 0. (3) 

Let now x be an arbitrary number. Then we have 
a x cos (a l +Jf) + • • • +a n cos (cx„+x) = (a 1 cos a x + ... -\-a n cos a n ) cos x— 

— (a x sin <*i+ ... +a n sin a n ) sin * = 0 , 
since, by virtue of (2) and (3), the sums in the brackets are equal to zero. 

655. Suppose the contrary, i. e. assume that there exists T ^ 0 such that 

for all we have _ 

cos Yx + T = cos ]/T ( 1 ) 

(the condition must hold because the radical Y x is imaginary for x < 0 ). 

Let us first put x = 0 in formula (1); then 

cos |/T = cosO=l ( 2 ) 

and, consequently, 

YT — 2kn. (3) 

Now we substitute the value *==T into (1). According to (I) and ( 2 ) we obvi¬ 
ously obtain cos Y%f= cos YT =\, whence 


Y %T — 2lzi. 

By the hypothesis* we have T & 0, and therefore, dividing (4) by (3), we 
get Y 2" =-j- where l and k are integers which is impossible. 


656. First solution. Let us consider the sum 

S = (cos x + i sin x) -J- (cos 2x-\-i sin 2xr) + ... +(cos nx+i sin nx ). 


Applying De Moivre’s formula (cos x-\-i sin x) n — cos nx+i sin nx we compute S 
as the sum of a geometric progression. We thus obtain 

^ (cos x+i sinx)” +1 —(cosjc + f sin*) 

' cosx+isinx—1 

The sought-for sum sin *-f sin 2*+ ... + sin nx is equal to the imaginary 
part of S. 

Second solution. Multiplying the left-hand side by 2 sin — and applying for¬ 
mula (13), page 73, we get 

( cos t _ cos 7 *) + ( cos y *— cos y •*) + •• • 

. ( 2n — 1 2n+l \ a: 2 / 1+1 

,.. +1 cos —^— x cos —^— x) ~cos-j —cos — x= 


n . nx . n-j-1 
==2sin— . sin—L-*, 


which results in the required formula. 
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657. Denote the required sum by A and add the sum 




n 

sin 

4 


sin 


2 n 


sin - 


2" 


2 1 2 2 

multiplied by i to it. This results in 

4 1/ Jt , . . Jt \ , 1 / 2 ji . . . 2ji \ , 

A + Bi = j [cos j+i sin ^cos —+1 sin — j + 

+---+i ( cos « T+« sin «-J)- 

Applying De Moivre’s formula, we find 

, 1/ Jt , . . 3T . .1/ Jt . . . JI ^ 

A + ^cos -£■+* sin—J-f... ^cos -j-+t sin — J = 


. 1 ( n ... n\ n 

=- [ cos t+‘ sm T)-r?-;-/r 




7 Jt . . . n \ 

(cos T +'Sin T J 


When deriving the last expression, we have used the formula for the sum 
of terms of a geometric progression. The sought-for sum A can be found as the 
real part of this expression. Noting that 

1 


Jt . n 
cos ——sin—; 
4 4 


V 2 ‘ 


we write 


1 / x 1 — ^ (cos —t 1 sin — i 

/l —"FT C0S "T+* sin T ) -i“7-4- = 

2 V 4 4 J , 1/ ji . . . Jt \ 

' y 1 -COS—+ t Sin — 


•(< 


1 


=r(l+0- 


1—^ ( cos ti f~ i sin 


ii)_ 

2 yHf '* 1 v “ 

2/2 2/2 

(1+0 j^2 B —cos n-^j—i sin n-^-J 

2" [(2 /2 — 1) — t] 




2 " [(2 


. . n 
-i sin n-r 
4 


[(2 /2 —2)+ 2/1 /2] ^2» — cos n — i sin 

2« (io —4 yT) "" 


Taking the real part, we get 

(V~% — l) (^2 n — cosrc-^-j-f Y~2 sin 


A = - 


2 n (5 — 2 y2) 
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658. The assertion will be proved if we establish that A=J3 = 0. Let 
A 2 + B 2 ^ 0, i. e. at least one of the numbers A t B is other than zero. Then 

/ (x) = ( -^ - 3 -oos x-\ - jr— sinx\ Y A 2 + B 2 *= Y j4 2 + B 2 sin (x + qp), 

\YA 2 + B 2 Y A 2 + B 2 ) 

where 

A B 

sin qp= , cos cp= , a , 

T f/^ + B 2 Y ^ 2 +B 2 

Let now x 1 and x 2 be the two values of the a rgument indicated in the pro¬ 
blem; then /(^ x ) = /(x 2 ) = 0 and, since YA 2 + B 2 ^ 0, we have sin(x 1 + q>) = 
= sin (* 2 -f<p) = 0. It follows that x x + <p = mn, x 2 + qp = n:rt and, hence, 
x l —x 2 = s kn at an integer k. This equality leads to a contradiction-, because, 
by the hypothesis, we must have Xi — x z ^ fax. Consequently, A a 4-B a = 0, 
whence i4 = B = 0. 
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